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There are severThere are severThere are severThere are several types of matrix models, but here for the sake of al types of matrix models, but here for the sake of al types of matrix models, but here for the sake of al types of matrix models, but here for the sake of 

concreteness we concreteness we concreteness we concreteness we considerconsiderconsiderconsider IIB matrix model. IIB matrix model. IIB matrix model. IIB matrix model.    

AbstractAbstractAbstractAbstract    

IIB matrix model is a candidate for the constructive definition of IIB matrix model is a candidate for the constructive definition of IIB matrix model is a candidate for the constructive definition of IIB matrix model is a candidate for the constructive definition of 

string theory. It is nothing but thestring theory. It is nothing but thestring theory. It is nothing but thestring theory. It is nothing but the    largelargelargelarge----N reduced model of 10D N reduced model of 10D N reduced model of 10D N reduced model of 10D 

super Yangsuper Yangsuper Yangsuper Yang----MillsMillsMillsMills th th th theory, eory, eory, eory,     
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Ψ  (10D Majorana (10D Majorana (10D Majorana (10D Majorana----Weyl) : NWeyl) : NWeyl) : NWeyl) : N××××N hermitianN hermitianN hermitianN hermitian    

This theory seems to describe fluctuations around a flat This theory seems to describe fluctuations around a flat This theory seems to describe fluctuations around a flat This theory seems to describe fluctuations around a flat 

spacespacespacespace----time. The basic question is whether it can descritime. The basic question is whether it can descritime. The basic question is whether it can descritime. The basic question is whether it can describe curved be curved be curved be curved 

spacespacespacespace----times, and it times, and it times, and it times, and it reallyreallyreallyreally contains invariance of the general  contains invariance of the general  contains invariance of the general  contains invariance of the general 

relativity, diffeomophism relativity, diffeomophism relativity, diffeomophism relativity, diffeomophism andandandand local Lorentz  local Lorentz  local Lorentz  local Lorentz invarianceinvarianceinvarianceinvariance, or not. , or not. , or not. , or not.     

Here, we will show that indeed it is the case, if we introduce a Here, we will show that indeed it is the case, if we introduce a Here, we will show that indeed it is the case, if we introduce a Here, we will show that indeed it is the case, if we introduce a 

new new new new interpretationinterpretationinterpretationinterpretation for the matrices. for the matrices. for the matrices. for the matrices.    
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MMMMatrix model coatrix model coatrix model coatrix model contains space timentains space timentains space timentains space time....    

First of all let us see thatFirst of all let us see thatFirst of all let us see thatFirst of all let us see that the the the the matrix model contains space matrix model contains space matrix model contains space matrix model contains space----time time time time 

in its degreein its degreein its degreein its degreessss of freedom. of freedom. of freedom. of freedom.    

    

IIB matrix model is formally obtained from 10D SU(N) super IIB matrix model is formally obtained from 10D SU(N) super IIB matrix model is formally obtained from 10D SU(N) super IIB matrix model is formally obtained from 10D SU(N) super 

Yang Mills theory by a dimensional reduction to zero dimensions. Yang Mills theory by a dimensional reduction to zero dimensions. Yang Mills theory by a dimensional reduction to zero dimensions. Yang Mills theory by a dimensional reduction to zero dimensions. 

Therefore, Therefore, Therefore, Therefore, ifififif we th we th we th we think naively, this reduction severely ink naively, this reduction severely ink naively, this reduction severely ink naively, this reduction severely truncatestruncatestruncatestruncates    

the degrees of freedom. However it is not the case if N is the degrees of freedom. However it is not the case if N is the degrees of freedom. However it is not the case if N is the degrees of freedom. However it is not the case if N is 

infinitely large. In fact in this case, the matrix model infinitely large. In fact in this case, the matrix model infinitely large. In fact in this case, the matrix model infinitely large. In fact in this case, the matrix model containscontainscontainscontains    

the original 10D model.the original 10D model.the original 10D model.the original 10D model.    

    

        10D super YM  10D super YM  10D super YM  10D super YM  ����        IIB matrix modelIIB matrix modelIIB matrix modelIIB matrix model        ⊃     10D super YM10D super YM10D super YM10D super YM            

                        dimensional reduction to 0Ddimensional reduction to 0Ddimensional reduction to 0Ddimensional reduction to 0D            N →∞     
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The reason is as followsThe reason is as followsThe reason is as followsThe reason is as follows::::    

 T T T The dynamical he dynamical he dynamical he dynamical variablesvariablesvariablesvariables Aµ ’’’’s are s are s are s are N N× matrices, but let matrices, but let matrices, but let matrices, but let 

us treat them inus treat them inus treat them inus treat them in a little abstract manner. That is, we  a little abstract manner. That is, we  a little abstract manner. That is, we  a little abstract manner. That is, we 

regard regard regard regard N N× matrices as linear transformations on some matrices as linear transformations on some matrices as linear transformations on some matrices as linear transformations on some 

linear space linear space linear space linear space VVVV    ::::    

                                                            ( ), NA End V Vµ ∈ ≅ ℂ ....    

So, iSo, iSo, iSo, if f f f NNNN is infinitely large,  is infinitely large,  is infinitely large,  is infinitely large, VVVV    is an infinite dimensional is an infinite dimensional is an infinite dimensional is an infinite dimensional 

vector space, and wevector space, and wevector space, and wevector space, and we can take can take can take can take    various expressions for various expressions for various expressions for various expressions for VVVV. . . .     

    

First let us assume First let us assume First let us assume First let us assume VVVV    is the space of nis the space of nis the space of nis the space of n----component component component component 

complex scalar fields on 10D complex scalar fields on 10D complex scalar fields on 10D complex scalar fields on 10D spacespacespacespace----timetimetimetime: : : :     

                                                                    
10{ ( ) : }i nV xϕ= →ℝ ℂ ....    

