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| ntroduction

-

the Lagrangian density cannot be written in a manifestly
covariant form and as a result Wald’s formalism cannot
be applied in a straightforward fashion.

# In the presence of the gravitational Chern simons term

As a result one cannot apply Sen’s entropy function
method directly to action containing Chern simons term
since we have seen tha Sen’s entropy function is just
walds formalism applied to extremal black holes

But one can see that after dimensional reduction and
throwing away certain total derivative terms one gets a
covariant piece from the Chern simons term (worked
out by Jackiew et-al in hep-th/0305117) and then use
the entropy function methods to compute the entropy



Plan of the Talk
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# In this talk | wish to present a way to handle Chern
simons term using walds Noether Charge method or
alternatively Ashoke’s entropy function formalism. |
wish to present it in two different contexts.

o BTZ black holes in the presence of higher
derivatives and Chern Simons terms. (Work done
with Ashoke Sen hep-th/0601228)

s o'-Corrections to Extremal Dyonic Black Holes in
Heterotic String Theory(Work done with Ashoke Sen
hep-th/0608182)
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# BTZ Black holes with higher derivatives and Chern
Simons terms

» BTZ solution describes a black hole in three
dimensional theory of gravity with negative
cosmological constant and often appears as a factor
In the near horizon geometry of higher dimensional
black holes in string theory

s In three dimensions one can also add to the action
the gravitational Chern-Simons terms

s In this case the Lagrangian density cannot be written
In a manifestly covariant form and as a result Wald'’s
formalism cannot be applied in a straightforward
fashion



But one can use Walds Noether charge method to

compute the entropy of BTZ b
of Chern-Simons and higher c

-

ack holes in the presence
erivative terms

In order to do this we regard the BTZ black hole as a

two dimensional configuration

by treating the angular

coordinate as a compact direction

The black hole entropy is then

calculated using the

dimensionally reduced two dimensional theory.

This has the advantage that the Chern-Simons term,
which was not manifestly covariant in three dimensions,

becomes manifestly covariant

INn two dimensions
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Thetwo dimensional view

-

® Let us consider a three dimensional theory of gravity
with metric G;n (0 < M, N < 2) and a general action of
the form:

S = / Pxv/— det G [L(()?’) + Lf”)} . (1)

® E(()B) denotes an arbitrary scalar constructed out of

the metric, the Riemann tensor and covariant
derivatives of the Riemann tensor

s —detG ng) denotes the gravitational
Chern-Simons term:

V=det G £ = K Q4(T), 2)

where K Is a constant
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We consider dimensional reduction along one of the
direction say y

In this case we can define two dimensional fields
through the relation:

GundeMda™ = ¢ [gwdat“dx” + (dy + Audx“)ﬂ . 3

Here g, (0 < p,v < 1) denotes a two dimensional
metric, A, denotes a two dimensional gauge field and ¢
denotes a two dimensional scalar field.

In terms of these two dimensional fields the action
takes the form:

S = /dzw\/— det ¢ {E(()z) + £§2>} (4)J




f ® where T

K

V= detg £l? = / dyv/—det G £ = 2nv/ = det G £,

(5)
® and

K

\/—detg£§2) =K

1 1
§R€'LLV Iu,y —|_ igﬂyFMTFTO-FO-V] .

(6)
® Here R is the scalar curvature of the two dimensional

metric g,,,:
| " J
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#® A general BTZ black hole in the three dimensional
theory is described by the metric:

(p* — p2)(p* — p?)

GMNdLEMdZCN = — 122 dr? (7)
P

l22

T

2
2 2 _p+p
pQ—pi)(pQ—pQ_)dp P (dy dT)

s Wherel, p, and p_ are parameters labelling the
solution.

o Extremal Black holes are defined by taking p_ = +p
and the near horizon limit is obtained by taking p close

tO P+

-
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# Defining
L
4
r=p—pPp+, t:l_QTa (8)
#® Wwe can reexpress the metric for p_ = +p. and small r
as
X

Mo, N 2 0 dr’
Gyndx™ dx =7 —ridt” + —- (9)

r

2
+A (dy (—h+ 5r) a)
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[ [
O = pi : Aﬂdw“ — + (— + — 7“) dt, (10)

4" 2py
g drtdz” ﬁ (—ert2 + i—f) . are the scalar
fields, gauge fields and metric from the two dimensional
point of view
® let

X

U_P2 U—i e—iL (11)

i 4p2 204
be the near horizon values of the scalar fields, size of
L the Ads space and the near horizon values of the J

electric fields respectively
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# we now have two independent parameters [ and p*
labelling the near horizon geometry.

