
IOPB SCHOOL
ON

QUANTUM INFORMATION

Date : . 9-13 Feb 2016

CHIRANJIB MUKHOPADHYAY ; HRI ALLAHABAD



SCHEDULE FOR SCHOOL

9 FEBRUARY
mum

8:30 - 9:15 Registration
9:15 - 9:30 - Inauguration

9:30 - 11:00 e

"

Non locality arguments
' '

- Sujit Chowdhury

11:30 - 13:00
" Pre quantum Information Theory 't Gout am

Paul14:30 - 16:00 -

"

quantum circuits & simple quantum algorithms
' '

' Jozef Gruske

16:30 - 18:00 -

"

Pre Quantum Cryptology
' '

-

Goutampa

FEBRUARY
mum

9:30 - 4:00 "

Death & rebirth ofClassical Crypto in a Quantum World "

- Goutam Paul

11:30 - 13:00 a

"

Advanced Quantum Algorithms ' '

- Jozef Gruske

14:30 . 16:00 e
"

Quantum Information Theory
' '

' Sibashis Ghosh

16:30 . 18:00 a
"

Quantum Correlations ' '

-

Debasissark

FEBRUARY

mum

09:30 - 11:00 -

"

Quantum Uncertainty Principle & Joint measurement
' ' Gwuprasad Kar

11:30 - 13:00
"

Quantum Information Theory
' '

- Sibashis Ghosh

( (

14:30 - 16:00 Quantum Correlations
" Debasis Sarkar

16:30 - 18:00
' Jointmeasurement ,steering & nonlocelity

' '

. Guruprasad Kar

12 FEBRUARY
mum

09:30 - h : 00 -

"

Quantum Thermodynamics ' ' Sibashis Ghosh

11:30 . 13:00 -

"

Is the  wave function a part of reality
' .

- Guruprasadkar

14:30 - 16:00 -

"

Quantum Games
' '

' Colin Benjamin

16:30 - 18:00 -

' '

QuantumThermodynamics
' '

' Sibashis Ghosh

13 FEBRUARY
mum

09:30 . 10:30 -

" Is the Wavefundion part  of  reality ?
' '

' Guruprasad Kar

11:00. 12.30e

"

Opted Quantum Information
' i Anirban Pathak12:30

- 13:15 a
"  

Experimental Optical Quantum Information
"

- Anindita Banerjee

14:30 - 16:00 -

"

Semi definite Programming
' '

- Ramij Rahman

16:30 - 18:00 -

" Semi definite Programming Tutorial
' '

' Rang Rahman



DAY - 1

09:30 - 11:00

LECTURE - 1

TOPIC : - NON - LOCALITY ARGUMENTS
me

LECTURER
÷

SUJIT
CHOWDHURY ¢0PBHUBANESWAR)

mm

. No  nloatb :/
" staid Rddirh } Motivation

- ii ) Resource

. QM is a statistical theory .

. Consider spin ÷ - rtf 10) Hl )) ; measure Of - 50%9,50%1 probability .

. What if there is a hidden variable theory finer than QM ?

.
On a statistical level - HVT predictions must match experimentally with QM .

for 2 +  correlated systems . local HVT models get tough . . . .

Bell {xpt : . Gndliond Probabilities p ( a ,b IAB
,
P ) - these are what  we observe

.

On tie HVT : - X =  ontic  variable  f 1) ( Ontic state Spare) & PPA) is a pro b distrib . V. prep

procedure P
. Knowing preparation P may not let  us know ) precisely .

soils'

a probability distribution over

7 's
. :P rob la ,

b IA , B
,
P ) .

.

,§P (a,b I A , B
,

P
,
X) Pp(D DX - Summing over all X 's

.



Gwabanti Wiseman found Phys . 42 1329 ( 2012 ) - Review Article
Rob Spekkem Phys Rev A ( 2005 ) Me

- - -

Deterministic model ⇒ p(a ,bl AB
, 'D E (QD V. a

,
b

,
A ,B.

a = FA , BP , A ; b
= g ( A , BP,

x ) in a deterministic model .

Implies P (b I A ,
a ,B , BX ) =P (b IA , B,P

,
X) .

A  model satisfies locality if

Bayes Thmeaye p (a ,b I AQBXH p (al a , BBX) p (b la, a ,B,P, X ) .

Determinism means P (b I A , a
, Bf ,

H =P (b IA , B
, ft ) : . Hence

p (gbl A , B
, P

,
D= P ( al A , B

,
BX) P ( b I AB, QX) ; Now locality means

p (al A , BID =p ( ala , BX) V.  a
,

A ,
B & similarly p (b IAB , BD =p (b IB

, BD
"

P ( a ,b IA ,
B

, BD = P ( al A , P
, D p ( b 1 &

,
e

, D for local deterministic models .

BELL NON LOCALITY ARGUMENTS

Alice can measure A or A
'

'

,
Bob can measure B or B ! { all dichotomic  observables }

Alice 8 Bob are spaeelike separated .

To Prove this one needs

iBMmTu*,+⇐*<⇒,↳Tµ* I9iIwAa'ammonite"

Brunner RMP 86,839 (2014)

Bayes Thm : - P ( A BID =  ¥1,50 #

⇒
. PABI A =p ( a B) :

.

Measurement selling can be chosen freely .

AµµjkAj , Spin measurement strategy for this & slate=t°D¥
KA B) + ( ABD KA '

B) - ( ABD 1 = He violating local realism

2k is the mohimelpomible violation tires on)

tumblr.am?addfmem*?nTttnFTaeghmanIIsnonT#

Special Relativity ?? No . signaling !



NO - SIGNALLING : -

p ( al A , BP ) .

- p (al A
, P) F  a

,
A ,

B

P (b I AB , D =p (b I B
,
e) f b

,
A , B If A e 13 are causally separated

(spacelike)

poYmi0utmtnuottCowhBbEnsTn.YemiinbaihtiFiotsiFfeteoenbEmonnnthgaLocality-0nto1ogial6nceptiNo.Signallihs.tumLalticemodds0peraliondLocalilyimpliessignd1ocalib@bnwjernotethecoTeptAmoddisPredictab1eif.a.b1AB.P

) e ( 0,1 } Ha
,
b

,
AB

for predictable  models - Non locality = No signalling .

PREDICTABILITY + NO . SIGN AUNG ⇒ BELL THEOREM ( Proof)÷
a ,b1 A ,B ,

QD = p (a ,b IABD from Predictability

PGBIABD =P (al ABB p (b IA , a ,
B

,
0

" Predictability implies p ( b IA , a ,B
, D =p (b IABD : . Hence lb ( a ,bl ABD =P (al A ,B

,
e) p (b IADB

But this is precisely the locality assumption .
. . . . - (Proved)

✓ Bell Violation  + No - signalling ⇒ True Randomness
.

Good Resource for generating trulyrandom numbers
.

Classically besatisfied with pseudo . random numbers .

*
"

Randomness Certified by Bell Theorem
"

- Ref .

NON - LOCALITY WITHOUT INEQUALITY ⇒ GHZ states tfloookl 11 D)

mm : :# .

Bell non locality as a measure of Entanglement ⇒ fewer # of measurements needed than complete state

tomography .

Hardy PRL 68,2981 ( 1992) a NLWI with only 2 qubits .

consider P ( ttl A BP ) 70 ; PG - I ABD =P ( + - I ABB =P f- I A
,

B
, 0=0



Goal : show that this four outcomes are impossible  with Local Realism but NOT QM .

fp ( +1 A , P , D
'

P ( +1 BID DX > 0

:at's ubset A cast . PGIA , e,
A) 70 &PHQP ,

A ' ) > 0

but fromother conditions ⇒ ⇒ subset st . PHIA ,
P

,
a ' ) orPKIB

,
P

,
D ' ) is nonzero .

contradiction for the last Hardy Condit

But  in QM ⇒ take the state in Anypure non - maximally entangled state

HW÷ Check all four Hardy Conditions are satisfied by them ; but no maximally entangled
state satisfy the Hardy Paradox ( q= success probability A Hardy Paradox = 0.09 . .

show
)

A  = WFXWFI - lw , XW il
Cabello - success Probability 11%

B = IWEX wit - IYXHI
(Lookup)

A 's 14×41 - MXVH
B

'
= IUZX uy - IKXKI

m7aYaY#ibx nature+142



LECTURE -2 11:30 . 13:00

PREQUANTUM INFORMATION THEORY

GOUTAMPAULILSTKOLKAFA

OUTLINE :
'

1) MEASUREMENTOFINFORMATON

DMEASURESOFINFORMATIONFLOW
3) QUANTUM INFORMATION

.



MEASURES OF INFORMATION

UNCERTAINTY
-

A  P
, ; B Pz independently ; so - An B Probability P, R ; Information =I= 5th

⇒ - log P
,

is tentatively a good measure .

Adeline = EP ; ICP;) = - §P ; log P; = It (F) Shannon Entropy ( ftp..IN ) )
Joint  Entropy HCATD ; Conditional Entropy HHHD ; Marginal Entropy H (B)

HAI B) = HAD - H (B) - Chain Rule

HAID : FPCDHCYIX  D= FPCDEYEPGID 108 PHD)=F,Pk 'D 109 PHD

HCXDEHCDTHCD - Sub . additivity

H ( YIDEH (D - Conditioning reduces uncertainty

Mutual Information : - yxiD= HCDTHCD - HAH =[§ PAD log XD
Pappas)

= HAD - HAH D=

HID - HCYID : . Mutual Information is symmetric .

COMPRESSIBILITY
mm

If I can ampresslsummarize the data . we 've extracted information out of it .

Kraft In quality : - Fan

instead an r . arg alphabet with codeword lengths 4 ,
.

,
ln if

/ Necessary t

Say 10 -

Goodnews
. ,¥r . lif 1 sufficient

Condition

101 - Bad news

-
After first two codeword arrives - I'm still not  sure : We want prefix . free codewords .

*Instead
ENGINEERING OPTIMIZATION

-

Choosing ran makes Kraft trivial - But not very practical

We want to minimize the length of average codeword Fp ;
l ; st.  Ifr - lift gives li*= - log

,
P ;

L*= flip ; = fp ;li* = HAD . . . . . . COOL ! ! !

K.N vos otkTftaudBµrenasdmr?D%N



ENTROPY & DATA COMPRESSION
mm

for Integer choice  of data compression codeword lens 'sµµ€* { Hwy

for Supersymbols with n . symbols at a time H(p±L*£H(p+In - is  achievable for stationery
" as  n a

distribution .

on
- -HuftmanmexplijtcdsAlgorithm

twos@Eodjngtheoremy

RANDOMNESS
-

More  randomness - more information ; less randomness , less information

But Entropy is a measure of randomness .

PR0B= Maximizing FFP ; log Pi) st . [ Pi  =L what 's that prob .
distribution ?