Then a matrix, a linear transformation on Then a matrix, a linear transformation on Then a matrix, a linear transformation on Then a matrix, a linear transformation on VVVV , is nothing  , is nothing  , is nothing  , is nothing 

but an integration kerbut an integration kerbut an integration kerbut an integration kernel, or a bilocal nel, or a bilocal nel, or a bilocal nel, or a bilocal fieldfieldfieldfield    ( , )i j x yκ :  :  :  :      
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At least formally, such bilocal field can be expanded as a At least formally, such bilocal field can be expanded as a At least formally, such bilocal field can be expanded as a At least formally, such bilocal field can be expanded as a 

differential operator of infinite order whose coefficients differential operator of infinite order whose coefficients differential operator of infinite order whose coefficients differential operator of infinite order whose coefficients 

are are are are n n× matrices.matrices.matrices.matrices.    

In partIn partIn partIn particular as a icular as a icular as a icular as a specialspecialspecialspecial value of value of value of value of Aµ , we can take the , we can take the , we can take the , we can take the 

covariant derivative covariant derivative covariant derivative covariant derivative     

                                            ( )( ) ( )i j i jA i D i ia x End Vµ µ µ µδ= = ∂ + ∈ ,,,,    

which meanswhich meanswhich meanswhich means the whole space of gauge field  the whole space of gauge field  the whole space of gauge field  the whole space of gauge field 

configurations is embedded in the space of matrices configurations is embedded in the space of matrices configurations is embedded in the space of matrices configurations is embedded in the space of matrices 

( )End V ....    
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Thus we have seen that the dynamical Thus we have seen that the dynamical Thus we have seen that the dynamical Thus we have seen that the dynamical degrees of freedom of the degrees of freedom of the degrees of freedom of the degrees of freedom of the 

original 10D theory areoriginal 10D theory areoriginal 10D theory areoriginal 10D theory are completely included in the matrix model  completely included in the matrix model  completely included in the matrix model  completely included in the matrix model 

if we takeif we takeif we takeif we take the large the large the large the large----N limitN limitN limitN limit::::    

        IIB matrix model        IIB matrix model        IIB matrix model        IIB matrix model        ⊃     SU(n) 10D super YM.SU(n) 10D super YM.SU(n) 10D super YM.SU(n) 10D super YM.            

                                                                                            ( )N →∞     

FurthermoreFurthermoreFurthermoreFurthermore in this embedding the local gauge symmetry is  in this embedding the local gauge symmetry is  in this embedding the local gauge symmetry is  in this embedding the local gauge symmetry is 

realized as a part of the SU(N) symmetry of the matrix model:realized as a part of the SU(N) symmetry of the matrix model:realized as a part of the SU(N) symmetry of the matrix model:realized as a part of the SU(N) symmetry of the matrix model:    

            , ( ) : 0-th order differential operat, orEndA VA iµ µδ λλ =   ∈ ....    
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LLLLargeargeargearge----N reductionN reductionN reductionN reduction    

In this sense, IIB matrix In this sense, IIB matrix In this sense, IIB matrix In this sense, IIB matrix model model model model has more dynamicalhas more dynamicalhas more dynamicalhas more dynamical degrees of  degrees of  degrees of  degrees of 

freedom than freedom than freedom than freedom than 10D 10D 10D 10D super Yangsuper Yangsuper Yangsuper Yang----Mills theory. However, Mills theory. However, Mills theory. However, Mills theory. However, it turns out it turns out it turns out it turns out 

that that that that thethethethe difference  difference  difference  difference between them between them between them between them is is is is notnotnotnot so large. This fact is  so large. This fact is  so large. This fact is  so large. This fact is 

known as known as known as known as ““““the largethe largethe largethe large----N reductionN reductionN reductionN reduction””””....    

        FFFFor example, it is known thator example, it is known thator example, it is known thator example, it is known that    

(1) I(1) I(1) I(1) Iffff we quench the diagonal  we quench the diagonal  we quench the diagonal  we quench the diagonal elementselementselementselements of  of  of  of Aµ , , , ,     

                            

,

: diagonal and ,  fixed : offdiagonal

A P A

P A

µ µ µ

µ µ

= + ɶ

ɶ ,,,,    

the matrix model is equivalent to the largethe matrix model is equivalent to the largethe matrix model is equivalent to the largethe matrix model is equivalent to the large----N YangN YangN YangN Yang----Mills Mills Mills Mills 

theory. theory. theory. theory.     

(2) If we expand (2) If we expand (2) If we expand (2) If we expand Aµ  around a noncommutative background  around a noncommutative background  around a noncommutative background  around a noncommutative background     

                                                        

ˆ ˆ( ),

ˆ ˆ, ,

ˆ ˆ , ,

A p a x

p p iB

x C p B C

µ µ µ

µ ν µν

µ µν νλ λ
ν µν µδ

= +

  = 

= =
    

and constrand constrand constrand constrain the fluctuation ain the fluctuation ain the fluctuation ain the fluctuation thatthatthatthat    

                                ( ) ( ),a x xµ < ∞ →∞     

the matrix model is equivalent to Yangthe matrix model is equivalent to Yangthe matrix model is equivalent to Yangthe matrix model is equivalent to Yang----Mills theory in a Mills theory in a Mills theory in a Mills theory in a 

noncommutative space.noncommutative space.noncommutative space.noncommutative space.    
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More presicely,More presicely,More presicely,More presicely,    

(1) q(1) q(1) q(1) quencheduencheduencheduenched reduced model  reduced model  reduced model  reduced model                             

                                                                                                                                            Parisi (1982)Parisi (1982)Parisi (1982)Parisi (1982)    
                                                                                                                                                                                Gross, KitazawaGross, KitazawaGross, KitazawaGross, Kitazawa    
                                                                                                                                            Bhanot, Heller, NeubergerBhanot, Heller, NeubergerBhanot, Heller, NeubergerBhanot, Heller, Neuberger    
                                             Das, Wadia                                             Das, Wadia                                             Das, Wadia                                             Das, Wadia    

The path integral for the offThe path integral for the offThe path integral for the offThe path integral for the off----diagonal elements of diagonal elements of diagonal elements of diagonal elements of Aµ can be can be can be can be 

expressed bexpressed bexpressed bexpressed by y y y such such such such FeynmanFeynmanFeynmanFeynman diagrams as diagrams as diagrams as diagrams as    

                                                                        ....    