# In particular v and e satisfy the relation

X
vV=e". (12)
® \We shall choose ¢ and

| = 2V ue?, (13)

as independent variables

o |
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# Since the BTZ black hole is locally the maximally

-

symmetric AdSs space, E(()B), being a scalar constructed

out of the Riemann tensor and its covariant derivatives,
must be a constant. Furthermore since locally BTZ
metrics for different values of p4 are related by a

coordinate transformation, E(()B) must be independent of
p+ and hence is a function of [ only.

Let us define

»
h(l) = L4 (14)
evaluated in the BTZ black hole geometry.

|
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® Since

>

we get for the entropy function

o o
1 K
E=2rm qe——g(l)—L .
el e
® where
>
713 h(l
g(l) = 4()

o

(15)

(16)

(17)
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# Extremization wrt e and | gives

K

e = \/W(CK) forqg > 0,

q
C+ K
= m(C + K) forg < 0. (18)
q
® Furthermore, at the extremum,
K
E = % forg > 0,

o

fOr q < O , Chern Sir(o]sgr)vs— p.15/46
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® where we have defined

>
cr, =247 (C+ K), cr=2471(C—-K). (20)
#® where
>
1
C'=——g(l) (21)
-

at the extremum of ¢

#® Note that ¢;, — cp = 48 7 K , IS determined completely by
the coeefiecients of the chern simons term
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o/-Corrections to Extremal Dyonic Black Holes in
Heterotic String Theory

String theory at low energy describes Einstein gravity
coupled to certain matter fields, together with infinite
number of higher derivative corrections.

Thus study of black holes in string theory involves study
of black holes in higher derivative theories of gravity.

most of the analysis so far has been done by taking into
account only a subset of these corrections, e.g. by
Including only the terms in the action proportional to
Gauss-Bonnet term , or by including the set of all terms
which are related to the curvature squared terms by
supersymmetry transformation. J
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# Later Krauss and Larsen in
hepth-0506176,hepth-0508218 proved certain
non-renormalization theorems establishing that for a
certain class of supersymmetric black holes the results
of the above works are in fact exact

# The underlying assumption behind this proof is the
existence of an AdS3 component of the near horizon
geometry of the black hole solution when embedded in
the full ten dimensional space-time, and
supersymmetry of the resulting two dimensional theory
that lives on the boundary of this AdSs;.

# Notwithstanding these non-renormalization theorems, it
IS Important to verify the result by a direct calculation
L that takes into account all the higher derivative J
corrections in a given order
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# An attempt in this direction was made by G. Exirifard in

-

hep-th 0607094 where the author tried to include all the
tree level four derivative corrections to the action of
heterotic string theory compactified on a six
dimensional torus 7°, and used this to compute
correction to the entropy of an extremal dyonic black
hole

The apparent conclusion of this paper was that the
entropy computed this way disagrees with the earlier
results thus contradicting Krauss and Larsens
non-renormalization theorems

A closer look however reveals that the analysis of
hep-th 0607094 left out one important term, — the
coupling of the gravitational Chern-Simons term to the J
3-form field strength.
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#® We recalculate the entropy of a dyonic black hole in tree
level heterotic string theory by including the complete
set of tree level four derivative terms in the heterotic
string effective action. We find that after the effect of
gravitational Chern-Simons term is included, the
resulting entropy agrees perfectly with the results of
earlier analysis, in accordance with the
non-renormalization theorems of Krauss and Larsen in
hep-th0506176,0508218
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# We begin with the low energy effective field theory of

-

ten dimensional heterotic string theory compactified on
T* or K3

we ignore all the ten dimensional gauge fields and the
massless fields associated with the components of the
metric and the anti-symmetric tensor fields along the
compact space 7% or K3

So the remaining massless fields consist of the string

metric GE\?N, the anti-symmetric tensor field B](\g)N and
the dilaton field ®©) with 0 < M, N <5

|
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# The gauge invariant field strength associated with the
anti-symmetric tensor field is given by:

>

H](\g)NP = 8MB](\23—|—8NBI(36])\4—|—8}>B](\2)N—|—)\Q§\3)NP . (22)

#® where
» )\ Is a coefficient to be specified later and

r QE\(})NP denotes the gravitational Chern-Simons
3-form

# We shall denote the action of this theory as

>

\— S = /de \/— det G(6) £(6) (23)J
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» where the Lagrangian density £ is a function of G\”, ,
6)

the Riemann tensor REWNPQ, H'9 ., 3© and covariant
derivatives of these fields

# In order to bring the Chern Simons term into a form well
known to handle we work in the dual field strength

K](S)NP Instead of H](S)NP

# The Bianchi identity of H](\S)NP becomes the equation of

. (6) :
motion of K/, and vice versa

|
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# The algorithm to achieve the above purpose is to
Introduce O](S)N and its field strength
»
Kj(\g)NP = 8MC](@3 + 0NC§?}4 + 8130](\2)]\[ .
# and consider Lagrangian density

