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Mass Hierarchy Discrimination : A Binary yes-or-no type question
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Models with Normal Hierarchy Models with Inverted Hierarchy
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Albright and Chen, hep-ph/0608137

¥  Dictates the structure of neutrino mass matrix
¥  Essential for the underlying theory of neutrino masses and mixing
* Acts as a powerful discriminator between various neutrino mass models
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Connection between Ovfff and Neutrino Mass Ordering
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Lindner, Merle, Rodejohann , hep-ph/0512143

If hierarchy is inverted, and yet no Ov[3f3 1s observed in the very far future,
strong hint that neutrinos are not Majorana particles
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Statistical Issues Regarding Mass Hierarchy Discovery

® In the Mass Hierarchy Determination: Only two possible results are considered (NH or IH)

© There are two separate but related questions:

a) Given real experimental data, with what significance can the MH be distinguished?

b) When evaluating future experimental sensitivities, what is the probability that a

particular experimental design will be able to determine the MH with a given
significance?

® Once data are in hand, a number of techniques based either within Bayesian or Frequentist

make it possible to determine the level of confidence at which one MH hypothesis or the other
can be ruled out.

Neutrino community is traditionally frequentist and
more accustomed to interpreting frequentist results

For future experiments, common practice to generate a simulated data set
(for an assumed true MH) that does not include statistical fluctuations

The expected sensitivity can be reported as Ax?, representative of the mean or the most

likely value of Ay? that would be obtained in an ensemble of experiments for a particular
true MH
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© In estimating the MH sensitivity for future experiments, we need to consider statistical
fluctuations and variations in systematics

® If we repeat the simulations many times, a distribution of Ax? values will appear

® References (arXiv: 1210.3651 and 1311.1822) showed that the Ay? metric employed here
does not follow the commonly expected x° function for one degree of freedom, which has
a mean of Ay2 and can be interpreted using a Gaussian distribution with a standard

deviation of \ /[A?|

®© They showed that when the observed counts in the experiment are large enough,

the distribution of Ay? approximately follows a Gussian distribution with a mean and
standard deviation of Ay?2 and 2,/|Ay2| respectively
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© A common test statistic is the x> with n degrees of freedom, which describes the deviation
from the expected values of the outcome of a series of measurements x; of the normal

distribution N (u;, 0;):

n

X2 _ Z (; —2#1')2

o

i=1

®© The further the observations are from the expected values, i.e., the more extreme the
outcome, the larger is the >

© If the mean values p; depends on a set of p parameters 0 whose values have to be estimated
from the data, one usually considers the minimum of the y?> with respect to the parameters:

Xx2nin - moin XQ(O)

®© According to Wilk’s theorem, this quantity will follow a y* distribution with n-p degrees of
freedom, whereas

AXZ(0) = x2(0) — X2

will have a y? distribution with p degrees of freedom

© Use the data set without statistical fluctuations (Asimov data) and it works for nested

hypotheses (for an example: probability to observe a non-zero 0,,)
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®© One needs to select a test statistic which is well suited to distinguish between the two
hypotheses Hy, and H;,

© Mass Ordering is not nested, Wilk’s theorem is not applicable.
Usual techniques relying on a Taylor expansion around a single maximum of the

likelihood is not applicable in this case

© We concentrate on the following test statistic, which is based on a log-likelihood ratio

T = mi 2 — ] 2 = 2 — 2
min (0) m x (0) = xi0 — Xno

Here 0 is the set of neutrino oscillation parameters which are confined to a given
mass ordering during the minimization

© A crucial point in evaluating a statistical test is to know the distribution of test statistics.
In general this has to be estimated by explicit Monte Carlo simulations

®© Under certain conditions, the distribution of T can be derived analytically and
corresponds to a normal distribution (the Gaussian case):

T = N( +T5, 2+ /TO) [+ (-) sign holds for true NO (10)]

T, = value for Asimov data set without any statistical fluctuations
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O] Hypothesis testing: Test hypothesis (H) and alternative hypothesis (H')
Choose a test statistic T to check whether data can reject the test or null hypothesis H

® Once the distribution of T is known under the assumption of H being true, we decide to
reject H at confidence level (CL) 1 - o if T > T*, where the critical value T is defined by

/ " p(T\HYIT = o

L3

with p(T|H) being the probability distribution function of T given that H is true
O] o is the probability of making an “error of the first kind” i.e., rejecting H although it is true