And if the eigenvalues And if the eigenvalues And if the eigenvalues And if the eigenvalues ip
µ
of of of of P

µ
are uniformly distributed in the are uniformly distributed in the are uniformly distributed in the are uniformly distributed in the 

momentum space, the summation over the indices becomes the momentum space, the summation over the indices becomes the momentum space, the summation over the indices becomes the momentum space, the summation over the indices becomes the 

integratiintegratiintegratiintegration over loop momenta in the largeon over loop momenta in the largeon over loop momenta in the largeon over loop momenta in the large----N limit:N limit:N limit:N limit:    

                    

( ) ( ) ( )
2 2 2

, , ( , , )

10 10

1 2 2 2 2

1 2 1 2

1

1

( )

i j k i j j k k i
i j j k i kp p p p p p

d k d k
k k k k

≠ ≠ ≠ − − −

→
+

∑ ∑ ∑

∫ ∫ ∫     

Therefore the quenched reduced model becomes equivalent to Therefore the quenched reduced model becomes equivalent to Therefore the quenched reduced model becomes equivalent to Therefore the quenched reduced model becomes equivalent to 

the original 10D field theory in the largethe original 10D field theory in the largethe original 10D field theory in the largethe original 10D field theory in the large----N limit.N limit.N limit.N limit.    

i  k  j  
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It is useful to compare this result with the It is useful to compare this result with the It is useful to compare this result with the It is useful to compare this result with the expression in terms ofexpression in terms ofexpression in terms ofexpression in terms of    

the differential operators.the differential operators.the differential operators.the differential operators. If we express  If we express  If we express  If we express Aµ as a as a as a as a differentialdifferentialdifferentialdifferential    

operatoroperatoroperatoroperator    

                    
(0) (1) (2)( ) ( ) ( )i j i j i jA c x c x c xν ν λ

µ µ µ ν µ ν λ= + ∂ + ∂ ∂ +⋯ ,,,,    

thethethethe background of the quenched reduced model is nothing but background of the quenched reduced model is nothing but background of the quenched reduced model is nothing but background of the quenched reduced model is nothing but    

                                                                                                    
(0)A iµ µ= ∂ ....    

So, in the So, in the So, in the So, in the classical level, classical level, classical level, classical level, fluctuations from this background fluctuations from this background fluctuations from this background fluctuations from this background 

consistconsistconsistconsist of infinitely many field of infinitely many field of infinitely many field of infinitely many fields of various higher spins. Becauses of various higher spins. Becauses of various higher spins. Becauses of various higher spins. Because    

diagonal elements are nothing but polynomials of diagonal elements are nothing but polynomials of diagonal elements are nothing but polynomials of diagonal elements are nothing but polynomials of i µ∂ , the , the , the , the 

condition of quenching suppresses the zero mode of each condition of quenching suppresses the zero mode of each condition of quenching suppresses the zero mode of each condition of quenching suppresses the zero mode of each field. field. field. field. 

However we still have very large degrees of freedom as far as we However we still have very large degrees of freedom as far as we However we still have very large degrees of freedom as far as we However we still have very large degrees of freedom as far as we 

consider classical dynamics.consider classical dynamics.consider classical dynamics.consider classical dynamics.    

    

On the other hand the quenched reduced model tells us that On the other hand the quenched reduced model tells us that On the other hand the quenched reduced model tells us that On the other hand the quenched reduced model tells us that 

these degrees of freedom are combined to these degrees of freedom are combined to these degrees of freedom are combined to these degrees of freedom are combined to one vector fieldone vector fieldone vector fieldone vector field, if we , if we , if we , if we 

treat them quantum mechanicalltreat them quantum mechanicalltreat them quantum mechanicalltreat them quantum mechanically. y. y. y.     
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(2) twisted reduced model(2) twisted reduced model(2) twisted reduced model(2) twisted reduced model    

                                                                                                                GonzalezGonzalezGonzalezGonzalez----Arroyo, Okawa (1983)Arroyo, Okawa (1983)Arroyo, Okawa (1983)Arroyo, Okawa (1983)    
                                                                                                                GonzalezGonzalezGonzalezGonzalez----Arroyo, Korthals AltesArroyo, Korthals AltesArroyo, Korthals AltesArroyo, Korthals Altes    
                                    Rediscovered in the context of NCFT.                                    Rediscovered in the context of NCFT.                                    Rediscovered in the context of NCFT.                                    Rediscovered in the context of NCFT.    
    

We pick up We pick up We pick up We pick up a classical solutiona classical solutiona classical solutiona classical solution    of the equation of motionof the equation of motionof the equation of motionof the equation of motion    

                                                                        , , 0A A Aµ µ ν
   =           

that is given by the CCR with that is given by the CCR with that is given by the CCR with that is given by the CCR with 10 / 2 5= degrees of freedom,degrees of freedom,degrees of freedom,degrees of freedom,    

                     

(0) ˆ 1

ˆ ˆ, ( ),     1 :  n n unit matrix

n

n

A p

p p i B B

µ µ

µ ν µν µν

= ⊗

  = ∈ ×  ℝ .    

andandandand    expanexpanexpanexpand the dynamical variables d the dynamical variables d the dynamical variables d the dynamical variables around around around around it:it:it:it:    

                    

(0) ˆˆ , 0A A aµ µ µ ψ ψ= + = + .    

