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Quantum non-locality

"he Impossiblity of reproducing the effect of

guantum correlations between the outcomes of the
distant measurements using local hidden variable

neories Is known as quantum non-locality.

Quantum nonlocality finds applications in several
Information theoretic protocols such as device
Independent quantum key generation, quantum state
estimation and communication complexity, where the
amount of violation of the Bell-CHSH inequality Is
Important.



Mermin inequality

« Like two qubit non-locality, non-locality for three qubit
systems has also been studied using various approaches.

* A generalized form of the Bell-CHSH inequality was
obtained for three qubits called Mermin's inequality.

« The Mermin operator is defined as

o®a,.oc®a,oc—-a,.00® bZ.G X b3.0

Q)

B, =

b,.6®4,680b,.6-b.6®b.G®a,.C

where éj and Bj (j =1,2,3)are unit vectors in R°,and 5:(ax,ay,az).
* For any three qubit state o, the Mermin inequality is

(By), <2
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with L =Tr(p(c. @1 ®1)),m =Tr(p(l ® o, ® 1)),
n=Tr(p(l®1®0c,)),(1=X,Y,2)

uv, =Tr(p(oc;,®o,;®1)),uw, =Tr(p(c,;® 1 ® o)),
vw, =Tr(p(l ® o, ®0o)),(I, ] =X,Y,2)

t =Tr(p(o,®c,®0,)), (i, j.k=x,y,2)



Mermin inequality

* Violation of the Mermin Inequality has been
computed for several three qubit states such as GHZ

and \W-states earlier.[V. Scarani, and N. Gisin, J. Phys. A 34, 6043

(2001), C. Emary, and C. W. J. Beenakker, Phys. Rev. A 69, 032317 (2004),
D. P. Chi, K. Jeong, T. Kim, K. Lee, and S. Lee, Phys. Rev. A 81, 044302

(2010)]

 In order to find the maximum violation of the
Mermin inequality for three qubit states one has to
tackle the optimization problem numerically because
there does not exist any analytical formula for even
pure three qubit states.



Motivation

* Motivated by the work of Horodecki [Rr. Horodecki, P. Horodecki,

and M. Horodecki, Phys. Lett. A 200, 340 (1995).] In the context of two
qubit systems, In the present work we perform the
optimization problem involved in the Mermin inequality
analytically and obtain a formula for the maximal value of
the expectation of the Mermin operator in terms of the
eigenvalues of  symmetric matrices, that gives the
maximal violation of the Mermin inequality not only for
pure states but also for mixed states.



Maximum expectation value of the Mermin
operator in terms of eigenvalues

* The expectation value of the Mermin operator with
respect to the state o is given by
(B, )p -Tr(B, p)=(a,,a,'Ta,)—(a,,b, Th,) - (b,,b,'Ta,) - (b,,a,'Th,)
where a_ = (asx,asy,asz),bS = (b,,b,,,b,), (s =1,2,3)

(X, y)denote the inner product of two vectors xand y and is defined as

(X,Vy) = H)’(’HHV” cos d,0 being the angle between xand .

=(T,.T,.T,)
|(txxx 1:xyx txzx\| |(tyxx 1:yyx tyzx\| |(tzxx tzyx tzzx \\|
where, T =t G, G [T, =ty by G| T=ty by tu|
thxz txyz txzzJ (tyxz tyyz 1:yzzJ Ltzxz 1:zyz tzzz



Result-1

If the symmetric matrices T.'T,, T 'T , and T,'T, has unique

max

largest eigenvalue 4,"", A", 1, respectively then Mermin's

Inequality is violated if
(B >p _ max{za/zxm“ 2, AM 2 zzmax} > 2

Proof :In the expression for <BM >,,’ we first simplify the vectors
alTa,, b/Th,, b'Ta,, a Th,.We choose the vectorsa,,a,,b,, b,

In such a way that they maximize the quantity <BM >p over all

operators B, .