>

\/— det G6) £(6) = \/— det G(6) £(6)

1 1 _MNPQRS 7-(6) (6)
T 1672 (312 € ¢ KyrnpHQrs

1 1 MNPQRS 7.-(6) (6)
~Ter2 37 A€ ¢ KynploRs

where we treat H](\S)NP and C](\S)N as independent

variables

-

(24)

(25)
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# We now dimensionally reduce this theory to four

AN

dimensions by introducing the fields G, C,.., ®, Gy,
Com and AV (0< p<3,4<m,n<51<i<4)viathe
relations

>
émn — Gggzz 6mn — "r(rfzjr)z
m— 1 ~ m— 1 -~ n—
AT = GG, ATY = SO Crn AT,
G =G — GmcE Y
Oy = C') — 4C,n AT A (26)
_Q(A/(Lm—S)A(Vm—l) —A;(/m_S)AELm_l)) J
(b — (P(G) - %ln VM, Chern Simons term ( —2pZS)46



® where 2* and z° are the coordinates labelling the torus
and V) is the volume of 72 measured in the string

metric. We shall normalize z* and z° so that they have
coordinate radius 1.

® Then

K

Vi = 472V det G . (28)

|
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Computation of the Entropy
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® we shall be interested in the correction due to the four
derivative terms in the action. For this let us split the

original action £(% as

K

O =04 £ (29)

#® where £(()6) denotes the supergravity action and £§6)
denotes four derivative corrections.

# The entropy function obtained from this Lagrangian
density has the form:

K

E=E+ &1, (30)

o |
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#® with & and &; reflecting the contribution from the two
and four derivative terms respectively:

o

4
&y = 27 ( Gi€i — / dododstdx’ (\/ — det G(6) 566)
i=1

11y NPQRS .- (6) (6)
+167T2 (3!)2 ¢ KMNPHQRS

(32)
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£ = 277( — / d0dedz*dz® v/ — det G©) £

- [dfdp/—det G Z”) (33)

Since the entropy is given by the value of £ at its
extremum, a first order error in the determination of the
near horizon background will give a second order error
In the value of the entropy. Thus we can find the near

horizon background, including the auxiliary field H](\?NP,
by extremizing &, and then evaluate &, + &1 in this

background. This gives the value of the entropy J
correctly up to first order.
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# We consider an extremal black hole solution in this
theory with near horizon configuration:

K

d 2
ds® = Gudxtds” = v (—TZdtQ + Lg) +

r

va(d6? + sin? Bd¢?) |

@:diag (u%,u%) , 6:(), e 2® = ug,
'7:75151):/517 '7:753):/6737

2) D2 . (4) D4 .
.7:% = Esm@, ]:% = Esmé’. (34)

Chern Simons term
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# One can then put this background in the action and
evaluate the entropy function. After eliminating the near
horizon electric fields by their equation of motion one
gets for the electric fields and the entropy function

>
_ 201q1 _ V1USG3
€1 = 9 €3 = 9 9 (35)
VUSUT 32mevous
and
~9 ~9 2~9
s = X 2 2 341 q3 U3
0—4U1U2“SU v+222+8222+822
1 2 VUGU] T405Us T405
2-~9
+8u1p4
’U2U2 .
ollg

|
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f # In order to compare our charges and the charges used
In hep-th/050842 we need to write the original field H in
terms of these charges and then by using the relation
between near horizon fields and charges in both
description, one then gets

>

~

Q1L =q1, p2=0p2, (3= —p4, DPi1= —G3. (38)

# The entropy function may now be rewritten as

N
- 2 2 8 % u3P5
o = ZUlUQUS — + 2 21 2 + 242 2 + 22 22
vl V2 U3UGUT mevsus STV,
| Suigs .
TS5

/U2 uS Chern Simons terms — p.32/46
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#® Extremizing the entropy function with respect to v, vo,
ui, ug and ug we get

K
B 1 B q193
v =v2 = —5 |p2p4|,  us =8my[|——],
p2p4
P4
Uy = \/ Uy = \/
QS P2
= ——— \/ [P2p4q1q3], €3 = —L \/ |P2p4q1dd).
47Tq 4y

# And the leading order contribution to the black hole

L entropy: J

Eo = \/ [p2paqiqs] - — (42)
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# We now turn to the evaluation of £;. We shall divide the
contribution into two parts:

>
E =& + &, (43)
® where
N
7 / dOdedztda® v/ — det GO £19 (4a)
and

El = — / dOdidn/— det GL" . (45)

o |
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f ® In oder to obtain the contribution for &£ we just T
substitute the leading order solution of the near horizon
fields into the expression for £{. By doing so we obtain

K

4143

g = 167
p2p4

: (46)