® The conversion between no and the value of a (using a double sided Gaussian test):

n

a(n) = \/LQ_'/T L " dr el = erfe ( ﬁ) & n=+V2erfc (a)

It implies that we identify 16, 26, 36 with a CL (1 - a) of 68.27%, 95.45%, 99.73%, respectively

One-sided Gaussian limit: 71 ;.q = V2erfc™'(2a), CL of 84.14%, 97.73%, 99.87% for 10, 26, 36

© B is the probability of making an “error of the second kind” i.e., accepting H although it is not true
T

b= P(T <To|) = [ p(TiET

—0oC
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Left: Distribution of the test statistics T. Histograms show results of the 10° MC simulations.
Black curves corresponds to Gaussian approximation

Right: The value of a as a function of the critical value T required for rejecting 10 (Blue)
and NO (Red). In the purple region both mass ordering are rejected at the CL (1 - a).
In the white region both orderings are consistent with data at the CL (1 — a)

Curves for testing the different orderings cross around o = 5.2%, indicated by the dotted lines.
It represents the unique CL for which the experiment will rule out exactly one of the orderings
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© The most common performance indicator used for the normal mass ordering determination is:

NO

TNO(GO) — mlnz [I‘l’z (00) _ #10(0)]2

7 [

©  The data x; are replaced by the predicted observables p,(0,) at true parameter values 0,
No statistical fluctuations included, it is representative for an “average” experiment

® T, is then evaluated assuming a y? distribution with 1 dof in order to quote a CL with which a
given mass ordering can be identified: this is known as “Standard Sensitivity”

© To define an average experiment, one possibility is to calculate the CL (1 — a) at which a false
hypothesis can be rejected with a probability of 50%, i.e., p = 0.5

The probability a (B = 0.5) is called the “median” sensitivity:

1 Ti
n=V2erfc! 5 erfc 70 (median sensitivity)

The sensitivity a for which the critical values are the same for both orderings:

NO L IO
a= lerfc To + 1o = lerfc l\/ E (TNC = T19)
2 V/8TNC + /8T° 2 2V 2
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Blennow, Coloma, Huber, Schwetz, arXiv:1311.1822v2

© Hypotheses are not parameter
dependent

® Neyman Pearson lemma is
applicable which means that
the test based on the likelithood
ratio 1s most powerful

®© Applicable to reactor experiments

Median sensitivity (f = 0.5) as a function of T,,. The curves labeled ‘crossing’ show
the sensitivity corresponding to the condition TNO — 710

Standard sensitivity: , = /T{) and crossing sensitivity: n = /1o /2
Green bands: 3 = 1/2 + 0.6827/2 Yellow bands: 3 = 1/2 £ 0.9545/2
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NOvA 6=90° LBNE-10 kt

true NO

10 20 ~50 0 — 50
T

Blennow, Coloma, Huber, Schwetz, arXiv:1311.1822v2

@OImportant to Notice: Not always Gaussian
®Typical for low counting experiments
®Need to perform MC studies for accuracy

®Rejection power depends on the true parameters
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Bands have different meanings:
For NOvA and LBNE: Different true values of CP phases

For INO and PINGU: 2-3 mixing angle between 40 degree and S0 degree
For JUNO: Energy resolution between 3% and 3.5%
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Bands have different meanings:

For NOvA and LBNE: Different true values of CP phases

For INO and PINGU: 2-3 mixing angle between 40 degree and S0 degree
For JUNO: Energy resolution between 3% and 3.5%
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T std. sens. median sens.  crossing sens. [ for 30 68.27% range 95.45% range
9 99.73%  (3.00) 99.87%  (3.20) 93.32%(1.80) 041 230-420 ldo—5.10
16 99.9937%  (4.00) 99.9968%  (4.20) 97.72%(2.30)  0.11 320 —5.10 230 —6.1c
25 99.999943% (5.00) 99.999971% (5.10) 99.38% (2.70)  0.013 4.20 —6.10 3.20 —T.1c0

Blennow, Coloma, Huber, Schwetz, arXiv:1311.1822v2

Sensitivity measures for neutrino mass hierarchy in the Gaussian approximation
assuming TNO = 710
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The sensitivity obtained by using the standard method of taking
the square-root of the Ay? without statistical fluctuations is very
close to the median sensitivity obtained within the Gaussian
approximation for the test statistics T

Thank You
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