A# - Uniform Distribution - connection to Randomness

ENCRYPTION
me

Encodings would be  such that  it looks random to the eavesdropper.

Goal :-, H (C) > HCP) [c= Encrypted Text :P .

. Plain Text]

But H (PK) may be ( Hcp)
.

Example : - a ,b
,

c Plaintext
oft

. }
'

or - probabilities

3 possible  ciphers : .
U

,
YW & two possible keys U

,
YW

EneaYpph.IonnmndE.Yzihrw.YytatoszpY5iiIiiY4csadpH-pCw1-O.25pK1vHo.4H47.I.485iHfPlD-0.485thedDPERFECTSECRECYi-HH1D-HlBeHardtoadnevellNf0RMAT10NTHE0RETqfwuun1yp@1g.p

(D - necessary Artis  is
+1 ( K) z HIP) - ie

. length of
secret key must be greater than length of plain text

. . . . . Impractical

Our aim : - Practically go as dose  as possible .



MEASURES OF INFORMATION FLOW
.

CHANNEL CAPACITY
-

DISCRETE CHANNEL
What  is a channel ?

. Input alphabetX
. Output alphabet Y

Probability Transition Matrix p ( xk)

Informational Channel Capacity C = hpgxyIEHY)
i.e. maximal amount of information I can transmit through a channel

Strategy : . add redundancy at  source end - Partial Information at the receiver end = Exact

information sent by sender if no redundancy. Example : - Bit - Hip Send in 2 bits  error is much

lesser . Suppose A = 000,13=-111 : . Now : Democratic Vote  means error probability = pt < |zw
.

error

Geometrically :

%7×1
"

oo ,# - in the Boolean Hypercube .
 " Flipping one bit - a dist

.

l#¥×"0 Hamminfoistaneftotimnesnaurstbitsiardist:
Mm) Code

. An index set ( l
, . . .

,
M) + an encoding #  +  a decoding function Yn

Error Probability Conditional given indent

E=PrlDHY±ikh=CCiD=£m1H49D
: Maximum Error Probability £ max = MEY'

,

Tim)

Rate 12=109×4 bits per transmission
R is Achievable if 7 a sequence ([ 2ND

, n ) codes st . E max
0 as n &

.

OPERATIONAL CHANNEL CAPACITY  = Supremum of all achievable  rates
.



SHANNON NOISY COPING THEOREM

• AU rates below capacity areachievable
• YRCC F  a sguence of codes such that Emano as neo } -3 VERSIONS

• Informational Capacity .= Operational Capacity



LECTURE -3 14:30 - 16:00

QUANTUM CIRCUITS

&

SIMPLE QUANTUM ALGORITHMS

JOZEF GRUSKA

MASARYK UNIVERSITY

Quantum Operations - Reversible

i.e.  outputs uniquely determine the inputs

Example :-(a
,
b) - atb . . . . . NON - REVERSIBLE

(a
, b) - ( atb

,
a - b) . - . . . . REVERSIBLE

aefta ) may be irreversible but  a - (0
, HAD is surely reversible

3 Reversible danical Gate - NOT
,

XOR , TOFFOLI



TIMELINE

1970 : Landauer Reversibility ⇒ Minimal Energy Computation
1973 : Bennett Universal Reversible Touring Machine

1984 : 131384 Protocol
1985 : Deutsch - universal Quantum Touring Machine

1994 : Shor Algorithm

1995: Quantum Error Correction

1996 : Quantum Fault Tolerance

114,10 are perfectly distinguishable itt ( 9147.0

Quantum Register : - Any ordered sequence of habits - quantum n . qubit  register

QUANTUM GATES

Classical models : - . finite automata
. Twins Machines

. Cellular Automata

Quantum Process ; .

. Unitary Based Quantum Circuits

.  n  - Cellular Automata

.  u  n Finite Automata
.  u  a Touring MachineaMeasurement based QuantumComputation

No classical Analogue

€E Quantum Unitary Gate ( Preserves Inner Pdt

Rotation Gates : - R×(o)=f?g, :Oisdn ) Reid) .ein¥ in general

Computational Basis -49,1173 ; Hadamard Basis - ( 1+7,1-7}

Ex - Bit . flip

ftp.hggaessesfqnnehasettie
End:# food!:D

1 OR



UNIVERSAL SETOFGATES

Hevey unitary operation can be approximated interns of all

. CNOT tall I . qubit gates

° Three

gate
T.tk#.D.EtttoeEDCN0T;sduNicutt

to implement because it entangles previously non . entangled gates .

CNOT in Computational Basis a (884%80,8) - diffin Bell Basis
.

fortheavogate . Hamiltonian t.tt#fg8g.:ED=jhIv - Not; e
' "¥=

= EE t.FM#=hEEetjtIv;fort=haivesthegafen9

INVERSE CNOT ¥-
10>1141+71-7*1+71+7 't , ,>

.

each

SWAPGATE : IT AH GATE €1
alion Circuits :

Identities Bton Gates Generalized CNOT . Gates

Example : .¥¥=. -

Y£dIzIYh } swap

.



Hadamard Gates ÷

too:#µ- he> where HHxD=÷pEfD×
'

ly >

Simple Quantum Algorithms

Quantum Parallelism : - If f  = ( o
, t . . ,ED = (0,1 , . . .

, ED

the f '
: Cx

, b) - a ,
b of AD , 7  a unitary U st . U ( I x )1oD=µ HAD)

Let µ7¥
,

Edisto)

With a  single application - Ugly ) =¥n÷ylDlft;) ) -
AU 2

"

Values off are  computed

Now ↳
If  we measure on 2nd Register in amp basis [ ky=KxHD=y }D

19) = ,÷p§#× , § b) With Rob = the - Linear Resource

( Key to shore Algorithm)

Vf operators : - Vt k ) - f DH "
I X) Where XT 0,1 , . .

. .

It } can be expressed as

Uf : K
, D - IN , ba HXD & an and he in fzdo) - I D) as follows

Utlarz lot - I D) ) ¥240 a KXD - In , 10 KDD = FDH" Ix) Q@¥D}

DEUTSCH PROBLEM - RANDOMIZED SOLUTION

Given f :(0,1} - ( 0,1 } as  a Black Box - Our Task : . Is f constant  or Balanced ? ( Sho lay Coin To  SD

classical 2 calls A Fis needed .

Quantum - 1 call is sufficient - Ate "

Up :(¥oH DID off lo
, HOD th

, HDD
(Success

Pros ¥
Iff is constant  Output  =r÷( losoy + ( - DH" 10,1 ')
Iff is Balanced + Output  

= t.fi#YttDtHIlsly )
)

Now measure  in Dual Basis 50% chance that we 'll

end up with perfectly distinguishable states .



CIRCUIT

lot 'ot#t¥a¥¥?g¥IY?"Yadon
1 1- - Information on first Qubit

DETERMINISTIC SOLUTION
=

Finally do  one measurement 100 %

success
Even - Odd Problem

*0,1)?_ ( 0
, D is even if  range off has even # of  ones / odd if  range off has odd # of ones .

classically e We need 4 calls .

Quantum Mechanically - After 2 calls -

Diff States but not distinguishable .

DEUTSCH - JOZSA PROBLEM
=

Deutsch . Josza  (Look up Ujjwal 's QM - 2 Notes)

f :{o
, if { o

, D Task: 1st balanced or Gmtant ?

ldny¥µ=÷FIotD
.

vHp2¥2#g EDK
" li ) = 19 > - Value off transferred into the amplitudes .

This can be utilized thru the power of quantum superposition & a proper observable .

-

L= ¥25,4
" "

li lD=tnEtD"
"

Because Cit ;) =
or

;;
.

Now , f is balanced if 2=0 - Measurement of IQDWHD always give outcome b
.

If f is  constant  ed =  ± 1 - Measurement of IQ ) WAD always gives onto me a
.

DEUTSCH . JOZSA CLASSICAL RANDOM ALGORITHM - Also doable  #



SIMON PROBLEM

f :( o
, into, I }

"

such that  either f is I . to . I or f is 2- to -1 & 7  a single Ots E { o
, 1)

"

such that

tfntn
' ( HD=H×k⇒n '=x€D

.

Exponential for all possible Classical Algorithms ; Polynomial for Quantum Algorithm

Q Apply Hadamard to first register with Initial µ
@ Apply Uf to compute 147¥ Fe (o

, ,,n
I × ' HD )

�3� Apply Hadamard on first  register

�4� Observethe resulting state to get  apart , HXD

Repeat these steps again & again n - times .

If a sanest OM sit . txt X
' ( ftp.ffXD#xExOD

In such a case - V. b
,

x ; IY, HXD & IY , fat D) are identical . Their total amplitude day ) has value

= zn ( fpxt ( - D*•D '

9) : . If ys  = 0 mod 2 then KCKDK 2-
" "

otherwise &(x , D= 0

Ifft )tf(D then f is one . to . one .
If else a two -to One .

SHOR 'S ALGORITHM - Next day



LECTURE - 4 16:30 - 18:00

PRE - QUANTUM CRYPTOGRAPHY

GAUTAM PAUL

151 KOLKATA

Shannon - Communication Theory of Secrecy Systems

Bell System Journal Technology ( 1949)

What is Cryptology ?

Targets : 1) Confidentiality

2) Data Integrity ( Ensures anthem city of the data)

3) Authentication ( Ensures authority of the source  of the data )

4) Non .

Repudiation( Can't deny the data)



CONFIDENTIALITY
-

Cryptosystem = LP
,
C , KE ,D)

P = finite  set A- possible plaintexts ; C = finite  set ofpossible ciphertexts

k= finite set ofkeys with . Encryption tack E E (P c) & decryption fn
,

d
, e D( C - P

Goal of Adversary : - Any of the following

Q Secret Disclosure

�2� Distinguishing Attack

�3� Transformations on the ciphertext to produce meaningful changes in the plaintext ( Malleability)

Passive Adversary - Only monitors the communication channel .

Active , ,  Add ,
delete or change the Data in Channel .

ATTACK

MODELSCIPHER TEXT ONLY ATTACK Attacker knows certain ciphertexts

KNOWN PLAINTEXT ATFACK - The attacker knows (M ,
,
9) . . . . . . ( Mt . Ct) ⇒ Target : - find the

key M *
corresponding to

a new cipher text C*

CHOSEN PLAIN TEXT ATTACK - The attacker chooses  a few { M ;  ED and then model the Blade - Box

as an Oracle
.

