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Abstract. Named after the Dutch Physicist Hendrik Casimir, The Casimir effect is a physical force that arises
from fluctuations in electromagnetic field and explained by quantum field theory. The typical example of this
is an apparent attraction created between two very closely placed parallel plates within a vacuum. Due to the
nature of the vacuum’s quantized field having to do with virtual particles, a force becomes present in the system.
This effect creates ideas and explanations for subjects such as zero-point energy and relativistic Van der Waals
forces. In this paper I will explore the Casimir effect and some of the astonishing mathematical results that
originally come about from quantum field theory that explain it along side an approach that does not reference
the zero-point energy from quantum field theory.
Keywords: Casimir effect, zero point energy, vacuum fluctuations.

1. INTRODUCTION AND HISTORY

The Casimir effect is a small attractive force caused by quantum fluctuations of the electromagnetic
field in vacuum (Figure 1). In 1948 the Dutch physicist Hendrick Casimir published a paper predict-
ing this effect [1, 2]. According to Quantum field theory, a vacuum contains particles (photons), the
numbers of which are in a continuous state of fluctuation and can be thought of as popping in and
out of existence [3]. These particles can cause a force of attraction. Most generally, the quantum
Casimir effect is thought about in regards to two closely parallel plates. As the plates are brought
together, Casimir realized that between them, only those virtual photons whose wavelengths fit a
whole number of times should be counted whilst calculating the vacuum energy [1]. This leads to
a decrease in energy density between the plates as they are moved closer which implies that a small
force is drawing them together. similarly you can say that due to the smaller space between the
plates only smaller exotic particles can exist between them. From this difference in particles outside
the plates and those between the plates, a small pressure change can be calculated which creates a
force pushing the plates towards one another [3]. This force is the Casimir effect.

In 1996, the small force was measured to within 5% uncertainty to that of the theoretical pre-
diction by Steven Lamoreaux [4]. All bosons make a contribution to the Casimir force, but fermions
make a repulsive contribution to the force. All of these particles make a contribution to the force
though only that from photons is measurable. The theory states that the lowest energy state of a
vacuum (the zero-point energy) is infinite when considering all possible photon modes. The original
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Casimir force derivation comes about from a situation in which the differences in infinities cancel
out which arises from very interesting mathematics. There are inconsistencies and puzzles that arise
from the existence of this effect, especially when applying it to the theories of quantum gravity. The
solutions to these inconsistencies are however expected to be found within the solution to a theory
of quantum gravity [1].

Figure 1. A simple diagram of two parallel plates and a representation of vacuum
fluctuations [5].

In 2005, Jaffe made it clear that the zero-point fluctuations formulated in quantum field theory
was not observable in any laboratory experiments though the vacuum value of the stress tensor
(energy density of the vacuum) 〈Tµv〉 ≡ −εgµv even appears in the right hand side of Einstein’s
equation for gravity in general theory of relativity [6]

1

2
gµvR−Rµv = 8πG(T̃µv − εgµv). (1)

Jaffe also demonstrates in his paper that you can calculate the Casimir force without reference to
the zero-point energy [6], which suggests that the zero-point energy may simply just be a nice
mathematical construct in this situation to arrive at a measurable result. This will be discussed later
in more detail.

2. ’ASTOUNDING’ MATHEMATICAL RESULTS.

One of my favorite results I have encountered in my studies (which led me to the Casimir effect)
follows as

∞∑
n=1

n→ − 1

12
. (2)
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This result does not explicitly make sense because the sum in equation (2) is a divergent sum.
However, due to a process known as analytic continuation, some divergent sums can have a finite
value. In 1913, this appeared in the work of a very famous mathematician from India, Srinivasa
Ramanujan and is an important result for String Theory and other branches of physics. The Riemann
zeta function

ζ(s) =

∞∑
n=1

1

ns
= 1 + 2−s + 3−s + 4−s + · · · (3)

is widely studied and used often in physics. In quantum physics, the energy density of a vacuum
should be proportional to ζ(−3) = 1+ 8+ 27+ 64+ · · · , which is a divergent series and thus does
not make much sense as an energy density [7]. When we write this using equation (3) and use the
process of analytic continuation, this can be written

ζ(−3) =
∞∑
n=1

1

n−3
= 1 + 23 + · · · → 1

120
. (4)

The way Ramanujan expresses functions that are divergent such as this (from the Riemann zeta
function) is

x∑
k=α

f(k) ∼
∫ x

α

f(t)dt+ c+
1

2
f(x)

+

∞∑
k=1

B2k

(2k)!
f (2k−1)(x), (5)

[8]. This is a process of analytically continuing these divergent series and coming up with a finite
result without any ’magic’. I say magic because there is a process in which one can ignore (in a
sense) the divergent nature of a sum and come up with these results as well.