Next we introduce theNext we introduce theNext we introduce theNext we introduce the    following correspondence between following correspondence between following correspondence between following correspondence between 

operators and functions:operators and functions:operators and functions:operators and functions:    

    

10 10

10 10
ˆ ˆ( )exp( ) ( ) ( )exp( )

(2 ) (2 )

d k d k
o o k ik x o x o k ik xµ µ

µ µπ π
= ⇔ =∫ ∫ɶ ɶ

    

                 ˆ ˆ,B C x C pνλ λ µ µν
µν µ νδ= = . 

        (((( ô is the Weyl ordeis the Weyl ordeis the Weyl ordeis the Weyl ordering ofring ofring ofring of ˆ( )o x .).).).)    
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Then we can show the following mapping rules:Then we can show the following mapping rules:Then we can show the following mapping rules:Then we can show the following mapping rules:    

                                                        ( )
( )

1 2 1 2

10

5

ˆ ˆ, ,

ˆ ˆ * ,

det
ˆ ( )

2

p o i o

o o o o

B
Tr o d x o x

µ µ

π

  ↔ ∂ 
↔

= ∫
    

Using them, we can rewrite the matrix model action as that ofUsing them, we can rewrite the matrix model action as that ofUsing them, we can rewrite the matrix model action as that ofUsing them, we can rewrite the matrix model action as that of    aaaa    

field theory on field theory on field theory on field theory on the the the the noncommutativenoncommutativenoncommutativenoncommutative    spacespacespacespace----timetimetimetime::::    

        ( )
10 2

5

det B 1 1
tr ,

4 22 *
IIBS d x F Dµ

µν µψ γ ψ
π

  = − +   ∫ . 

    

Again we have seen that the matrix model is Again we have seen that the matrix model is Again we have seen that the matrix model is Again we have seen that the matrix model is ““““almost equivalentalmost equivalentalmost equivalentalmost equivalent””””    

to the 10D field theory.to the 10D field theory.to the 10D field theory.to the 10D field theory.    
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matrix model contains gravitymatrix model contains gravitymatrix model contains gravitymatrix model contains gravity    

So far, we have seen that IIB matrix model is So far, we have seen that IIB matrix model is So far, we have seen that IIB matrix model is So far, we have seen that IIB matrix model is ““““slightly largerslightly largerslightly largerslightly larger””””    

than than than than the 10D super Yangthe 10D super Yangthe 10D super Yangthe 10D super Yang----Mills theory.Mills theory.Mills theory.Mills theory.    

On the other hOn the other hOn the other hOn the other hand it is known that IIB matrix model also and it is known that IIB matrix model also and it is known that IIB matrix model also and it is known that IIB matrix model also 

contains gravity, if we contains gravity, if we contains gravity, if we contains gravity, if we considerconsiderconsiderconsider a different kind of background. a different kind of background. a different kind of background. a different kind of background.    

                                                                                                                                Ishibashi, Kitazawa, Tsuchiya and HK (1996)Ishibashi, Kitazawa, Tsuchiya and HK (1996)Ishibashi, Kitazawa, Tsuchiya and HK (1996)Ishibashi, Kitazawa, Tsuchiya and HK (1996)    

    

We consider the linear space We consider the linear space We consider the linear space We consider the linear space VVVV as  as  as  as beforebeforebeforebefore: : : :     

                                                            
10{ ( ) : }i nV xϕ= →ℝ ℂ ,,,,    

butbutbutbut    this time we consider this time we consider this time we consider this time we consider a backgra backgra backgra background ound ound ound 
(0)A µ that is diagonal in that is diagonal in that is diagonal in that is diagonal in 

the the the the xxxx----space.space.space.space. I I I In terms of integration kerneln terms of integration kerneln terms of integration kerneln terms of integration kernel, it is expressed as, it is expressed as, it is expressed as, it is expressed as    

                                                                            
(0) (10) ( ) ijA x x yµ

µ δ δ= − ....    

Or in term of differential operatorOr in term of differential operatorOr in term of differential operatorOr in term of differential operator    

                                                                                            
(0) ijA xµµ δ= ....    
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If we expand If we expand If we expand If we expand Aµ around itaround itaround itaround it    

                                                                        
(0) ,A A Aµ µ µ= + ɶ     

the onethe onethe onethe one----loop effective Lagrangian contains terms that loop effective Lagrangian contains terms that loop effective Lagrangian contains terms that loop effective Lagrangian contains terms that 

correspondcorrespondcorrespondcorrespond to the exchange of graviton and dilaton: to the exchange of graviton and dilaton: to the exchange of graviton and dilaton: to the exchange of graviton and dilaton:    

10 10

8

1
{ tr ( ( ) ( )) tr ( ( ) ( ))

( )

tr ( ( ) ( )) tr ( ( ) ( )) }

effS d x d y const f x f x f y f y
x y

const f x f x f y f y

µ λ ν λ µ ρ ν ρ

µ ν µ ν λ ρ λ ρ

=− ⋅
−

− ⋅ +⋅⋅⋅

∫∫

x  

y
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Question:Question:Question:Question:    

We have seen that We have seen that We have seen that We have seen that YangYangYangYang----Mills theoryMills theoryMills theoryMills theory is embedded in IIB matrix  is embedded in IIB matrix  is embedded in IIB matrix  is embedded in IIB matrix 

model, and in this embedding the local gauge symmetry is a model, and in this embedding the local gauge symmetry is a model, and in this embedding the local gauge symmetry is a model, and in this embedding the local gauge symmetry is a 

part of the SU(N) symmetry of the matrix model.part of the SU(N) symmetry of the matrix model.part of the SU(N) symmetry of the matrix model.part of the SU(N) symmetry of the matrix model.    

Furthermore we have seen that IIB matrix model contains Furthermore we have seen that IIB matrix model contains Furthermore we have seen that IIB matrix model contains Furthermore we have seen that IIB matrix model contains 

gragragragravity.vity.vity.vity.    