CHOSEN CIPHERTEXT ATTACK - Attacker has temporary control over decryption devices

CRYPTOGRAPHIC SECURITY

Kerkhoff (1883) : - The Security of  a  cipher relies  only the  secrecy of the keys . you can bring the

algos to  open source

Rationale :-OEasy to  maintain  secrecy of a  secret key than an algorithmaEasy to change a  compromised key than a compromised algorithm
o For many pairs of communicating parties - OCNY different algorithmsneeded for mutuel

secret communications - Impractical
Q If 7  a serious algorithmic  vulnerabilities - Experts can point it out if it's open d%nn

0 Public Design enables establishment of standards



SECURITY MODELS

nmnPerfeetSeereeyi-caritbebrokenevenwithNcemputationresource.computationalSecreeyi.Bestknownalgotorbreakingthealgorithmreguiresatleastn-operatiomwherenissomespeafedverylargenumker.ProvableSeoreag-Thecryptsystemisasdifficutttobreakassomewellknownohardprob1emCRSAeFactorizatiooDSYMMETRkKEYCRYPTOGRAPHY-mostgenerdscenario-xote_tpY-n.ByDefinikonEii-DieSymmetricKeyGyptography-7Ki-kz-KBL0CkC1PHERSTREAMClPHER.Messageisdin.dedintoC0nsiderdataisastreamofbits.tixedgroupofbitsCB1oekpRealtimeEnayplionENcR7P7ON.1DECRYPTlONEachB1ockisEhcryptedbytheisamekey.k@yksaeamiF0AHLengthofBlodcpublidyknownp-6zToY-PKEtDEeGNCR1TERIAWhyX0R.hSameHof0u1inoutputnbitoiseXORIGoodGa.od

modulo Zaddoihj
Diffusion Confusion

- - forseairtykeyslreamsizemenagesize - Impractical
dissipation of Making the ONETIMEPAD

redundancy in statistical relation -

statistics  of between akey &
plaintext 'm the

statistics  of corresponding cipher
Practical Solution : ' Haveakeyskeam Generator,

Haveasecretkey

ciphertext as complex as These together generate
possible SETRETtfEXHORT.pseudorandomkeyst.comstem ) . Bestwotortosth

.Example : - Caesar (mostweu
keyskeamgeneratorebngkeysbeam

Cipher known ) Realchallenge : . Good Random Number Generation

Primftiroshifcipher

: Substitution Cipher

Affine
Cipher •. Permutation _,subskkon(Good modern Block Cipher)(

Iterated Block Cipher
• Vigenerecipher

••DEs } -
Roughly this  substitution Permutation Paradigm

. Hill Cipher •
. AES

.pe#ion/Trxyhon_her===



SYMMETRIC KEY : - ADVANTAGES ÷  Fast, Very High security
BUT If one user is compromised - everything compromised .

Plus ; How to distribute the Secret Key in the first place ?

ASYMMETRIC / PUBLIC KEY CRYPTOGRAPHY

14 : Public ; Kz -

- Secret & the

receiver
will publish K , publicly .

No key sharing problem . . .
. .

for  n user  with Symmetric Key - need (2) = OCND secret keys

for n users

5

with asymmetric key - need only znsecret keys } Advantages

So ; What's the Rub ? Speedgoes down . . . . . . .

can we get best of both worlds ?

FURTHER

Is the data unchanged ? Hash Function

Isthe data unread ? - Quantum Tracing ( No cloning)

NON - REPUDIATION Signature
.

OA£103} , Digital Signature - Alice will apply D (Kd on a document Mls=D kdm)
ki , Kz

public ph.
,  rate

Now Alice  claims anybody can verify the  signature Ek
,
( D= Ek

, ( Did MD

⇐thrifty
= M

OTHER FACETS : ' Broadcast Encryption
Secret SharingK¥¥a÷.me:B



DAY - 2

LECTURE - V 09:30 - 11:00

DEATH & REBIRTH OF CLASSICAL CRYPTOGRAPHY
IN A QUANTUM WORLD

GOUTAM PAU :L

151 KOLKATA

Asymmetric / Public Key Cryptography

1) Diffie Hellmann - 2) RSA

Diffie Hellmann

5=6 mmon multiplicative group ( generator g)
-

A × B

⇐egYj× (
g↳Y

- knowing
stztioebddoeesnjtkrnnooo ,Y}g is known to everybody |(g.gx.gg - g

"  
is hard to predict

ti
- Discrete logarithm problem
=

4
Hard to Solve



entEYia.anawenaiaoatnojrejIffxszStEtIsetisFtasetsnag.gyoDdwater.MicalicIEEneIEelyI.EegHfoEIatlYnIomodmaaar.iaesiuDiptEGktography_ll9sD-MuchfasterthanRSAPY9DGivenx.NIaysuehthatx-yqNamdnroag.NzgtidnudpyCextensionofDY9sDDisoreleLogarithmbRSAKegG@Eh3asedoneFactoringintoPFmesishara.o

Choose two large Primes p&q



. N = pq

. Take pw) = A - DG - D ( Euler Totient function]

. Choose e Ezt such that gcd (e , Q (D) = I} a
-

' mod N exists if gcd ( a ,N)=I

. Computed such that ed =L ( mod (q(ND C Fermat Like Thm . corollary )

KEY DISTRIBUTION ENcRYM0N_ DECRYPTION
- -

Public Key - 1 me) Ciphertext Plaintext

Private Key - ( Nk) C= Memod N M =
Cd mod N

= (MemodDdmod N

=Mkmod
HH ) } Euler Theorem

To attack - attacker must know d on ¢ (N) If he
,
knowspµ= M . . (Verified)

Use extended Euclid
±

Cracked !

But knowing N - finding an ) is factoring - If you can Factor N - DONE !

QUANTUM ATTACKS ON CLASSICAL ALGORITHMS

ffxkfktr ) V. XHO , 1,2 , . . . ,
M - D - finding the exact period is hard classically

QM÷ Create turf In) IAXD

Measure the last m bits : - for an output y=f( xD with smallest xo ( out of many
inputs possible ) .

Take the Quantum Fourier Transform

Easy to Solve

ORDER ANDING PROBLEM find Order of  an element a given N eZ§2] & a fzn*
Classically Hard , but Quantum Period finding Helps



Order Finding - Factoring

are 1 mod N : NI ar . , - if r is even NKARID (6+1)
" either Nl (OED or Nl (a÷tD or N = Pq st . plate ,

But a±± 1 mod N is contradiction since r Is defined to be
91€41

the smallest integer such that

} ,

Similarly
are I mod N Second

Only left is the third possibility . .
.

if N / art , - ged ( N
,
AID gives the factor of N

Fastest Classical Algorithm -0 ( el
. 5*893 (

10910$
N) 43

Shor Algorithm - O

Hog
Nltlogbg N) (

logloglog
ND - Cubic Soling

Rekord 56153 ( PRL 2012 )

QUANTUM KEY DISTRIBUTION

rm=Goal=Share Secret Key in QM - Then use Classical Key

This
is the Only thing Quantum in Quantum Cryptography

Semi Quantum QKD : Boyer
,

Konigsberg
,
Mor ( PRLZOOD - Alice is Quantum

f - Bob is Semi quantum (Only can measure in 1101,11))

Same Security as BB 84
not I ⇒

,
It )

NON . QKD QUANTUM CRYPTOGRAPHY

. Quantum Commitment
. quantum Secure multiparty Communication .

. Position Based Quantum Cryptography



POST. 9 UANTUM CRYPTOGRAPHY
=

.

Public Key Cryptography (Classical) Not Vulnerable to Quantum Algorithms

. Lattice - based cryptography ( e.g. NTRD

÷¥⇒⇐¥e#÷±n*¥ 'D

÷
,

x××¥÷yi3iFEnT

. Multivariate Cryptography (Rainbow)
. Hash . based Cryptography ( Lamport ,

Merkle)

• Code . Based Cryptography a Decrypting a linear code is hard ( Me Eliea
, Nfegtferp

*
Encryption Noise Added

Decryption - Noise Dropped

. Super singular ECC



LECTURE - 6

11:30 - 13:00 Day - 2

SEMINAL QUANTUM ALGORITHMS

JOZEF GRUSKA

Integer Factorization

melassie ally Hard Problem
. . . . .

Modulo Operation
- - ; Euclid GCD Algorithm

÷
gcd ( Qnkh

gcd ( mm ) = ged (n  mod n
,

m ) for  m > o

e.g. gcd ( 296,555) = gcd (296,25$ = gcd ( 37,259) = gcd ( 0,37)
= 37

RSA Cryptosystem

=Choose large primes p & q ( Howto  ensure p  & q are prime ?_ New deterministic dgo)
exists

o compute n= pq ; an) = (p - i) (or - D

o choose  a large d sit .

gcd (d
, air ) )=i

o compute e= d.
'

( mod aim)



Public key : - ( n , e) Private Keytn, d)

Gardner : - Sci AMISH e RSA Challenge

RSA Signature
.

.

what happens it  we first apply c= Wd
, then ee ? - Digital Signature . .

Reductions of the Factorization Problem

�1� lemma : - a
'

=L (modn) solving is = factorization

( at D= 0 mod n : ( a- DC at ) ± 0 mod n

�2�

finding period of afundion fn
,
× (K) = xkmodn - Period is the smallest integer

r st . fn ,n Qtr )=fn,x (K) ie smallest r st . it I modn

SHOR ALGORITHM SCHEME - All steps  are easy except period finding .

STEP .te
forgiven n

, 9=1 & create  state

£x⇐
'

In , a.9.io ) } edgebe
using Hadamard Trans f±

step . z .

&¥÷}o In , air ,
×

,

axmodn )
-

By measuring the last register the states collapse intotEEEoln.a.airHiDorshorHym@Eoljr.pWhere A is the largest 
integer such that tAr< a [r= period of axmnod

& l is the  

offset

t¥ In case A  = of -1 ; resulting state has the form EICH ljrtl )

STEP -4 : - By

Applying
Quantum Fourier Transform

-

¥Ee¥h⇒
to



steps : - By masonry the resulting state we get c= ¥ & ifged Cjr ) ⇒ - very

likely that from ciq we can find the period n
.

Discrete Fourier Transform Quantum Fourier Transform

DFTGK Ana { fcohfcn ,
. . .fG - A}QY ( Fcottf )

,
. " . IH - D)

Aniffiudici] } IH=÷Eje ¥fca )

Cfuantum Version of DET -= Unitary Transfd

E=÷dI÷:)

Quantum Parallelism

19*4 £ IEID

÷
: ( 0,1 ,

. . . ,2H} =) ( 0,1 ,
. . .