# In order to compute £” we need to first dimensionally
reduce the Chern simons term to bring it to manifest
covariant form. This analysis can be simplified by
considering the sphere as a compact direction and
doing the dimensional reduction all the way to 2
dimensions.

o |
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# The resulting two dimensional lagrangian density has
the form

K

V — det G LB

1 475 MNPQRS 7-(6)  (6)
= T2 Ee /d:z; dx® df dg MNPRS00 b
+total derivative terms, (47)

® The contribution &7 to the entropy function is then given
by

gl = 27/ — det GO L (48)
evaluated in the near horizon background of the black

. hole. -
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o First of all we note that the six dimensional field

-

configuration has the structure of a product of two three
dimensional spaces, the first one labelled by (6, ¢, 2°)
and the second one labelled by (¢,r, 2*). Thus we can
make a consistent truncation where we consider only
those field configurations which respect this product
structure. In this case the two dimension lagrangian

simplifies to

2 - 4 7.5 mnp o
V—det GO L — —16W2(3!)2A/daz da® df d €™
i6) 6) _ 6) £-(6)

where the indices m, n, p run over (0, ¢, x°) and the J
indices &, 3, ¥ run over (t,r, z%).
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#® Let us now label the components of the six dimensional

metric as

GO dzMdy"

=G¥ (hmnda:mda:” + (da® + QA%)dxm)z) (50)
and

G'%) dl P

ap
= foj} (gagdxo‘da;ﬁ + (alx4 + 2./4&1)([:130‘)2) (51)

# where the indices m,n run over (¢, ¢) and the indices

L a, B run over (t,r). J
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# Then it follows from our previous analysis of BTZ case

-

that
/ da® b d QL)
/d9d¢em" Ry Fip + 40 w1 72 7O RS

and

&B5

/ dr*e?710%)

= r e [ R FU) + 49”7 0 R F) FL)
+total derivative terms (53)J
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#® Thus we get

V= det G L)

I . mn 7.-(6)
— ™ (3!>2)\ O (/ df do e K5mn>

Ry F) + 497 o FLLFL) FL)

of
—6m ( / 40 do ™™ | Ry, Fiun, + 407 W01 ED O R
o8 7o (6) :
ﬁKélozﬁ ) S
L o where R;, and R, denotes the scalar curvature J

associated with the metrics h,,, and g,z respectively.
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# Since the lagrangian density now has manifest

covariance, we can apply the entropy function

formalism.

# For the six dimensional field configuration we have

taken

hmnd2x™dz™ = vo uy 2 (df? + sin” Odg?)
gagd:vo‘dxﬁ = vy uj ? (—r?dt* +dr*/r?),  (55)

» we get

V —det G L)

o

Pa (uf~ uj
el — 2—5 €]

i~ ~ \ 3
(BE () ﬂsaH
/U2 47T /U% 47T Cherg Sinjons tefns — p.41/46
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# Evaluating this for the leading order solution of the near
horizon fields we get

1
er = Ly was | VIppaas] 57
V p2paqias] P2pP4

# We shall now consider the range of values
p2 > 0, pg > 0, q3 > 0. (58)

# In this case the full black hole entropy, given by the
value of the entropy function at its extremum becomes

2

1+ fio ga (14 20)
p2p4 !CIJ.

_(59)
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a = 8 C’ig) : (60)

# In order to determine the parameter \. we define

» then after elimination of Hz(\?zvp and dimensional

reduction to four dimensions, the action contains the
terms:

1 1 A
— | d* [—5 V—det G e*® G 0,000 + = a eP? by R

327 48
(61)

a plays the role of the axion field. Comparing this with

the standard action for tree level heterotic string theory

hep-th/0603149 compactified down to four dimensions,

we get J
A =48. crem Smi(GR)~p434o
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# Hence the entropy now becomes

E

Vp2paqigs]

Vp2paqias]

-
I 4 16—

2

1+32—]

p2p4
2

p2p4

|

for g1 > 0

forq1 <O.

(63)

|
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#® The result for the entropy agrees with the result
obtained by

» Including only the Gauss-Bonnet term in the four
dimensional effective action
hepth/9711053,0508042,

» Including a fully supersymmetrized version of the
curvature squared correction in the four dimensional
effective action In
hepth/9812082,9904005,9906094,9910179,0007195,
0009234,0012232

s the argument based on the existence of an AdSs
component of the near horizon geometry and
supersymmetry of the associated boundary theory

L hep-th/0506176,0508218. J
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# Since the last result makes use of supersymmetry to
relate the gauge anomaly to the trace anomaly in the
boundary theory, our result provides an indirect
evidence that the bosonic effective action of heterotic
strings we have used can be consistently
supersymmetrized to this order in ¢'.

o |
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