    

Can we find a good way of embedding Can we find a good way of embedding Can we find a good way of embedding Can we find a good way of embedding gravitygravitygravitygravity in IIB  in IIB  in IIB  in IIB matrixmatrixmatrixmatrix    

model, in such a way that model, in such a way that model, in such a way that model, in such a way that diffeomorphism and local Lorentz diffeomorphism and local Lorentz diffeomorphism and local Lorentz diffeomorphism and local Lorentz 

invarianceinvarianceinvarianceinvariance become a part of the SU(N)  become a part of the SU(N)  become a part of the SU(N)  become a part of the SU(N) symmetrysymmetrysymmetrysymmetry of the matrix  of the matrix  of the matrix  of the matrix 

model?model?model?model?    
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MMMMore concreteore concreteore concreteore concretely, suppose we have a Dly, suppose we have a Dly, suppose we have a Dly, suppose we have a D----dimensional curved dimensional curved dimensional curved dimensional curved 

space space space space M and the covariant derivative and the covariant derivative and the covariant derivative and the covariant derivative ( 1 ~ )a a D∇ =  on it.  on it.  on it.  on it.     

 Find  Find  Find  Find     

      (i) a good space V and       (i) a good space V and       (i) a good space V and       (i) a good space V and     

     (ii) a good object     (ii) a good object     (ii) a good object     (ii) a good object ( )a∇ which is equivalent which is equivalent which is equivalent which is equivalent totototo    a∇         

such that each component such that each component such that each component such that each component of of of of ( )( ) , 1..10a a∇ =  is expressed as a  is expressed as a  is expressed as a  is expressed as a 

linear transformation on V.linear transformation on V.linear transformation on V.linear transformation on V.    

DifficultyDifficultyDifficultyDifficulty    

The covariant derivative The covariant derivative The covariant derivative The covariant derivative ( 1 ~ )a a D∇ =     maps maps maps maps a a a a scalarscalarscalarscalar    field tofield tofield tofield to a  a  a  a 

vector field, and a vector field to a tensor field, and so on. vector field, and a vector field to a tensor field, and so on. vector field, and a vector field to a tensor field, and so on. vector field, and a vector field to a tensor field, and so on. 

ThereforeThereforeThereforeTherefore, it can , it can , it can , it can notnotnotnot simpl simpl simpl simply be regarded as a linear y be regarded as a linear y be regarded as a linear y be regarded as a linear 

transformation on some space such astransformation on some space such astransformation on some space such astransformation on some space such as    

                                                                                            a aA i= ∇ ....    

The difficulty The difficulty The difficulty The difficulty may may may may become clearer, if we compare the product become clearer, if we compare the product become clearer, if we compare the product become clearer, if we compare the product 

a b∇ ∇ andandandand a bA A . In. In. In. In a b∇ ∇ , the spin connection contained , the spin connection contained , the spin connection contained , the spin connection contained 

inininin a∇ mixes the indexmixes the indexmixes the indexmixes the indexb . On the other hand . On the other hand . On the other hand . On the other hand a bA A simply means simply means simply means simply means 

the product of the product of the product of the product of aA andandandand bA . . . . Therefore tTherefore tTherefore tTherefore the equation like he equation like he equation like he equation like 

a aA i= ∇ can not hold.can not hold.can not hold.can not hold.    
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Answer:Answer:Answer:Answer:    

Suppose Suppose Suppose Suppose I
I

M U=∪  is a D is a D is a D is a D----dim dim dim dim RiemannianRiemannianRiemannianRiemannian manifold manifold manifold manifold with a spin  with a spin  with a spin  with a spin 

structurestructurestructurestructure, and we have a transition func, and we have a transition func, and we have a transition func, and we have a transition function on each overlapping tion on each overlapping tion on each overlapping tion on each overlapping 

regionregionregionregion    

                                                        ( ) ( ),I J I Jt x spin D x U U∈ ∈ ∩  . . . .    

Here we assume all indices are Lorentz indices, and in particular, Here we assume all indices are Lorentz indices, and in particular, Here we assume all indices are Lorentz indices, and in particular, Here we assume all indices are Lorentz indices, and in particular, 

the covariant derivative is expressed asthe covariant derivative is expressed asthe covariant derivative is expressed asthe covariant derivative is expressed as    

                                                                    ( )bc

a a bce Oµ
µ µω∇ = ∂ + ,,,,    

 where  where  where  where bcO is the Lorentz generator.is the Lorentz generator.is the Lorentz generator.is the Lorentz generator.    
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(i)  (i)  (i)  (i)  ( )prinV C E∞=     

First we consider the principal First we consider the principal First we consider the principal First we consider the principal ( )spin D  bundle  bundle  bundle  bundle prinE     on on on on 

M associaassociaassociaassociated with the spin structureted with the spin structureted with the spin structureted with the spin structure. In other words, we . In other words, we . In other words, we . In other words, we 

consider a direct product consider a direct product consider a direct product consider a direct product ( )IU Spin D× for each patchfor each patchfor each patchfor each patch IU , , , , 

and glue them together by the following rule:and glue them together by the following rule:and glue them together by the following rule:and glue them together by the following rule:    

                        FFFFor or or or I Jx U U∈ ∩ ,,,,    

                        

( , ) ( ) ( , ) ( )

( )

I I J J

I IJ J

x g U Spin D x g U Spin D

g t x g

∈ × ∈ ×

⇔ =

∼

    

Then we take the space of functions on Then we take the space of functions on Then we take the space of functions on Then we take the space of functions on prinE  as  as  as  as VVVV.  In other .  In other .  In other .  In other 

words, we regard matrices as bilocal fields or differential words, we regard matrices as bilocal fields or differential words, we regard matrices as bilocal fields or differential words, we regard matrices as bilocal fields or differential 

operators on operators on operators on operators on prinE ....    
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(ii) (ii) (ii) (ii) ( ) ( )1

( ) ( ) ( (( ))ˆ)b cd

a a b d prc inR g e x O End C Eµ
µ µω

∞− ∈∇ = ∂ +     

LeLeLeLet t t t ( )b

aR g  be the rep. matrix of the vector rep. of be the rep. matrix of the vector rep. of be the rep. matrix of the vector rep. of be the rep. matrix of the vector rep. of ( )Spin D , , , , 

and and and and ˆ
abO     be the be the be the be the infinitesimal left action on the functioninfinitesimal left action on the functioninfinitesimal left action on the functioninfinitesimal left action on the function    space space space space 

onononon ( )Spin D ::::        (((( ˆabO is is is is thethethethe der der der derivative along the fiber.)ivative along the fiber.)ivative along the fiber.)ivative along the fiber.)    