,
21 ) then the mapping f ' :( x ,6) =) (x ,baHxD

Where × ,b E ( 0,4 . . . ,
£-1}

In one step 2
"

values of fare '

computed
'

Impact of Projective Measurements

Measuring Second register in the standard basis - 19) collapses into one of the states

197 =¥Teft⇒} HYD where

.y ; sin the  range of  values of function t
. ky= 1 ( xlfkky }

Shor Algorithm : - Phase - 1

Gwenn EEBY choose  an
' Iq=242n ' (His can always be done)

q - l

Application of kadamard to the 4th register ⇒ For I In ,a, 9,19
X=o



Now use Quantum parallelism . Compute axmodn V. x in one  step to get for [¥ln×;aa×iky

Now measure on the last register .
Let y bethe value obtained i.e. y = al mod n for smallest

up withthis property . If  r is theperiod of th
, a then the  measurement  actually selects the  sequence of

x 's values C in the fourth

register
RALGORITHM - SECOND PHASE

Consider spl - ease - rlq ⇒ A = of . , & last stale  = He )=Fq}÷j
'

lit  HD & after QFTE
is applied to He) we get : AFT qf%D=¥[jFqSELE 2*4*10

= ¥ Icj entity ( FEE ⇐'¥ ) la IEOSCH - Ifc is a multiple offthen e2t¥h=I

If c is not a multiple of 4- then foot
- ' e2ti¥r

= o
- Can't get such c by measurement

( otherwise amplitude = O)

This implies go { ÷re⇐t¥
if c is a multiple of %

0 otherwise

now

⇒Hout ) = QFTQIOD =¥EEg⇐t¥ I ; ⇒ - Trouble making offset gppeanon the phaseexporty .

SHOR ALGORITHM - MHRD PHASE
-

Period Extraction
men

If ged (X ,
r ) =L then from q we can determine r by dividing q with gcd ( c , g) . since

x is chosen randomly ; gcdkr ) =L is > r ( lower) :
. 0 (log log r ) . . .  fsowtontime )

General Case when A  t F - I a Use continuous fractions

Key Idea : - Quantum Fourier Transform
÷



Analysis of SHOR ALGORITHM

# of Steps:O( log log log N)

Quantum Fourier Transform : Efficient Implementation

sink each such state are pdt states

Not that hard to implement

HIDDEN SUBGROUP PROBLEM

Related to Calculation of discrete logarithm problem

PROBLEM : - Given a group Group G , finite  set R & an efficiently computable pdf : Ge R

And Promised that 7 a subgroup Go EG st . f is constant & distinct  on

the co sets of G defined by Go

Task : - find a generating set for Go ( in a polynomial time C in log IGD
writhe # of callsto theoracle for f & in the overall polynomial time)

Hidden Subgroup Problem

OPEN : - IS THERE ANY EFFICIENT ALGORITHM FOR NON - ABELIAN HIDDEN SUBGROUP

PROBLEM ?



GROVER SEARCH PROBLEM

sorting : - Classically 0 ( N )
Quantum 0 (A)



LECTURE -7

14:30 - 16 : 00

QUANTUM INFORMATION THEORV

Sibashis Ghosh

Benefit of Going Quantum :/ More  Efficient storage
- More Efficient coding & compression

Szilard Engine

-... - ÷€;j; ; !?TeT 0 emon  memory} Full Gnversion of heat - work ??

nfo .
 whether it's in Rk Erasing Information cost energy (Landauer)

RBT ln 2

#Pkmi#DTnnTrtspiston
↳ Expand

Benett 's Resolution of Maxwell Demon

Demon has memory system is cemented to original state  iff this  memory is  erased

whether fasts0W
Resolution

- Requires kpiln 2 Work
of to  erase each bit

Maxwell Demon of  information

Noisy QuantumSystem -

stern . Gerlach output 
states ,ytXH+ lppltxtd } - fixated

Properties ... ;) g z 0

ii ) Trusts
iiDPKP F- - pure state]

Reduced Density Matrix

+
. EE xi ; like .% 9+=trB( HND = Enables 's link "s¥'

xiikaigfp.IE#?ti;XiilmBliDliAXial0CislmD=I,?.iI.xis'sim5mAixi
's'liY¥



POVMVS . PVM

POVM - M=lEDsueh that
,EE=HP0VM=PVMin

Higher Dimension

|yD=cosQ1o7tsin¥lD;µD -61107 - SMQID - Tasty. somebody prepared this  state  either .my#&
fmdoutwhidnisit ?

1nkondusivetodislinguishbtonthem ... :( usingpvm 'D .

Distinguishable using a3 .element Porn

E- XHFXIYY ;Ez . XHEXXEKEA . E- Ewhereocxci &E}}0 - Thiscenditimjwes

Iftdidcs - inputstate must be HD
If Ezdidcs - n  n  n  u 14

, )
If Edick -

u may be  either ND or Nd .

⇐

± Unambiguous discrimination of non . orthogonal States .

Postmeasurementstate =T%f4ixN(
9010×0419×44

]
Initial

= Correlations
CYIKPOIOAXODND changesnothing

trnotalwaysisthepostmeasurementstateoftheliiderstype
.

Most general measurement - POVM

DYNAMICS - Schrodinger Gnunitaydynamics . Bwtdiflicutttogetunitay Dynamics .

But Open System - Largerlsolatedsystmtenvironinent

poxtr.pe#hottCealoX.ol)etiEtEt)tscPTPmap=EA;HpA;tH....lAD-KrausOperators;jzA;tHAH=I



Reverse question : - given a CPTP evolution = Unitary Operation on a larger Hilbert
Wfrte ) Space

Explicit
Construction : . Look up 0

of Unitary

This unitary may not be unique for  a given CPTP map

Interaction Hamiltonian also not unique }

Kraus Operators  are also not unique} { A
,

= Eni; B; say then it
 

is an isomebg }
See

}
Mark Wilde for Proof tht { Bifare also perfectly good Kraus

Operators

Non Unitary Character
.

.

- jr is  a linear  map

1) Jr is Hermiticity Preserving YVCAD
+

= NCA ) F AteA

2) JV is trace preserving Tr (MAD = Tr (A)
3) Mis positivity preserving
4) Nis completely Positive Way ,+) Bzo y Bzo

)kaYe¥H5

linear - bez this Is Quanta IO

Hermikaty & Trace Preserving Since should map density matrices into density matrices

CP - Required to  map every bipartite density matrix to a bona fide density matrix

Ensures ftp.#0H3oy+B is still a density matrix .

Example :-(TRANSPOSE) NOT a CPTP map because it  violates complete positivity

% - ¥%link if;%i till

Nij ,
la = 8

; e
8; k

. :(MAID ;;
 = A

,

?
;

 = A; ;
 

= HAD ;; - Hermitic .b Preserving

But take PAB = HHKQH - NCPAB) < Ot violygtesComplete Positivity

Transpose  = Going Backward in time is npotoss;by



HUGSTON . JOZSA - WOOTTERS THEOREM

Every mixed state p has infinitely many pure state ensemble representation

A mixed state has infinitely many pure state representation

EY : . GE ( 10×01+11×47=12 ( HXH +1 - X - D= ÷ (17×4+1+1) . . .

Tomorrowiquantwmchannelsxchannelcapaoit



LECTURE - 8 16:30 - 18:00

QUANTUM CORRELATIONS

De basis Sarkar

Calcutta University

1935 : - Einstein
,

Podolsk
,
Rosen ( EPR Paradox )

1952 : - EPR In terms of Bohm 's Spin te Representation 1017¥14
1957 : - Gleason 's Theorem

1964 : - Bell 's Paper - Local HVT 's incompatible With Quantum Mechanics

1968 : Kochen Stecker - {¥3} { Begin) Now  assume Ak= Be for  some k&l
An f,

( some  observable common to both sets)
[Ak ,AD=[By ,BD= 0€¥%

WithYa  vectors - This  willgivg you  a  contradiction
.

away ,Where's the rub ? value of Ak = Value of Be

Contextuality ! (assumed)

Moral : - Hidden . Variables must not be non . contextual .

common to all these things ⇒ Gmposite Quantum Systems

FKHAOHBQ He

NDABE = 1×7/+01923 QK)c 
is the one possibility .

Now linearity implies IXDQ 19
, ) QKD +1×27019<7 QHD is also legit

Butthis  is state
Entangled in general



ENTANGLEMENT
=

If PABE = §w ; QPOPPQPF - Then Separable ; Otherwise Entangled

( OEW :-< 1 & F Wi  =D

Physical Realization Separable States can be prepared locally

FOR BIPARTITE PURE STATES

that = ?¥n;; li )aQ IDB from Singular Value Decomposition Theorem one can always

Write this As
=

,
¥

,

1 kayaked in  some  other basis - ( Schmidt Decomposition)
t
IffN=1 - Separable

But for multipartite states - no unique Schmidt Decomposition - Can't be done

Bipartite Systems : - Q ) Is it Entangled ?

a) If yes - How much Entanglement ?

Entanglement Quantification in terms of Teleportation Protocol

Compare states in terms of their Entanglement . . .
 Take singlet (Original Benett Proto d)

100% Exact Teleportation ; But take some other initial states inexact teleportation

xttrms of fidelity wrt target

Suppose we have a state like a 100) tbli  D. .
. . . .

allowed operation = LOCC

Under

LOccep0n_oQmf.mcrDent@tm-nCsCsx.D
- Benett

concentration et al . . .

Xp huffy entangled
Entangled

Schumacher Noiseless Data Compression Theorem Allows the reverse process⇒
'S (Pa) = Entanglement  of  a pure bipartite state - Easily Calculable

What about mixed Bipartite States ?

Two Defy - 4 Distillable Entanglement

2) Entanglement  of formation} # for mixed states



EOF HAD = inf  

E P ; E ( IYDAB) Overall pure  state decompositions p⇒=§P ; lyiapxynitl

Distillable Entanglement  

= nljmannt

But these optimizations are hard to do o#

PROPERTIES A GOOD MEASURE OF  ENTANGLEMENT MUST SATISFY

@ Vanishes for Separable State

@ LU - invariant

0 Monotone decreasing under LOCC

@ Additivity ,
Convexity , Continuity - NOT Necessary but desirable

( like Six pack abs @ )

Hastings - EOF  is not additive (Recent Result )

One good candidate with all those properties - Squashed Entanglement ( Winter)
t

But notoriously hard to calculate
( Winter  if )

LOG . NEGATIVITY

/
CONCURRENCE (2×2)

- Easy to Calculate÷a¥x to Calculate $
EoF= Simple te of Concurrence

~ log I NI
N = Negativity
(under Partial Transpose)

Additive
but not convex

Cplenio)

Squashed Entanglement - Depends on Quantum Mutual Information
. . . So Good for Ckegyn

-

DETECTION OF ENTANGLEMENT
-

Prob : . Given PAB is it entangled / separable ?



Initially people thought - Bdlviolalim -= Entanglement .

But for Werner States plate

.lt#)IeifpzHrEntang1edPossibletohavenoBdlViolationevenwithEntamnfpe)ButP707o..7-BellViolation

k#¥¥O¥iI¥
'

penetrate

Ifyouhaveanoperatorwhichistvebutnotcrewdlserveasa detector
t

(e.g. Transpose Operator) (Hahn . Banach )

FA=(PABTBIPartial Transpose on B Faare 20 - PPT statesEHAB't Parliairansposeona }FEieeiaffninoemnredeigenraeue. mutates
t

Entangled for sure

ButdoesPPT⇒Separable ?