Case — | :In this case we will show <Bh(/|1)> =22
ol

] ~T o —~ - - -
(1) The vector a, Ta, can be simplified as

a,Ta, = ((a,.T,a,).(a,,T,a,).(a,,T,a,)) = (\53”““

where a; " is the unit vector along T a, and perpendicular

T.4a,|,0,0)

max
3

to T,a,and T,a,.Since a,  is the unit vector so ‘é =1.

Again |T.&,| = (T,4,,T.a,) = (a,,T]T,a,).1f A" is the

—~ max

largest eigenvalue of the symmetric matrix T, T_and a,

Tx§2 ||2 — (52 ! TXTTxéz)

Is the corresponding unit vector then |

—~Mmax

- max — max ~ - -
= (a,, A, "a, ). If a, is the unit vector along a,

then

—

T4, =A™ . Thus a]Ta, = (/4" ,0,0).

X




.. ~T= . .-
(ii) The vector a, Th, can be simplified as

T b

y 2

a,Tb, = ((a,,T,b,), (a,,T,b,), (a,,T,b,)) = (0, —\ 0)

~min
a3
where a,'" is the unit vector antiparallel to T b, and

perpendicular to T b, and T b,.Since a™" is the unit vector,

Is the largest eigenvalue of the symmetric matrix TyTTy and

—~min

2 —_ — — —
a, = (T,b,, T b,) = (bZ,TyTTybz). If A"

=1. Again HTyb2

2

—

b, ™" Is the corresponding unit vector then HTyb2

—

(BZ,TyTTyBZ): (Bz,ﬂ;“axﬂzmax). If b, is the unit vector along b,™™

2

2

—~

T b

y 2

max ~T max
then = A, " .Thus a, Tbh, = (0,—4/4,7,0).




(iii) The vector b Tb, can be simplified as

b, Th, = ((b,,T,b,), (b,,T,b,), (b;,T,b,)) = (0, —‘b;“‘” T, b, |, 0)

= (0,—/A™,0)

where b"" is the unit vector antiparallel to Tyl:;2 and

3

—~~

perpendicular to Txbﬁ2 and TZISZ.Since b

. T =~ . .
(iv) The vector b, Ta, can be simplified as

min

, Is the unit vector,

—~

bmin

3

=1.

b, Ta, = ((b,,T,a,),(b,,T,a,),(b,,T,a,)) = (‘b;‘ax It.a,].0.0)
_ ( ixmax ,0,0)
where t;smax is the unit vector along T _a, and perpendicular

—~

max

Amax
5 b

3

=1.

to T ,a,and T,a,.Since b, " is the unit vector, ‘



W e have

<B,f,,1)> _max[(al,( Al ,0,0)) + (4,, (0, {/A™,0))

a ,

— (b, (/2" ,0,0)) + (b;, (0, {/2)"* , 0))]

0 0] bl 00)

:2 /,Lmax

X

—~max max

where a;" 7 is the unit vector parallel to (4/4, ,0,0)and

perpendicular to (0,/4, 7 ,0);b, " is the unit vector

antiparallel to (4/4, ,0,0)and perpendicular to (0,/4," ,0)



Case — Il :In this case we choose the vectors in such a way

that the maximized expectation value of the Mermin

operator is given by <B(2)> = 2. /A,
o,

M y
. ~T o —~ - - r-
(1) The vector a, Ta, can be simplified as

ajTa, = ((a,.7,3,).(a,.T,a,).(a,,T,a,)) = (0,

HTya2

~ max
a3

,0)
where a, " is the unit vector along Tyei2 and perpendicular

to T,a,and T, a,.Repeating the steps of case-I, we find
a,Ta, = (0,,/A"™,0).

Similarly we obtain

(ii) @] Th, = (—JA™™,0,0); (iii) b, Th, = (=4/A"™,0,0);

. T~ max
(lv)b, Ta, = (0,4/4, " ,0).