                        
ˆ ( ) ((1 ) ) ( )ab ab

ab abO g g gε ϕ ϕ ε τ ϕ= − − ....    

Then we define a differential operator on Then we define a differential operator on Then we define a differential operator on Then we define a differential operator on prinE  by by by by    

                                ( ) ( )1

( ) ( )
ˆ( )b cd

a a b cdR g e x Oµ
µ µω

−∇ = ∂ + ....    
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We can show that eaWe can show that eaWe can show that eaWe can show that each component of ch component of ch component of ch component of ( ) , ( 1..10)a a∇ =  is a  is a  is a  is a 

globally defined differential operator globally defined differential operator globally defined differential operator globally defined differential operator onononon prinE , and thus a linear , and thus a linear , and thus a linear , and thus a linear 

transformation on transformation on transformation on transformation on VVVV.  Therefore it can be expressed by a .  Therefore it can be expressed by a .  Therefore it can be expressed by a .  Therefore it can be expressed by a 

matrix.matrix.matrix.matrix.            ((((ProofProofProofProof))))    

                                                    

[ ] ( ) [ ]

( ) ( )( ) [ ]

( )( ) [ ]

( )( ) [ ]

( ) [ ]

[ ]

1

( ) ( )

1

( )

1

( )

1
1

( )

1

( )

( )

I Ib
Ia a b

Jb c
Ia b IJ c

Jc
Ia IJ c

Jc

a IJ I c

Jc

a J c

J

a

R g

R g R t x

R g t x

R t x g

R g

−

−

−

−−

−

∇ = ∇

= ∇

= ∇

 = ∇ 
 

= ∇

= ∇

    

Furthermore we can show that each component of Furthermore we can show that each component of Furthermore we can show that each component of Furthermore we can show that each component of ( )a∇  is  is  is  is 

hermitian for thermitian for thermitian for thermitian for the natural measure on he natural measure on he natural measure on he natural measure on prinE ::::    

                            
* *( , ) ( , ) ( , )

prin

D

E
f h f h d x g dg f x g h x g= =∫ ∫ ∫ ....    
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ExampleExampleExampleExample        2S     with homogeneous metricwith homogeneous metricwith homogeneous metricwith homogeneous metric    

            1(2) { ;0 2 }ispin e Sθ θ π= ≤ < ≃     

            1 2 3prinE S bundle over S S≃ ≃  (Hopf bundle) (Hopf bundle) (Hopf bundle) (Hopf bundle)    

            3( ) { ( , ); }prinV C E z Sϕ θ∞= = → ℂ     

   z: the stereographic coordinate of    z: the stereographic coordinate of    z: the stereographic coordinate of    z: the stereographic coordinate of 2S     

            

2

( )

2

( )

{(1 ) },
2

{(1 ) },
2

i

z

i

z

i
e zz z

i
e zz z

θ
θ

θ
θ

−
+

−

∇ = + ∂ + ∂

∇ = + ∂ − ∂     

   where    where    where    where 1 2i± = ± ....    

   Each of    Each of    Each of    Each of ( ) ( )an d + −∇ ∇  is a globally  is a globally  is a globally  is a globally defineddefineddefineddefined differential  differential  differential  differential     

   operator on    operator on    operator on    operator on prinE ....    

    

12

12

(1 )
2

(1 )
2

z

z

i
zz zO

i
zz zO

+

−

∇ = + ∂ +

∇ = + ∂ −  
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In this manner, In this manner, In this manner, In this manner, 2S  is realized in terms of two matrices. This  is realized in terms of two matrices. This  is realized in terms of two matrices. This  is realized in terms of two matrices. This 

should be distinguished from the ordinary fuzzy sphere, which is should be distinguished from the ordinary fuzzy sphere, which is should be distinguished from the ordinary fuzzy sphere, which is should be distinguished from the ordinary fuzzy sphere, which is 

obtained by embedding to the space of three matrices.obtained by embedding to the space of three matrices.obtained by embedding to the space of three matrices.obtained by embedding to the space of three matrices.    

    

Similarly, any Riemannian manifold with dimensSimilarly, any Riemannian manifold with dimensSimilarly, any Riemannian manifold with dimensSimilarly, any Riemannian manifold with dimension less than ion less than ion less than ion less than or or or or 

equal to equal to equal to equal to D can be coded in the space of D matricesD can be coded in the space of D matricesD can be coded in the space of D matricesD can be coded in the space of D matrices....    

            

    

space ofspace ofspace ofspace of    
10 matrices10 matrices10 matrices10 matrices    

CYCYCYCY3333    

TTTT10101010    

SSSS10101010    
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WWWWhat is the hat is the hat is the hat is the spacespacespacespace    V ????    

        : rep. of Spin(D)
( ), : space of a field with rep. .r r r

r
V V V V r= ⊕ ⊕ ⊕⋯             

                       ( dim. of  )rd r           

( )∵     SinceSinceSinceSince    an element of an element of an element of an element of V is a function on is a function on is a function on is a function on prinE , , , , at each point at each point at each point at each point 

on on on on M , , , , it it it it givesgivesgivesgives a function  a function  a function  a function ( )Spin D →ℂ . . . .     