As an example, I will give a ’proof’ of equation (2) using this method, which was first shown
by Euler around 1735 [9]. Consider the following well defined sum

f(x) = 1 + x+ x2 + x3 + x4 + · · · = 1

1− x
, (6)

for |x| < 1. Differentiating this gives

f ′(x) = 1 + 2x+ 3x2 + · · · = 1

(1− x)2
. (7)

If we evaluate the result at x = −1 we get

f ′(−1) = 1− 2 + 3− 4 + · · · = 1

4
. (8)

Note that this is troublesome because we defined f ′(x) based on a function only valid for when
|x| < 1. However, for our purposes suppose we can extend our limits and make f(x) differentiable
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at x = −1. Now, if we take 2−sζ(s) we have

2−sζ(s) = 2−s
∞∑
n=1

1

ns
=

∞∑
n=1

2−s

ns

= 2−s + 4−s + 6−s + 8−s · · · . (9)

Now, if we take g(s) = [1− 2(2−s)]ζ(s) we have

g(s) = [1− 2(2−s)]ζ(s)

= ζ(s)− 2(2−s)ζ(s)

= 1 + 2−s + 3−s + 4−s + 5−s + 6−s + · · ·

− 2( 2−s + 4−s + 6−s + · · · )

= 1− 2−s + 3−s − 4−s + 5−s − 6−s + · · · . (10)

Finally, if we set s = −1, we can see that g(−1) = ζ(−1)− 2(2)ζ(−1) = −3ζ(−1) and evaluating
this from equation (10) and then using our result from equation (8) gives us

−3ζ(−1) = 1− 2 + 3− 4 + · · · = 1

4

=⇒ ζ(−1) = − 1

12
. (11)

Now, notice that plugging in s = −1 into the Riemann zeta function gives us the same result from
equation (2) and thus

ζ(−1) = − 1

12
=⇒

∞∑
n=1

n→ − 1

12
. (12)

This result is very important to obtaining the 24 + 2 = 26 dimensions in bosonic string theory [10].
It is also a simpler example than that of equation (4) to illustrate.

3. CASIMIR FORCE DERIVATION.

In Casimir’s original paper, he did not use the result in equation (4) explicitly, though in a more
recent derivation assuming zeta-regularization, one can see how it is obtained. Let kx, ky , and kz
represent the wave numbers in the x, y and z directions respectively. If we allow two plates to be
parallel in the x− y plane at a distance a apart, then we can define the cavity between the plates by

0 ≤ x ≤
√
A (13)

0 ≤ y ≤
√
A (14)

0 ≤ z ≤ a, (15)
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where the plates are a square of area A. If we adopt a periodic boundary condition, then we can
show

kx =
2πnx√
A

=⇒ dnx =

√
A

2π
dkx (16)

ky =
2πny√
A

=⇒ dny =

√
A

2π
dky (17)

kz =
nzπ

a
, (18)

with (nx, ny, nz) ∈ Z. The frequency of this wave is ωn = v|~k| = v
√
k2x + k2y + k2z . If we

assume we are in a vacuum, then the speed of any electromagnetic wave is just c and thus ωnz
=

c
√
k2x + k2y + k2z . The vacuum energy is the sum over all possible modes. The zero-point (ground

state) energy associated with the nthz mode is given by Enz
=

~ωnz

2 . The energy of all combined
modes is then the sum over all nz orE =

∑∞
nz=1

~ωnz

2 . For simplicity we can allow n ≡ nz . Taking
the expectation value of the energy over the entire area of the plates can be done by integrating over
all possible values of nx, ny and all possible expectation modes which yields

〈E〉 = ~
2

∫∫ ∞∑
n=1

ωndnxdny (19)

=
A~
8π2

∫∫ ∞∑
n=1

ωndkxdky. (20)

This expression is clearly infinite due to the diverging sum. If we use zeta-regulation, we can find a
finite energy per unit area by defining a quantity 〈E(s)〉 which goes to equation (20) when s=0.