Therefore, we have

<B§f’> = max[(a,, (0, /A, 0)) + (a,, (4", 0,0))

a, ,b;

— (b, (0, /A, 0)) + (b,, (/2™ ,0,0))]

oo b lfo 70|

:2 /,Lmax

y

 max
bl

~ max
al

where a;"" is the unit vector parallel to (0, /4, ,0) and

perpendicular to (4/4, ,0,0); Blmax is the unit vector

antiparallel to (0, /4,7 ,0)and perpendicular to (4/4,”” ,0,0).



Case — Ill :Proceeding in a similar fashion as in Case-I

and Case-ll, we obtain

M

(B) =max[(a,,(0,0,4/2)) + (a,, (y4]™,0,0))

a;,by

— (b,, (0,0, A™)) + (b, (+/A™™,0,0))]

 max
bl

(0,0, izmax )H

:2 /Imax

z

~ max
al

ko,o, Aj“)H+

where a," " is the unit vector parallel to (0,0,+/4,"" )and
perpendicular to (4/4, ,0,0); Blmax is the unit vector

antiparallel to (0,0,+/2,")and perpendicular to (/1. ,0,0).



Thus finally, the maximum expectation value of the Mermin

operator with respect to the state p is given by

(B, =max{(B.) .(B) .(B) |
=max{2«/}txmax,2 AT, 2 /12”“'”}

The Mermin inequality is violated if

(Bg™) >2= max{za//ixmax,Z AT 2 /12”‘“}>2
o)



Result-2

If the symmetric matrices T.'T,T 'T , and T,'T, have two equal

max

largest eigenvalue 4,"", A", 1, respectively then Mermin's

Inequality is violated if

<Bmax>p:max{ AT 4\ A 4 /1”““}>2

M z

Proof :In the expression for <BM >,,’ we first simplify the vectors
alTa,, b/Th,, b'Ta,, a Th,.We choose the vectorsa,,a,,b,, b,

In such a way that they maximize the quantity <BM >p over all

operators B, .



Case — | :We consider the symmetric matrix T, T, which has

max

two equal largest eigenvalues A4

In this case, we will show <Bh(,,4)> = 4,2
o)

(i) The vector éTféz can be simplified as

Amax

“TTa = ((a,,T,a,).(a,,T,a,),(a

where a;  is the unit vector along Txéz and perpendicular

3 ]

—~maxXx

a, =1.

to T,a,and T,a,.Since a,  is the unit vector so ‘

Again |T.&,| =(T,a,.T,a,) = (4,,T,T,a,).1f A" is the
largest eigenvalue of the symmetric matrix T, T_and a,"™

is the corresponding unit vector then ||Txéz|| =(a,,T,Ta,)

max

=(a,, A, "a, ). If a, is the unit vector along a, ™ then

T,a,| = A" .Thus a,Ta, = (/4" ,0,0).

X




.. ~T = . .
(ii) The vector a, Tbh, can be simplified as

ajTh, = ((a,.T,b,).(a,.T,b,). (8,.T,b,)) = (- T b,

where a,"" is the unit vector antiparallel to T b, and

,0,0)

—~min
aB

perpendicular to Tylc;2 and T.b,.Since a™" is the unit vector,

\ a

eigenvalue 2.7, so b)"™ is another corresponding unit

min

I"ll=1.Since the matrix T, T_ has two equal largest

2

= (b,,T.T.b,) = (b,, A0 "™).

eigenvector. Then HTXIS2

2

If b, is the unit vector along b.,"™ then HTXIS2

Thus a,Th, = (=A™ ,0,0).



(i11) The vector 6;176 can be simplified as

mln

b, Tb, = ((b,,T,b,), (b, T b,), (b,,T,b,)) = (-

_ (_ Axmax ,0,0)

min

where b Is the unit vector antiparallel to TXBZ and

perpendicular to Ty62 and Tzlgz.
(iv) The vector b, Ta, can be simplified as

min

b, Ta, = ((b,,T,a,),(b,,T,a,), (b,,T,a,)) = (- ‘

IT.a,|.0.0)

_ (_ Axmax ,0,0)

min

where b is the unit vector antiparallel to T a, and

perpendicularto T,a,and T,a,.