In general, In general, In general, In general, the space of functions on a groupthe space of functions on a groupthe space of functions on a groupthe space of functions on a group    G forms a special forms a special forms a special forms a special 

representation called the regular representation, which is representation called the regular representation, which is representation called the regular representation, which is representation called the regular representation, which is 

isomorphic to isomorphic to isomorphic to isomorphic to     

                                                            :rep. of G
( )reg r r

r
v v v≅ ⊕ ⊕ ⊕⋯ ,,,,    

  where  where  where  where rv  is a representation of is a representation of is a representation of is a representation ofG , and, and, and, and rd is its dimension.is its dimension.is its dimension.is its dimension.    

                                                                            

rd  

scalar, spinor, vector,scalar, spinor, vector,scalar, spinor, vector,scalar, spinor, vector,…………etc.etc.etc.etc.    
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, ,

, ,

1 , , 1

,

,

,

,

A function  can be expanded as

,  

where  ( ) is the rep. matrix for .

The action of an element  of  on  is assumed t

( ) ( )

( ) (

e

)

o b

i j i j

r r

r i j

i j i j

r r

r i

i

j

r

j

r

i

f g c R g

f h g c R h g

c

G

R g r

h G f

< > < >

− −

<

<

< > < >

>

>

=

=

=

→

∑

∑

ℂ

, 1 ,

, ,

, , 1 ,

, ,

1 , , , 1 ,

Therefore,

( ) ( )

( ) ( ).

( ) ( ) ( ) ( ) .

j i k k j

r r

r i j

k j k i i j

r r r

r i j

i j i j k i k j

r r r r

R h R g

c R h R g

f g f g f h g c c R h c

−
< > < >

−
< > < > < >

− −
< > < > < > < >

=

′ ′= ⇔ =

∑

∑

֏ ֏
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  The regular rep. has the following remarkable   The regular rep. has the following remarkable   The regular rep. has the following remarkable   The regular rep. has the following remarkable propertypropertypropertyproperty::::    

                         , for any .reg r reg regv v v v r⊗ ≅ ⊕ ⊕⋯     

    More explicitly, this isomorphism is given byMore explicitly, this isomorphism is given byMore explicitly, this isomorphism is given byMore explicitly, this isomorphism is given by    

                        
( ) 1( ) ( ) ( ) ( ).i i i j j

reg r rf g v v f g R g f g−
< >∈ ⊗ =֏     

  T  T  T  Then hen hen hen 
( )( )if g  transforms under  transforms under  transforms under  transforms under h G∈  as as as as    

            

( )

1 1 1 1 ( ) 1

( )

( ) ( ) ( ) ( ) ( ) ( ).

i

i j j k k i k k i

r r r

f g

R g R h f h g R g h f h g f h g− − − − −
< > < > < >= =

֏

    

    

   Therefore we have   Therefore we have   Therefore we have   Therefore we have    

                                            : ,a V V T V V∇ → ⊗ ≅ ⊕ ⊕⋯     

   where    where    where    where T is the tangent is the tangent is the tangent is the tangent bundlebundlebundlebundle, and the combined map is , and the combined map is , and the combined map is , and the combined map is     

   given by   given by   given by   given by    

                                            ( ) ( )1

( ) ( )
ˆ( )b cd

a a b cdR g e x Oµ
µ µω

−∇ = ∂ + ....
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New New New New interpretationinterpretationinterpretationinterpretation of IIB matrix model of IIB matrix model of IIB matrix model of IIB matrix model    

We now regard the matrices in IIB matrix model as linear We now regard the matrices in IIB matrix model as linear We now regard the matrices in IIB matrix model as linear We now regard the matrices in IIB matrix model as linear 

transformations on transformations on transformations on transformations on ( )prinC E∞ . . . .     

Here we consider the classical EOM derived from the actionHere we consider the classical EOM derived from the actionHere we consider the classical EOM derived from the actionHere we consider the classical EOM derived from the action    

                                                            [ ]( )21
,

4
a bS Tr A A fermions= − + ....    

If we set the fermions to be zero, it becomesIf we set the fermions to be zero, it becomesIf we set the fermions to be zero, it becomesIf we set the fermions to be zero, it becomes    

                                                                                [ ], 0a a bA A A  =  ....    

Now we can impose the following AnsatzNow we can impose the following AnsatzNow we can impose the following AnsatzNow we can impose the following Ansatz    

                                                                                    ( )a aA i= ∇ ,,,,    

becausebecausebecausebecause    ( )a∇ is a well defined linear transformationis a well defined linear transformationis a well defined linear transformationis a well defined linear transformation, and, and, and, and    we we we we 

havehavehavehave    

                                                                        ( ) ( ) ( ), 0a a b
  ∇ ∇ ∇ =   ....    
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LetLetLetLet’’’’s rewrite this equation in terms of the s rewrite this equation in terms of the s rewrite this equation in terms of the s rewrite this equation in terms of the ordinaordinaordinaordinary covariant ry covariant ry covariant ry covariant 

derivativederivativederivativederivative a∇ ....    

            FFFFormulaormulaormulaormula    

                                            

( ) ( )
( ) ( )

1 1

( ) ( ) ( ) ( )

1 1

( ) ( )

c d

a b a c b d

c d

a b c d

R g R g

R g R g

− −

− −

∇ ∇ = ∇ ∇

= ∇ ∇     

In the last expression, the Lorentz generator in In the last expression, the Lorentz generator in In the last expression, the Lorentz generator in In the last expression, the Lorentz generator in c∇  acts  acts  acts  acts 

on the index on the index on the index on the index d  of  of  of  of d∇ . . . .     

Using this, we haveUsing this, we haveUsing this, we haveUsing this, we have    

                        

[ ]

( ) ( ) ( )0 , ,

0 , ,

, ( )

0 , 0

0 .

a a b

a a b

cd cd ca

a ab cd a ab cd ab c

cd

a ab ab

ab

R O R O R

R R

R

  = ∇ ∇ ∇  
⇔

= ∇ ∇ ∇  

 = ∇ = ∇ − ∇ 

⇔ ∇ = =

⇔ =
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The Einstein equation follows from the EOM of IIB matrix The Einstein equation follows from the EOM of IIB matrix The Einstein equation follows from the EOM of IIB matrix The Einstein equation follows from the EOM of IIB matrix 

model.model.model.model.    