2×2,2×3 - true

forhigher dimensional states - False -7 Bound Entangled State

(Entangled but not  distillable)

Example OFAPPT Entangled State in 3×3 systems

Walks l°k±'IaH

i⇒oe¥±" ' • " } mnextpmodiauheapsasi
,

¥610 > H
Implies Existence of Bound

Here
- Entangled states

EOF >0 But Distillable
- g=(1. ¥,lqXql ) .

. - Bound Entangl
Entanglement -0 ement

Reduction Criteria Violation - Distillable

-
Either Separable ) Distillable

uau
'*  

invariant states -=±+BP+[ Isotropic states ] where!¥g±,lv
Definite form of rd

UQU invariant states -=1+BV[ Werner states] Entanglement available

hesatisfies Reduction Criteria - canbe Bound
Entangled



T

pABnifyoutind1UDofrank-2and@1paEWfOeDistillab1et7O-0necepyundislillebleHarlialTransposDamilarlyn.cepyundistillabilityTomorrowi-MuHiparliteEntang1ement.N

ondassial

Correlations Beyond Entanglement



DAY - 3

LECTURE 9 09:30 - 11:00

QUANTUM

FOUNDATIONS

-UNCERTAINTY PRINCIPLE

Guruprasad Kan

ISI Kolkata

DETECTING A HIGHLY SENSITIVE BOMB WITHOUT EXPLODING ONE

LDT @so'¥¥±÷÷ ⇐EIFI#E#
D D#" "

Classically I expect 50% of photons to be detected in D , & 50% in Dz

Quantum Mechanically ( Experimentally) - all of the photons  in either in D
,

or in D<

Conclusion : . Collapsed ! ! !

€gm was born to explain this kind of

.fi?#./pF&*HTDLWhat happens when  acdehtre ) D%µ'

D is placed ?

ANI Interference Pattern is lost

Back to Classical 50 . SO kind of minture



How the Beam Splitter Works ?

HD -135 it 1×7 +  irly > ( R+T= D { 1×3 b) correspond to different  output paths)
Ytnaseonanseot"

Kj¥#j?¥0

WEirk ) trip }
0A+%¥X. }akeR=T=z

la > ±Er÷( KHIHD #
t.fr file )+HDti÷ ( le>+iHD]=ik

: All the particles will be collected in the detector Dz

Now On one arm - a very sensitive Bomb at D , - No Blast
but detection

YpttdjMEE0ifBombisthere@ra-fEHEi1ayutyczildD-tri1hgtitfFzCile7tlfDtBomblD.EleitEilf7Sg.P

rob ability of  Explosion  = 5O%e Failure

Probability of detection in D
,

= 25% - Success

Probability of detection in De 25%7 No Conclusion

Can we make success probability 100% 7 ( Experimentally 73% )

Theoretically yes . using photon polarization .



polarization Rotator :-| µ > - cos (TED |µ) + sinful Iv>

Probability of passing through the polarization =  cos '⇐v)
After many iteration - 1 H ) becomes ID & nothing passes through

probability of passing through after n - iterations= ( costly
N

NOW WE INTRODUCE A POLARIZATION BEAM SPUTTER
= (1 - SIh2z⇒~ - 1 ,T{ a

Transmits horizontally polarized photons ,
reflects  vertical polarized photons

( cosxl Hit Sina Iv >) la ) ¥s cost IH b) tsinx We>

But this  splitter  = measurement on polarization
state of

No Interferee- the photon

Pattern
,

' PBS ,

f±#*¥E¥
'

X.eu#Dl*Bs.

" " as

T.IE.si#nYI ,
/

,
if

LPBSZof⇐after Nodes -

eyenaaugueyyegerrt

But if thereis a Bomb

t

Horizontal Polarization Cohen N a

: 100% Successful Prediction



UNCERTAINTY PRINCIPLE & JOINT MEASUREMENT

Version 1 :-(Preparation Uncertainty) - Usual Uncertainty Relation

Version 2 :-( Measurement Uncertainty) - Impossible to simultaneously measure I & To

Version 3 :-( Disturbance Uncertainty ) - Impossible to measure with disturbing the system

Self Adjoint A determines projector Ea ( X) V. Bord Set ( Measurable) X

s . toEa (× ) = EACX)+= ( EA (xD
"

0 EAURH1

0EA ( X ,
U XD = EA (XD + EACXD if x , nxz =a

Then spectral decomposition

I = Sa EA ( da ) & EA K) = { EA ( da)

Quantum Probability paean =Tr[p EAAD -
Probability that measurement

of A gives  result

EX

Position & Momentum

§ .

- for Eofdg) & Eofxtf Ea (dq)

Eek) Y (g) =  Has it or EX
= 0 otherwise

µ€prElt9%rtdn

§ ads as a multiplication operator §Y (a) = / oiv(a) Ea (da ')=q~÷inverseFourier

Momentum
 operator F y(q)= - ihrfhf -

Transform

Fourier Transform
f[y(×D= ftp.l#IoetffxKdx & similarlyETFKD=y(x )



Dispersion
yt ( {

qx4xlxPdx-tIxlucxPdxDoIuHUaFIuTHPdefIPluHtde3YoCgiD-olyttKQih-0l4lhioCpiD-othHQtiuD-ofhQ.FH2Eyhgiie.oQihOlPiD-tn0lulho1upzIz-PreparationUncertaintyRdationTtistYswellestablisHedSu@Y.rTD
- This is essential for measurement uncertainty

If supp (4) = ( XER , Y(D to } is closed & bounded - then it Fourier Transform is nowhere
Zero

i.e.  supp ( I ) is R
.

Complementarily : -

Contradicts support . . .

Proofs
-

Assume ( 41 Eqcx) |A=(HEpW1D=I

1%Ytdxt fl¥2ds=I
t ,

Contradicts the theorem .

POSM-MENT.VN DO NOT ADMIT SIMULTANEOUSLY SHARP JOINT MEASUREMENT
÷

Proofer

Assume Eqp (× xD exists

) Now assume
a red or ¢ : al Ea ,pC××DH71

Eqp ( ×  xD { Eq(x) ⇒ cetelxy )

=(¢k#D
=L

Ea ,pK.  xD EEQCD : to (R - ×) n E (R - D to }e Fleming Result

-

Ege) n Ep (D= Ea (R . X)nEpK[ Eodx) A Ep (R - D=D

.
: Perfect Joint measurement of I and I  is not  possible .

. (Proved )



LECTURE - 10 11:30 . 13:00

QUANTUM INFORMATION THEORY

Sibasish Ghosh

IMSC Chennai

Why
'

Quantum
'

Information Theory ?

Efficiency : Classical Information Theory a N signals - need N bits
.

Quantum Information - N different  orthogonal states pair  wise  orthogonal

But non . orthogonal states - quantum is advantageous ( Schumacher Data compression

Theorem )

Encoding
'

Quantum
'

Information

for p in d - dimensional state Ha - Sf ) qubits  required

. Encoding Classical Information in quantum states - Super dense coding

{ 00,01 , 10,11} - Classically 2 bits  required .

Quantum Mechanically - A & B share entangled state 1017.1¥
z

0 Alice applies one of Y
, ox ,o× , oz to her qubit

& Alice sends her qwbit to Bob

0°Nbu Bob has 4 mutually orthogonal states fate, l°9¥£ }
0

Nkw
Bob can perform measurement on them to find Alice 's message



Variants : . Q NOISY Channel
�2� Initially Mixed state

quantum Teleportation - Send information about unknown qubitto Bob - finallythe

information about

unknown state at

Alice is destroyed
Holevo Bound

= ( No - Cloning
isn't violated )

14 ) = 52 ; peso a  a - by many such super positions - so can we encode  one . bit

with each such superposition ? - Infinite Classical Information storable in one qubit
t

NO ; non orthogonal states can't be  distinguished ,

so decoding not possible .

t

Upper limit - only togzd bits can be extracted
.

t
capacity : - Holevo Bound

SCHUMACHER COMPRESSION
mm=

quantum Version of Shannon's data compressionTheorem

fifthThins { He . . . .
it . . . . } - 2

"
such sequences } -

# of gauenceswith
ftp.Hegfa.gs} - Typical

with head
< 2h Sequences

probability

t.gg?.lpyxxy#@ - Corresponds to
pay = END HxiX4xil

How lo store informationabout N - copies of this ensemble

AT How to store minimally without making any error
.



Write p = § g. 19 ;Xql - spectral decomposition { 14 ; )'s may not be orthogonal
,

but IQD's are}

Now ; Shannon's data cempression limit  = Ha = H (5)=
- Fg ' logdj

✓ =p ( p log
,

p)toe
-

= s ( p) per copyin asymptotic limit nta

( n   a because typicality arguments hold only for

Law of large Numbers -
large n )

M±d÷ von Neumann Entropy = # of qubitsrquired to store the information per cepy
asymptotically

But {14×1}are notorthogonal ⇒ so ; S (A I -,§Px 109 (PD = H (X)

It can be shown s(p) { HAD : QWAits offer advantage over bits

One  can show this  scheme is Optimal . . . . ( Keeping Typical states
,

but throw  out Others)

Data Compression for Mixed State Encoding

E= { Px ,%|x EX
. ) with p=§Pn% Holevo Bound :-. SG) - Ex Px S (Px) = X (e)

But is this quantity attainable  in an asymptotic  compression scheme OPEN !

MUTUAL INFORMATION VS. THE HOLEVO BOUND

X ( e ) tells us how much
,

on average ,
the  von Neumann Entropy S¢)(with p= [ Pnpx )

is reduced once we know which preparation was chosen to prepare g .

. : We have to maximize the  mutual information between input & output

⇒ Holevo Bound Upper Limit of the Mutual Information
(Accessible L

Information) Tight for n & asymptotic limit

Proof= Nielsen Chuang - Use strong subaddirity For Von Neumann Entropy



Attainability

E- ( IYD
, KHDKE

,
1yd , IHYD) = E) - Iaea I - Ky, IYDI = I if ( y ,µ1D= Orthogonal

Holevo Bound X (E) 2 Ian with quality for (Y, 1%7=0 or I

for zaubit - Iaea ( EHK - Kuh KDI '

& X ({ ' D= H ((HAIM , 1-Wk#)
{ bton I ace & Hol evo Bound goes down

s

Intuitively see why Holevo Bound is asymptotically attainable

CAPACITIES OF QUANTUM CHANNELS

How to compare performance of Classical & Quantum Noisy Channels ?

Classical Capacity of Quantum Channels

Classical Information Source - Encode in density matrix - Send thru Quantum Channel - Decode

Sending only finitely many states a,
is not  sufficient (e . g for teleportation we need to  send an

entire subspace of the Input Hilbert Space H , )

Quantum Capacity of Quantum channels

signal States( pdwith prob |p×} Encode by a CP map - Sendohhraenustn - Decode



One shot Classical Capacity cuts,ug , Imax ( × ;D

Hole vo . Schumacher . Westmoreland ( 1997) : - C ,
,

a
= Capacity per single use ofchannel'for infinite

# of usages .

.