W e have

<B§;‘>>p = max [(a,, (\JA"™,0,0)) + (a,, (/A" , 0,0))

+ (b, (/A" ,0,0)) + (6 (Wo 0))]
|2 0.0

:4«//1)(

where 2" and b,"™ is the unit vector along (/A" ,0,0).




Case — Il :Here we consider the symmetric matrix TyTTy which

max

has two equal largest eigenvalues 4,

X

In this case, we will show (B ) =4./a"
yo,

- ~T o —~ - - -
(1) The vector a, Ta, can be simplified as

—~max

é;Taz — ((53’TX§2)’ (531Ty§2)1 (égiTzaz)) —

HTya2

where a, " is the unit vector along T, a, and perpendicular

. . ) 112
to T .a,and T a,.Again HTya2

If 17" is the largest eigenvalue of the symmetric matrix

TyTTy and a, " is the corresponding unit vector then

S =(a, T]T,a,)=(a, Ar*a;™). If a, is the unit vector

2

along a,"” then HTyé2 = A, .Thus a,Ta, = (0, A7, 0).



.. ~T = . .
(i) The vector a, Tb, can be simplified as

T b

y 2

a,Th, = ((8,,T,b,). (8,,T,b,), (a,,T,b,)) = (0, -

—~min
a3

,0)

—~

where a; " is the unit vector antiparallel to T b, and

perpendicular to T b, and T b,. Since the matrix T, T_ has two

max

equal largest eigenvalue 4., so let us consider b,” be

another corresponding unit eigenvector.

—~

—_ 2 —_ —_ —_
Then |T,b,[ = (b,. )T b,) = (b,, 2]™b"™).

2

_ /,Lmax

y

If b, is the unit vector along b,"™ then HTX62

Thus a, Th, = (0,—+/A™™,0).



(iii) The vector b Tb, can be simplified as

—~

63Tf62=((63,TX62),(63,Ty62),(63,T262))=(o,—‘63m‘” ‘Tybz 0)
— (0,—,/A™,0)

where b™" is the unit vector antiparallel to T, a,and

perpendicular to TXBZ and TZISZ.

(iv) The vector b, Ta, can be simplified as

b, Ta, = ((b,,T,3,). (b,.T,a,), (b,,T,3,)) = (0, b,"" | |IT,a, . 0)

= (0,—/A™,0)

where b.,™™"

. is the unit vector antiparallel to T a, and

perpendicularto T a,and T a,.



W e have

<B<5>>p:ma6x[(al,(o, AT, 0)) + (8, (0, /A, 0))

M

+ (by, (0, /A, 0)) + (b,, (0, {/A"™,0))]
=2 a" ‘(0,4//1;”&’(,0)“+2 b, ‘(0,4//1;‘“,0)“
:4 /,Lmax

where a;" " and Blmax is the unit vector along (0, /4, ,0).



Case — Ill :Here we consider the symmetric matrix T,'T, which

max

has two equal largest eigenvalues A . In this case, we obtain

M

(B = max [(a,, (0,0, A, 7)) +(a,,(0,0,4/4,"7))

+ (b, (0,0, /1”‘“))+(61,(oo A" )]

—~Mmax max

o072

(0.0,

_4 /Imax
where a, " is the unit vector parallel to (0,0,+/4,"" )and

perpendicular to (4/21.7%,0,0); bmaX is the unit vector

max

antiparallel to (0,0, Yand perpendicular to (4/A. ,0,0).