If we If we If we If we startstartstartstart with IIB action with a ma with IIB action with a ma with IIB action with a ma with IIB action with a mass termss termss termss term    

                [ ]( ) ( )
2

2 21
,

4 2
a b a

m
S Tr A A Tr A fermions′ = − + + ,,,,    

we have the we have the we have the we have the EinsteinEinsteinEinsteinEinstein equation with a cosmological constant equation with a cosmological constant equation with a cosmological constant equation with a cosmological constant    

                                                                                        
2

ab abR m δ= −  . . . .    

    



 27 

Diffeomorphism and local Lorentz invarianceDiffeomorphism and local Lorentz invarianceDiffeomorphism and local Lorentz invarianceDiffeomorphism and local Lorentz invariance    

We now show that the symmetries of the general relativity We now show that the symmetries of the general relativity We now show that the symmetries of the general relativity We now show that the symmetries of the general relativity are are are are 

realized as parts of the SU(N) symmetry of the matrix model.realized as parts of the SU(N) symmetry of the matrix model.realized as parts of the SU(N) symmetry of the matrix model.realized as parts of the SU(N) symmetry of the matrix model.    

    

In the matrix model the infinitesimal SU(N) symmetry is given In the matrix model the infinitesimal SU(N) symmetry is given In the matrix model the infinitesimal SU(N) symmetry is given In the matrix model the infinitesimal SU(N) symmetry is given 

by by by by     

                                            [ ], , ( ).a aA A End Vδ = Λ Λ∈     

If we If we If we If we interpretinterpretinterpretinterpret    VVVV as  as  as  as ( )prinC E∞ , we can take various, we can take various, we can take various, we can take various Λ from from from from 

( ( ))prinEnd C E∞ . . . .     

    (1) diffeomorphism(1) diffeomorphism(1) diffeomorphism(1) diffeomorphism    

                    ( )

( )

( )

1

( ) ( )

1
{ ( , ), } ( ( )) ( )

2

( , ) ( )

a a

a prin a

b

a a b

x g End C E x

x g R g x

λ λ

λ λ

∞

−

Λ = ∇ ∈ ∇

=

∼

    

        [ ],a aA Aδ = Λ⇒  correctly reproduces the diffeomorphism. correctly reproduces the diffeomorphism. correctly reproduces the diffeomorphism. correctly reproduces the diffeomorphism.    

    (2) local Lorentz(2) local Lorentz(2) local Lorentz(2) local Lorentz    

                    
ˆ( ) ( ( ))ab

ab prinx O End C Eλ ∞Λ = ∈     

                [ ],a aA Aδ⇒ = Λ  is is is is the local Lorentz transformation. the local Lorentz transformation. the local Lorentz transformation. the local Lorentz transformation.    
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SSSSummaryummaryummaryummary    

� Any DAny DAny DAny D----dimensional manifold can be embedded in D matrices. dimensional manifold can be embedded in D matrices. dimensional manifold can be embedded in D matrices. dimensional manifold can be embedded in D matrices.     

� AAAAccordingly, the matrices in IIB matrix model can be ccordingly, the matrices in IIB matrix model can be ccordingly, the matrices in IIB matrix model can be ccordingly, the matrices in IIB matrix model can be 

interpreted as differential operators on the principal bundle interpreted as differential operators on the principal bundle interpreted as differential operators on the principal bundle interpreted as differential operators on the principal bundle 

on any manifold of less than on any manifold of less than on any manifold of less than on any manifold of less than or equalor equalor equalor equal to  to  to  to 10 dimensions.10 dimensions.10 dimensions.10 dimensions.    

� TheTheTheThe classical EOM of IIB matrix model gives the Einstein  classical EOM of IIB matrix model gives the Einstein  classical EOM of IIB matrix model gives the Einstein  classical EOM of IIB matrix model gives the Einstein 

equation.equation.equation.equation.    

� So far we have So far we have So far we have So far we have analyzedanalyzedanalyzedanalyzed classical EOM.  classical EOM.  classical EOM.  classical EOM. However, as we have However, as we have However, as we have However, as we have 

seen for seen for seen for seen for the the the the flat space, it is expected that the degrees of flat space, it is expected that the degrees of flat space, it is expected that the degrees of flat space, it is expected that the degrees of 

freedom become much smaller in the quantized level. freedom become much smaller in the quantized level. freedom become much smaller in the quantized level. freedom become much smaller in the quantized level. It is It is It is It is 

importantimportantimportantimportant to consider what remains in the quantized level. to consider what remains in the quantized level. to consider what remains in the quantized level. to consider what remains in the quantized level.    

    

hephephephep----th/0602210, hepth/0602210, hepth/0602210, hepth/0602210, hep----th/0611093th/0611093th/0611093th/0611093    

� In order to In order to In order to In order to implementimplementimplementimplement SUSY, we can consider super manifold  SUSY, we can consider super manifold  SUSY, we can consider super manifold  SUSY, we can consider super manifold 

iiiinstead of the ordinary manifold, and consider the matrices as nstead of the ordinary manifold, and consider the matrices as nstead of the ordinary manifold, and consider the matrices as nstead of the ordinary manifold, and consider the matrices as 

differential operators on the associated principal bundle. Then differential operators on the associated principal bundle. Then differential operators on the associated principal bundle. Then differential operators on the associated principal bundle. Then 

VVVV becomes a super vector space and the matrices should be  becomes a super vector space and the matrices should be  becomes a super vector space and the matrices should be  becomes a super vector space and the matrices should be 

regarded as super matrices, but the form of the action of IIB regarded as super matrices, but the form of the action of IIB regarded as super matrices, but the form of the action of IIB regarded as super matrices, but the form of the action of IIB 

matrix modmatrix modmatrix modmatrix model el el el seems to work without any modificationseems to work without any modificationseems to work without any modificationseems to work without any modification. . . .     

    