. C , , 1 C , a

C
go

- Input allowed to be Entangled - CE
, a 2 C

,
,

a )
Eguality if Channel Capacities Additive  ⇒ This is not yet known

DENSE CODING CAPACITY
.

.

-

÷Nam) - no exact form known but Ce (Nam) 2 G
,

, ,
G

,
a , Can

Ref: - Bennett
,
Shor

,
smolin

, Thapliyal
t

Exact Formula known for  only in cases where  a ant of shared entanglement
allowed .



LECTURE - 11 14:30 - 16:00

QUANTUM CORRELATIONS

De basis Sarkar

Calcutta University

TODAY : - MULTIPARTITE QUANTUM ENTANGLEMENT & QUANTUM CORRELATIONS BEYOND ENTANGLEMENT

For pure bipartite states - Entanglement dynamics  under LOCC is  reversible
.

But  in general (for  mixed states ) + Entanglement dynamics  under  Locc is irreversible

t
Extend LOCC to PPT Operations (Operations which

preserve PPT . ness )
1

p (PPT ) 'T OCPPT )
Even then

Irrever-

Plehio / Brando (2018 : Under non - entangling operations - ( non . entangling asymptotically)
( Science

,
Commun .

Math . Phys .) f
Reversible Entanglement Dynamics

LOIYVGUSHABll.tn ⇒ May not be possible  even for globally orthogonal states
( e.g. UPB .  D

MULTIPARTITE  ENTANGLEMENT FOR PURE STATES
- -

=± .

O How to quantify entanglement ?
Oi What  are  maximally entangled states ?

t

If  we  require them as states whose bipartite cuts  are  completely mixed K 1)
t Not possible for N 23

.

Gilad Gour : - Avg . Bipartite Entanglement wrt all the cuts  maximum .



Geometric Measure -

Most acceptable  =  min D (QD for  some distance measure D &

pure states g&•
Jesep

Recent  i - PRL , 111,110502 (20137 ,
PRL 45,150502 ( 2015 ) - Barbara Kraus etal

We have to look closely at LOCC itself ( Ref : - Eric Chitambar -

' ' AU you  wanted to know

about LOCC but  were afraid to ask
"

) .

OLOCC Provides protocols with which entangled states can be manipulated .

Q LOCC Provides Ordering .

�3� For pure bipartite case - we have definite  result  regarding convertibility of Loco

Single Copy Case - Lo/ Popescu Phys Rev A 63,022301 ( 2001 )

No .
 of Schmidt Coefficients  can never increase

.

Nielsen let 14 > - { a ;) Schmidt Coefficient

to> - He;) , . "

SLOCC
Then 14>-10 # I >1I . :(Nielsen Criterion )

Then : . Catalysis - Wow ¥6701x ) may be possible even if147¥10
to

Under PPT Operations : - Winter - Gndition for Existence of Catalytic State .

MULTIPARTITE CONVERTIBILITY BY LOCC

w€#.¥eauu}swcc⇒
air Vidal cirae -7GHz  a-

wggysyb, .

W But for 4 qubits - & . by many inequivalent
Two t classes under

APPROACHES Frank Verstraete gocc
vs.

{147,1×7} - Bell Basis States Gilad Gour

lfatbtctd -
SLOCC in equivalent

Example : . alulty 'D tblu - ticketed tdkto - ) all of them



Multipartite 14) * µ what 's the condition ?

Consider Mad YD - all states accessible from 114 ; Mfly)) - all states that can reach 14)

consider Vol ( MAHD = Valid & Vol { Ms 14D= Vs µ ) with some suitable Volume measure .

Barbara Kraus : - Volume in LU . eqvt . classes .

If Ms is very large - the  state is not very
'

powerful
'

. However if Ma is very large - the state is

very
' valuable '

⇒ Operationally meaningful Definition for multipartite Entanglement .

t

Ea = sup Val 4) &
Va

€= qq.rs, ,p
} to Possible

Entanglement  measure

If Ms (HD .

- mill implies 11+-0 We call maximally
entangled states} [Ref ar Xiv 1510.09164 ]

Monogamy - If A & B are  maximally entangled then A & C aren't  entangled.

(PRA ,
52

, 062340 (20153 Reference

CORRELATION MEASURES BEYOND ENTANGLEMENT

Discord - ( Ollivier Zurek )

Mutual Information -> JCA , B) = SCA) - THY EP ; SCALD
it

ICA ; BHH (A) TH (B) - HCAB)

ICA ;B) = JCA ;D Classically
,,

but not  in QM always .

:

.
Discord = ICA ;D - JCA ; B)

If they are equal then CQ states

p⇒P; µ ;¥qlag ,?



* Discord may increase under LOCC

* set of CQ states is not convex - so geometrically very hard

Exdkct Analytical Result  is hard to get in general

Geometric Discord

D (p) = ×mjmqD( ,
D - a tight lower bound is found recently .

( Swap  an Rana )

[ D= Suitable Distance measure ]

Is Discord a good resource ?

Doikicetal (2012) Im Discord necessary & sufficient for Remote State

Ditputed Preparation

Ref:
-
Zwolak / Zurek Sci Rep 2013 ; 3 ; 172g ,

Streltsov . Zurek PRL 2013
' QD Cannot be

Shared
'

Discord = Information Lost when a composite Quantum System is Disassembled

CRITERIA FOR NON - CLASSICAL CORRELATIONS ( MODI )

Necessary Condition Reasonable condition

0 C (9-093)=0 for pdt states 0 Adding
0 Symmetry under interchange

0 ln variance Under Local Unitary 0 Convexity

0 Classical States have zero quantum correlations

0 For Pure Bipartite State  = S (PA)

Measurement Induced Non locality - N (p) = max A p - TH ) 11

max overall PVM 's that preserve density matrix of the first
party .

Bht this is nonzero even for classical Values .



MIN is good to calculate .

Bht set of all MIN = 0 is non . convex .

LOCAL QUANTUM UNCERTAINTY

We need to build a  measure which is  not affected by Classical mixing .

minimum over all local maximally informative ( ie .
non . degenerate spectrum) of

LQU = skew information

} Geometrically LQU = min Hei linger distance btun the slates the

↳ Vanishes to states
state  after a least . disturbing root . of . unity local unitary

↳ LU invariant
Operation applied on the qubit .

( Reduces to SHA) for pure bipartite states .



LECTURE - 12 16:30 - 18:00

QUANTUM

FOUNDATIONS

-UNCERTAINTY PRINCIPLE

Guruprasad Kan

ISI Kolkata

Meaning of  Ea ( Dr Ep (Y) = 0 - There is  no non . trivial projection operator P such that P { Eodx)
& Pf Epa

Generalized Observables

Heisenberg never quantified un sharp  measurements / error . disturbances

We Would If

POVM EX - FAD

FCDZO } But  no idem potency F2±F
F ( RKI ( Trace Condition )

FCX , UXD = FCXDTFCXD if X , nx 2=9

And Bom Rule PF ( D= Tr [ ttx )]

Nai mark Dilation Thm  = POVM in  a low dimensional Hilbert Space I PVM in higher dim

Hilbert space .

Un sharp Position & Momentum Observables

f(× , )
,

Eta ( D= fflx ' ) Ea ( xtx
') dx

'

where ffx ) 20 & €Hx'Idx'  
= 1

80 ' ) {
E Gp (y ) = SGGYEP( ykddy '

whereGCYYZJ & €8 (y
') dy '= I

are pdfs
describing the probability distribution of the  un sharp measurement ( fly , g (Y) are 8 - functions for

Sharp
measurements)



Now Bom Probability pfja (D= full

Efi
µD

Now ; Var (Eta A), 4) = 8 (Qf
, 4) =) f- / ndplj

,

alxD
'

dpljalx)

= Var ( Ea
,
X ) t Var (f) [ HW : - Verify this]

Similarly Var (Ef
,

y ) = Var ( Ep
,

4) + Van (g)
-

Due to he Measure  of

Sharp
Un sharpness

measurement

But we still have no relation between f- and g .

Joint Position & Momentum Measurement

Choose f= 1912 & g = If 12

Uq,
= ei ( PQ - orF) - unitary evolution operator for

X × Y - EAXY) = {*l Uqp QX Uqp 91 dqdp

EQ xD I ECXQIR) = Eta (D

E (× xD 1 E ( RQY ) -

- Esp (Y)

: Uncertainty due to un sharpness  = o ( Q
,

a ) ; Uncertainty duet un sharpness  of

momentum operator = o (Bg) : OCQOD a (P
, 0=+0 Hp o 1911 Is

t
This is  exclusively due to un sharpness of the measurement  itself

Not State - dependent - NOT Preparation Uncertainty

Wigner Function - Not  a proper probability function

t We have to  convolute it with another function
Can be  negative

- to get positive



QUANTUM MEASUREMENT PROCESS

System S :

Apparatus
,¥*⇐

Find system state

Meter Reading

Measurement : ( HA
,

Z
, pA , YH & Interaction V :  = Usa ( ga pa ) Usta } final joint state

of  system &
apparatus

Tr [ptt't ?YFr[V ( e 0%+71 QZ ( f-
'

(xD

Not ; measurement of B if  FTTXGZV = EB A)

Example : . Discrete Observable -  Er  = IKXH

A  = fax Ek ; Apparatus Hilbert space H*= MD

U =
[ Eh ei ×akP#e

momentum of
apparatus

(By Spectral Decomposition HA) = I Han) ED

: U ( Wal 0D=[ Er We ixakf't 19

= [ Ex 14> a (x - tax ( Shift]

Now it Iaku - Aid 2 ,f tfk & of is supported in f § ,
E)

Then Oxa
,.

has mutually disjoint supports 4.
= (axzsx

,
qtzsz )

$04006 EKI -2<9*1 Eda AID loan
.
) Ek

÷are disjoint
= Ex ( Oxa

,
.IE OH

ah ) Kenna
, .
) Ex  = EACD for perfect

-

projective measurement .



Von Neumann Model

System wave function : y ,
apparatus wave function a ; Measurement  interaction

U= etht ×Q• Pit )

UYQ ) QCD =  Hope (x - Xq)

Measured
Observable : -

EAHH 19 (of He )lX#Yd9'Ea HD = Eta a)

=Ltit 9
' EAX

= 0 else

Variance of q - Hak X / 0Hq:
OINT POSITION - MOMENTUM (ARTHUR KELLY MODEL)

System First Apparatus

Initial Xo  = 14400 , GDOQ (E) kepoandatus

u = e- It [ × Oi OIO th - M FO 1120^9 ]

Now

: = U Yo  = Moh ME ) a ( 9 , -79 - Xzh E) ODE)

Actually measured observable Glx xD
t

( YIGCX xD 14) = at Ira Ea ,
AX ) Q Ep

,
(MY) Ie )

GCXXYH (QQQD Ut  

Eq
,

( NO Epdmy) Ulq 09 )
after '

some
'

calculation - G Q xD = Efg (D
G ( R xD =

 

Esp (D



and finally ftp..to 101144

g(p) .