〈E(s)〉
A

=
~

8π2

∫∫ ∞∑
n=1

ωn|ωn|−sdkxdky (21)

=
~

8π2

∞∑
n=1

∫∫
ωn|ωn|−sdkxdky. (22)

Simplifying the above expression (Using Mathematica to take the integral over dkx and dky) gives
us

〈E(s)〉
A

=
~c1−sπ2−s

2a3−s(3− s)

∞∑
n=1

|n|3−s. (23)

This may then be analytically continued to s = 0 where it becomes finite when using equation (4).

〈E〉
A

= lim
s→0

〈E(s)〉
A

= −~cπ2

6a3
ζ(−3). (24)

Now, plugging in equation (4) in the above expression gives us

〈E〉
A

=
−~cπ2

720a3
. (25)

Student Journal of Physics,Vol. 6, No. 2, Apr-Jun. 2017 79



A. Torode

The Casimir force per unit area between two parallel plates within a vacuum is therefore given by
F = −∇〈E〉 which is

Fc
A

= − d

da

〈E〉
A

=
−~cπ2

240a4
. (26)

As we can clearly see, this result would not have come about without the use of analytical contin-
uation. In a sense, this is due to nature not containing apparent infinities. Rather, the continuation
allowed us to arrive at a finite solution which is experimentally confirmed. The fact that our ex-
pression came out negative suggests that the force is an attractive force and due to the presence of
~, we can see that the force is of a quantum origin. In the original derivation, Casimir computed
non-convergent sums using Euler-Maclaurin summation with a regularizing function [2].

4. IMPLICATIONS FROM THE ZERO-POINT DERIVATION.

The Casimir effect extends quantum field theory to allow for negative energy densities with respect
to the ordinary vacuum energy. It has been suggested by numerous physicists such as Stephen
Hawking, Kip Thorne, and many more that such a thing will allow the possibilities of stabilizing
traversable wormholes [11]. Miguel Alcubierre, creator of the Alcubierre Drive has also suggested
using the Casimir effect to obtain negative energy required for his designs [11]. In many cases, this
effect has been shown to have possible applications in propulsion drives for space craft. It also has
possible application in nanotechnology which has been suggested by some [11]. Due to the small
scale that this force is observed on, this would make sense that it could present possible applications
in nanotechnology. For instance, the force of attraction could be used as an architecture for moving
components on a microscopic scale or something much more complex.

5. CAIMIR FORCE WITHOUT REFERENCING ZERO-POINT ENERGY.

As mentioned earlier, Jaffe argues that the Casimir force can be constructed without considering
zero-point fluctuations of quantized electromagnetic field and is a result from the material of the
plates and not resulting from zero-point energies. If we use the Drude model of metals, then the
metal/conductor properties are characterized by a plasma frequency ωp and a skin depth δ. The
original result does not depend on anything other than the distance of the plates and fundamental
constants. However, this result assumed that the plates were perfect conductors which do not exist
in reality. The skin depth of a material is a measure of how far electromagnetic waves penetrate
through a material and thus can cause a relationship between the waves within the plates to those
outside.

Jaffe argues that both ωp and δ are dependent on the fine structure constant α. He then argues
that the perfect conductor approximation is good for sufficiently large α which in the case of the
Casimir measurement scales for experimental verification are satisfied by the physical value of α ≈
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1/137 which is why the original derivation is supported by experimental results. Similarly, he also
argues that the Casimir force vanishes as α→ 0.

6. CONCLUSION

I have shown that while referencing zero-point energy one can derive the Casimir force using zeta-
function regularization, however, it can also be calculated without reference to the zero-point energy
which suggests that it may not be related to the energies that are suggested to come about from
quantum field theory but instead the fine structure constant and properties of materials. It is fasci-
nating to note that the same experimentally observed result can be obtained through a simple method
using zeta-function regularization and ignoring divergences which may possibly suggest that this is
a useful mathematical construct that could potentially have many real world applications. Much like
the early use of imaginary numbers, which appeared to have no physical application, it may prove
to be a useful method of mathematical manipulation that could lead us to new unique breakthroughs
much like in the case of the Casimir force.
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