Thus, the maximum expectation value of the Mermin

operator with respect to the state p is given by

(By™) =max{(8l”) (BY) () |

= max {4347, 447" aya™ |

z

The Mermin inequality is violated if

<B”‘ax>p>2:> max{ AT 4 A 4 /1;““}>2

M y



max

Result-3: If T, T has two equal largest eigenvalue A4,

maXx maXx
, A

and T, T ,and T T have unique largest eigenvalue 4, )

respectively then Mermin’'s inequality is violated if

M

<Bmax>p=max{4 AM 2 A 2 z”‘“}>2

max

Result-4: IT T, T has two equal largest eigenvalue 4,

max max
A

and T, T ,and T, T have unique largest eigenvalues A, )

respectively then Mermin's inequality is violated if

<Bgax>p=max{2\W4 Am 2 /1”“'“}>2



max

Result-5: If T,' T, has two equal largest eigenvalue A

max max
A

and T.'T,,and T 'T _have unique largest eigenvalue 1",

respectively then Mermin’'s inequality is violated if

<B;A“ax>p=max{2\/,1;“:“,2 A4 ,12’““}>2

Result-6: If T 'T_and TyTTy has two equal largest eigenvalues

Ay, A, respectively and T.'T, has unique largest eigenvalue

A, then Mermin's inequality is violated if

<Bmax>p:max{ AT 4 A 2 /1;““}>2

M



Result-7: If T.'T_and T,'T_has two equal largest eigenvalues

AT 2™ respectively and TyTTy has unique largest eigenvalue

X Z

A, ,then Mermin's inequality is violated if

(Bu™) = max (4™ 2,2 427 | > 2

M X Z

Result-8: If TyTTy and TZTTZ has two equal largest eigenvalues

A, A, respectively and T 'T has unique largest eigenvalue

max

A, ,then Mermin's inequality is violated if

M y

<Bmax>p=max{ AT 4 A 4 /12”‘“}>2



Example-1
Generalised GHZ is given by |WGHz > = |OOO>+ %4 |111>.
The matrices T/ T ,T T are given by
(A4’ p? 0 0)
T T=T/T, :I 0 4a®*p® O I
| o 0 0 |
The matrix T, T, is a zero matrix.

The largest eigenvalues of T'T,,T T are given by

X

/,Lmax _ ﬂl)r/nax — 4aZ,BZ.

The maximum expectation value of the Mermin operator with

max

M >|’/’GHZ ><‘/’GHZ |

Therefore, the state |‘//GHz> violates Mermin’'s inequality is

respect to the state |‘//GHz> iIs given by <B = 8apf.

1
2af > —. The same result has been found by Scarani and Gisin.
2

[VV. Scarani, and N. Gisin, J. Phys. A 34, 6043 (2001).]



Exampl

Let us consider a pure state |z//
where (W (]J001)+|010
W)= J=(001) +[010) +

e-2
— J1—p|w )+ /p|000).

|1oo>y

The matrices T TX,TyTTy are given by

( 4
| —@1- p)° 0
| )
TT, =| 0 0
| . ,
—=Jp@-—p)2 O
L3\ﬂ§
(
Io 0 0
4
T'T, =10 Z@- p) 0
| e)
| 4 2
e 0 —(@- p)
L 9

4
R 1 —
5 ng/p( P)

3
2

0]

\
|
|
|
|

)
2a- pya+2 p)J



Za-parzp o f
T,'T, = 0 —(@1-p)° O
f 0] g
\ J
where f = i\/?(l— p)§+i\/p\/1— p(2p—1)
3/3 NE)

4 2
g =§p(1— p)+(2p—-1)



The largest eigenvalues of 7T, T'T and T, T, are given by

max 4 2p 2 max 4
AT = (L= p) (=t o a S\12p-3p7), A =~ (- p)’
9 9 9 9
max 1 4 3 2 13 8 2 10
A, =—4/206p -640p +672p" -232p+25+—+—p —-—p
18 18 9 9

The maximum expectation value of the Mermin operator with

respect to the state ‘://> IS given by

WS

<B”‘ax = 4,JA™ ,0< p<0.43

. >\W>W sl
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The state |w>w . violates Mermin inequality when 0 < p <0.25.

This result was obtained by Chi et.al.

D. P. Chi, K. Jeong, T. Kim, K. Lee, and S. Lee, Phys. Rev. A 81, 044302 (2010).
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