. go / qypg ,} An sharpness es f. & go
become even more

un sharp

Uncertainty Relation for Arthur - Kelly

Var CA = he Var (§ , , d) + TI var (8h
, 9)

van (g) = Hz Var ( kid + Ivar ( P
,

.cnVar (f) . var (g) =¥ar(§±, Q ,) Varlk , a)+¥ar(Qik) varl E
, 9)

This
'

. van (Q
, , a) Vara , a) +4¥

' Var CQAD Var Pf
, a) 7 is

# due to
Measurement

n±W; X = Var (Qi , oh) Var $219) ( some scaling)

war H .
Var (g) = tf (h÷+k÷) + Last two terms

±÷ + ¥(×+⇒DWto measurement

Zh¥ - This is the Arthurs Kelly model

ERROR - DISTURBANCE RELATIONS

@£@I÷Goal ⇒ Relate error E a & disturbance Mp
sequential measurement

ErrIDCXQieD-c@FDYNowcalibralionenroroccqQy.lgmeoswpCDN.Q
's ) / vis :D ( 4,019k£ }

Now Q
'

and P
'

are marginal observable  s  of some joint measurement M then

Ll
,

GQQYD c
CBPY zkz [ Bush

,
Lahti

,
Werner ]

- -



Hwi Show that this holds true for covariant Joint Position & Momentum measurement

THEOREM_ (Weiner

If M be any joint measurement A ( QQ ') & 0 ( ( BP
'
)

,
then 7 a covariant joint measurement

in such that qq.at ') E 8c (QQ
')

A (P, Pty § A (p
, py

fi ' KI ! g
'

= ITP

#'s (
CQQ ') de (BP ') 24 ( Q ,Qt

'

) Oc ( P ,
P '91k¥

It can be shown e ( QQ
') 2 Llc (Q , QY and 7 (BPD 2 4 (B P ')

⇒Error .
Disturbance Relation

e ( qqy xp , Pzshz



DAY - 4

LECTURE 13 09:30 - 11:00

QUANTUM THERMODYNAMICS

SIBASHIS GHOSH

I Msc Chennai

FOCUS : - Thermal ization in Quantum Systems ( Not Thermal Machines

Ref : Popescu , Short ,
Winter Not Phys ( 2006 )

Puta system in  a Heat Bath - maximum  entropy state  ±Thermal state

9th = est( e
- BTY

QI How does the Quantum System get Thematized ?

In

In open system dynamics  'T ddif .
i [ H

, a + L [ s ] * %Bath -
time

( Markovian Dynamics) Lindblad ian

Q÷ If Its �1� HE is total Hilbert Space but 7 constraints  such that  effectively the Hilbert Space

Ttp E Hs QHE . Now if I take equal a. priory probable  state  = Ep = td÷ in FIR .

concentrate on state of the system .

Tr  
[ Ep = Rs The state to which the system equilibrate s .

start  with an arbitrary pure  state 197 st .

%= Trela
Sf

Target : - if D (Ps
, RDE E  - Thermal ization ( Trace Distance )



.

" e . Rob ftp.rsll
,

> 7] ( I - Very improbable to go far apart from equilibrium state

( condition - effective dimension de{Fir°nm55td system )

If H is too . level - 9th .

. [ to0g] where P '

' ejPIg#p
.

& F- 1 - P

p -N ah ⇒ Pth .

- ÷ ( 1+5
'

th . F)

,¥n
map - Every map gets pinned to  one target  state

01 Canyon give  me  a Hamiltonian Which takes 4- a limit ) -1

A¥end
some  ancilla to the  system .

for'{ finite  dimensional an  Cilla  p itself  changes  Not  compatible  with Classical
Thermo
dynamics

Proof  01 Probflers 11<>7]4 '

Theorem : For  a  randomly chosen state 107 E Hr & c. > 0 The  distance

#
,

(10×101)-54/1
,

Prob He. rsll
,>D4

'

Where 4 =

etfdszqu , n '= zetd '

proo#
Probabilistic Theoretic Result - Levy 's Lemma ' Given  a E f : SIR & a point  ¢ < sd

chosen with uniform probability , then Prob Hg) - (f) 1 { @
- 4¥' ) e

' Where 7=  
syy IF .

fl & C = #

(Ref : Millman ) [ ff ) .

- ¥59do ) ]

Here 107 € Hp  Any pure  state  representable here in terms  of Zdr - 1 dimensional Hyper sphere

§HR - I

Now define fee) = / / Tre 10×01 - Rs 11

,
( Trace 1 - norm)

Now using levy 's Lemma  requires finding out Lipschutz Constant n = 2. . ( HW)

Now we get Prob [ 111 %- All
,

- (11ps - rsll
,
) HE] < 2 exp #



⇒ Prob [ 117411 ,
] 2 ( 119 - rsll

, ) + E ] f 2 exp C- C dire ')

The average ( 118 . rsll
,

>.< As ( 119 - i
b

dgsfsdYaYirhexetrskIaEeueEnadrsFrFxeFbutfs-fdoklQXe1-rsqeg2dR-Lfinally_rds.Jfrp-prr2whatis@psY.7ThisisfTrCpYtTrCtI-TrCrDITrC9E72ButfD-rE.ifrpsyfTrCrDITrCre5NowdeH-lrpny-ThenC1les-rsHDETdETtThustTrCllps.r

sll
,

Z { + Pdt, ) has prob { 2 exp ECd
,

e D

:( Proved )

sanity Check
me

HR  = Its QH
[  def = pta = de  expected

NO " d¥€tE Est  = f. xklq . Xqd spectral Decomposition
Proof : - 2 line ( HW )

i.e.  avg ( 11ps - rsll , ) is  small if de H D ds

Levy 's Lemma  + This Thermal izati on }

Implications of  This Theorem
-

Reconciling with standard Stat Mech

Assume Energy of the system E is given Temp P given

Htot  = Its 01  + HQHRTHinTenough interaction
& Assume  dense energy

spectrum



SSH The ER ±a± e- PHs
be pet , ,

All Previous Results valid for This also
shown

Thermal Canonical Equilibration Principle - Start from arbitrary state  subject to these constraints .

Thermal izes

Models With spins : - N spins .
.

.
. . .

.

Show that these bounds can be sharpened

*o interaction )
In  external e

' field
Next Lecture



LECTURE 14 11:30 - 13:00

JOINT MEASUREMENT ,
STEERING & NON LOCALITY

GURU PRASAD KAR

ISI KOLKATA

Today : - Spin Case ( Non . dimensional ado )

Mantra : -
Existence / Nonexistence  of joint measurement has something to say about steering

-

Spin along two different directions - do not admit joint measurement (other than trivially

for  th & - a

directions
J' = HE ( ai 2) + HE f1 - rise]

Unsharp Spin Observable FK )= TE ( Ita 's ' ] III El

=n¥±tEE¥ e¥
1 4
Y

Degree of Degree  of Un sharpness

Reality

When 1 al = 1 Then - Reduces to Sharp spin measurement
When I al < 1 Then - POVM measurement

QI What's the condition that we can find four POVM 's whose marginal ⇒ diff

direction spin measurement



Consider { ftp.t.FI
,

constraint : . End 4 POVM 's such that  

Fnt Faith + Fist
& each element  F ;j >o

Demo HE - F
,

gives +1
, E gives - L

Then Marginality Conditions : -
it Fizt Fists

constraint in Fizttiz = Fi

iii ) FTZTFTI  = I - F= FI
iv ) Fet Fsz  = Fz = I - E

consider ftp.t[1+52] C I = 1,2]

for joint observables to exist - must exist some VFK ) st .

0 E V Fk ) 11

RFKKFAD
VFKKFCAD
ftp.FC2 ) - VFK ) £1

[ Proof Hint : - Use LFCEKBFCD⇒ ( toeBBTF1 ( p .LD ⇒ IBFAJIEAD

Now we get IN Er ; Ian - role 1.8 ; 192 - rd -4 - r ; lataz . rd tv

" s(a ,
r) is a closed ball with centre E

'

& radius  r

"

K E s (an
,

1 . r ) AS (92,1 - H A s ( qta , ,v ) Asar )

Not ; If
/ Iftthisiso

This is $trtztzloutad
RETEK - ad

Paul Busch ( 1988 )
:

1 - lzlq - ad ztzloutazl ⇒ 19+921+19-9412
/

Not; if artai& an '' aithen : ×(¥maa4×
.EE?Dzat2:Xc#



What about Higher Dimensional Case ?

Two  observables Pg
,
Epa }

Un sharp counterpart - ⇐¥p+¥' ( #B

F= 1¥ gt ¥ ( A- g)

#
a an orthonomnal basis st . H=a# Ha [ Hazatdmomstf

st . p =jE
,

PK'
;Q=sE=÷

t

Can they be diagonal ized ?
J

##%Tep
 arable into different

.

bdlg
Can be block diagonal ized

: still X opt  =tE . . . Wont

What  is top , for any theory ?

* Classically Xopt  =L

* quantum Mechanics = fz
* PR Box =L

* Any Non . Signalling GPT with state space - compact convex subset of a finite

dimensional vector space .

BELL INEQUALITY
-

conditions (Any one of them will to )

�1� WANT
p ( ijl AD = sp

,, ( it A) pxljl B) dx PH [ Bell
'

643

�2� EXISTENT
p ( ;jmn / ABCD exists ( Fine

' 8D



�3� ON ONE SIDE JOINT MEASUREMENT EXISTS + NO - SIGNALLING

ie . p Cijml AAZBD & p ( ijn IA , ABD exist &
p ( ijl Ain ; BD = p C ijl Aim ; BD -

Nosignay

Where pdjl HAHB , )= In p C ijm) AAZB , ) ( Andersson et al '

2005 ]

�2� = 03 Proved Equivalence - Wolfe

" i

Outlining the Derivation  of Bell Inequality on the assumption of  joint  measurement  on one

side & no signalling

constrainSUMMIT : gzai , Az jointly measurement

⇒ .

no"€k (dichotomies No signalling
signalling

p ftp.u (AD ; B] =p [✓ th )=V(Ad=VBDtp [ v th ) =v ( A D= . YBD

2 / p ( VIAD = VCAD . (BD - p (v th) =VlAd=ubD|

= I / p ( ul A) .

- v (B) ) - PACAD = - UCBDT p [VlAD=u(BD - p (YA D= - V (B)] /

= tz / EH , , B) TEAR , B))

thus for 13=13
,

p[v(AD=V( AD ; B ,] 2 ±z IECMBD + E (Ai ,BD|

similarly p[v ( A D= -

HAD
; BD ? tz IE ( Ai ,

BD
- E ( Az , BDI

: Hence
Using Triangle Inequality -

IE ( ai , BDTECAZBD KIECAIBD - E ( Az , BD / 1 2

⇒ IEHIBDTECAIBD +E( Al , BD - E (Az ,BD| 12 Bell
Inequality



/
joint measurement  on A  only is allowed

%FFY.me?q*..t#3Nosignani@

Possible to get a Bell - like Inequality ? ? ? ?

of many
parties

?

( in terms of th
,

An Bi
,

13<>9 , Cz)
just assuming Joint measurement  on One

for  a general no signalling theory

EH , , BD + E (Az , BD + E (Ai
, BD - E (Az , BD 1 ,n÷p

: for PR Box - Bound = 4

for QM - " = 252

for Class Mech -  " - 2

Reverse Question : . Does impossibility of joint
,

Measurement  imply Bell Violation ?

v

YES ! -7 Wolff

Q : -
How to optimize X opt for  specific measurement  direction ?

.

€000 - Some LPP Problem

Rngtbaotaeo Oak
)

So ; does measurement  incompatibility necessarily lead to Non locality ?

Yet for incompatible observable with binary outcome

In
gttneral

: - Open ! ( Necessarily leads to steering this is known)



STEERING

A & B share a singlet

Alice can now

,

fool Bob into preparing a desired ensemble .

"

Without Entanglement  Alice Can't fool Bob

Even with entanglement - may not be done .

If Joint measurement exists Alice can cheat without using entanglement .

CHECK SLIDES FOR DETAILED CALCULATIONS



LECTURE . 15 14:30 - 16:00

QUANTUM GAMES

COLIN BENJAMIN

NISER BHUBANESWAR

What is a Game ?
|

Von Ngumann

Some  competitive  activity played with definite  rules . Game : Decision making
k

Am ) .
Phys .

- Quantum Tic Tac Toe / Quantum chess Rigorous Branch of Mathematics

underlying real conflicts among

Biology : - Axelrod
'

jevolutionof Cooperation
" irrational human beings

Introduce game theory
in Biology . ( 1970 s )

Evkhitionary Game Theory

quantum Game Theory ⇒ Important algorithms .

El Ferrol Bar Problem Which Restaurant  shall 7 go to  avoid the  crowd ? (Minority Game )

Apply. cation in Statistical Physics

( certain Phase Transitions)

Player : - Game Theory is about logical players interested only in winning .

Actions : - The set of all' choices available to  a player .

Payoff : - With Each Action , we associate with a reward
. Optimal strategy :

Which action
to take to maximize

my payoff



Games f. cooperative
/ Non - Zero Sum games

Non cooperative 7 Zero Sum

A ) Non Zero Sum

sfguden
simultaneous

Matching Pennies

Chess

Von Neumann Cake Division ( Minimax )

CHOOSER

CUTTER#afmt€fjgt} Pgyyagtjf
,

von Neumann - Best strategy = Half the cake minus the crumb

Cutter maxim in ( maximum row minimum )
Chooser minimax ( minimum row maximum )

Prisoner 's Dilemma

Nash Eabm .

No player can unilaterally change his / her strategy & do better
.

Snitch

Ann,t¥¥#!#!÷
Nash Eabm . strategy

# - Pareto Optimal strategy
Snitch Don't

B

Matching Pennies ( Zero Sum )
B

H T

It

A , EED.tk#} There is no Nash Equilibrium for pure strategy .

OFMaximinoMinimax

Random Strategy > chqgse50% H , 50% T randomly .

Mixed Strategy

Pure Strategy .

.

- Same Strategy each time .

Mixed Strategy : - Diff strategy diff time .



Matching Pennies : - yniquemixed strategy NE

V

X= Prob of Alice playing H

y = , ,  " Bob " H

' ta#=Kx5fEYhYAIYDKD
N¥ when Faust 's - take *'s 10 & tBlx*M - t¥x*D20

For the Payoff matrix - this reads - 2(x±x ) (29*-1)>-0

20 '±x) (-2×1*+1)>-0

*
Unique NE=(x*,y*)= (k , '⇒

At Nash Ean Payoff Ta  =TB= 0

Penny Flip

Pe Q have a single penny - initially H - Q - P - Q
FF  FN NF NN

F FteLie
No Pure strategy NE but mixed strategy NE . (HW : What 's the NE ?)

QUANTUM GAMES

Superposed Initial States

Quantum Entanglement of Initial States



Quantum Penny Flip

P - Classical moves ( X or 1)
Q - Quantum moves ( Hadamard )

10 ' ¥kj¥Yy±toted¥10 > - Q always wins
.

Quantum Prisoner 's Dilemma

0 Nin) .

- 100
o Generate Entanglement  via 5N = cos ¥ I QI + ; sin (Elko Ex
0 Nant 5+4) (AQB) IN 100

Quantum Payoff for Alice / Bob < $> ÷
,.gg?.$;jKijl4fiDl2EhYertNliraae+NTlEED=tEti

.D
Getneral Q : .

^ B

How  much resource

( coherence / Ehtammsne
.)€¥#eoe* dealerships

Solid Bob Plays Miracle  moves

Dashed Bob Defects

Va±nk:'

Does this solve the Original Prisoner 's Dilemma .

? ?? Take the Penny Flip Game ( Q .

- Quantum , P .

- Classical )

Q 's prob of winning for  
optimalclassical strategy =p . . (say) [When P &Q Are

€t÷¥em¥a¥¥nEnE0¥Y?yg***÷¥!¥¥
sPg¥C?? for  any general map A ?

or  anx  other fetal relation ?

+ ( sp , sea
.) = 0 ??

"⇐s% '



Non - Local Games  ⇒ XORKHSH Game

Parrondo Game

Two losing Strategies combined Winning Strategy
Ix

REI Astumian Paradox Maknpsaeyer Ain ] . Phys . 72710 ( 2004 )

Review on

Parron do

Games

History dependent Parron do Game  Look up . . .

Quantum Par rondo Game Physic a A ( 2003 .



LECTURE 16 16:30 - 18:00

QUANTUM THERMODYNAMICS

SIBASHIS GHOSH

IMSC Chennai

In Last Lecture - start  with any state a  end up  with a  very high prob very near the thermal state

subject to deft ( enu ) Dd system .

Can We do Better ? ( Better values  of 7 and 1 ? )

YES ⇒ FOR SPECIFIC MODELS

ThML Assume 7 some bounded tve  operator XR on AR satisfying OEXREIR ( POVM

(Modification  Of
Elements] such that  With

new xake
,

Xxk
,

We haveMorning Thm)
[Statement

Only ] Tr (EI ) = TRCERXR) 31 - S

High Chance on guiprobable  states Ep to get this measurement outcome

For  a  randomly chosen  state WEIR & E >o

Prob [ 118 . rsll , ZT ]ff '

Where T= etf +458
deft

and T
'

= zexpfcdrey
r¥Tr⇐t¥¥e



Example : '

SPIN SYSTEM

.€in0?'¥m¥YsFm%i "
} .

ds = 2k
; d[ =

2h
- K

⇒ What can I say about dp ?

a¥kp7tf÷nF
.

3zMH¥ [ HAD -

- 2 point Shannon Entropy ]
( forlarge n )

Now Using Thm 1 ( Morning ) - -

Rob [119-911,37] En
'

Where z Et Tt, ,
re exp fed ,

a ]

ftp.fdstfiszf#==a2tnHM-2Hkande=dr3tfgmhT,
or  n &

. :P rob (11% - rsk 34¥ +5¥,
] f ze -

Cd R
"

Putting this expression - (for n= very large) ⇒ 11ps . All
,

so in the large n limit .

[Valid subject to NDK ]

Moral : - For arbitrary pure  state e H R - it WILL Thermal ize
. . . ( for This specific System)

Popescu ,
Short

,
Winter  arxiv Version  

2005<0
's d€t¥nvbut  so long as deg Dds Thermal izati on is  safe . Od



THERMAL MACHINES
-

What happens If We go from Classical Quantum Engines

Popescu et al PRL ( 2028 - Smallest Possible Refrigerator

claim: .

1) It can be done

2) Even Better  a it  can §o to T +0 limit

Q : - Smallest Hilbert Space dimension in Which I can constructa  refrigerator ?

Tw !QutbitStingle Today Only the two . qubit  model
Qubit Qutrit Qutrit
Model with system

n .  n

interaction

- notes

t.IE?Im?taHiiiIiY8Yaai:iiiio#.*eaQ3TR=

 room temp ( Engine)

Free Hamiltonian Ho = E ,
I Hit Ez 12×21

.
-

( Assume EKED Tif =  excited state of  i - th qubit ( i  = 1,2 )

Ground State Energy for both qubits  = 0 . . ( assume )

: Thermal State  of  First Qubit  = q =  e-
BE ' " × "

#*# ,

similarly for the second qubitq
'

' 410×01 + C tri ) 11×4 ( riley 's k= EPIX )

: Joint State - zxoez . : When Refrigeration  occurs  The system achieves

some  steady state temp Ts & the new 4 of the first qubil = r ! 10×01+(1 - H ) 11×11

clearly here r ? > ri faitpi,;D
: roe  = fjnr¥ r]x . .r;a⇒ . " NIOMYYEFKFID

:
. Here eoefft  of IOD has higher energy than ko) #

. . .
.

 I Cooling

Caveat : - Applying this unitary Swap  is not free - Idea : Use free Energy
-



Add a third qubit which is  at contact With a high temp bath ( E }= E - ED

Joint State of the  system qaezeeg

=
r ,k

:
it Check : -

: 0
. Verify that coefft  of 10107 =( 0

.

.

.

.

.

] cnn.r.gg#t0ttl0D
.

.

. FKF

Now can I cool ? (

Not
forbidden now ! )

Won'tbe using SWAP
,

rather will use an interaction

Hint . g (1010×1011+1101×0101)
; Assume E ; Dg - will not  change eigen values &

eigenvectors significantly .

Phenomenological model .

.

-

What happens to free  coherence
With probability p ; the i - th qubit goes - constraints ?

per  unit time back to original state Study
-

-

Now 1 wan 't a dynamics for this
.

Master Equation : - 2¥
,

= - if Hot Hint , At ⇐
,

Pi ( Eat
Approach : - Look at the steady state  solution &

Lindblad term

corresponding steady state temperature

Doa¥e
 analytically ,

but boring hard calculation - done numerically .

) You can go
 T O + Effici

TEE .en
- = Carnot

EfficiencyT*⇐÷
 = 2



DAY '5

LECTURE 17 09:30 . 11:00

Iswavefunctionapartofthe Reality ?

Guruprasad Kar

ISI Kolkata


