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Teleportation

* Existence of Entanglement assist in information transye
a sender, unaware of the information to be sent, as well
the destination.

* As is well known, the Bell state for example
%(\OO) + |11)) can be used for the teleportation of an
unknown qubit given by «|0) + 5|1)

* Measurement leads to state collapse

* Classical communication and Local unitary
transformations, teleports this state to Bob.
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Explicit protocol is as follows,

Suppose, Alice and Bob share an entangled Bell state.
Alice has an unknown gubit (which she wants to telepot
Bob) with her particle as follows

(100) + 111))(a]0) + G]1)) + (]00) — [11))(a|0) = 5|1))
+(]10) 4 101))(5]0) 4 a[1)) + (]10) — [01))(5]0) — a|1))

Alice encodes, the outcome of her measurement in clas
bits and sends it to Bob.

Bob performs an unitary operation from the set
I, 01,1049, 03 and obtains the unknown qubit information.

For examplg«a|0) + G]1)) = (8]0) + «|1))
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In general, Suppose Alice and Bob share a maximally entédn
state|p) 45, Where A and B respectively refer to the subsystel
of Alice and Bob.

Alice wants to teleporty)),, in her possession, to Bob. Thus, s
prepares the combined state,

1 D
a — T = T/a Um .
V)ale) aB @;wu V) B

Here,U, are unitary operators on subsystem B angh, 4 are
mutually orthogonal states of the joint system.

Certain entangled states cannot be used for teleportation
eg. W state cannot be used, but the GHZ state can be used 1
teleporting a single qubit state.
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But the Modified W state given by .

1
75(\10(» +1010) + v/2|001)),

can be used for the same purpose.

These are Unitarily connected with GHZ states

Note that under LOCC , the W and the GHZ states belo
to two different classes

Note that Entangled two qubit system, like the Bell pair
also be teleported .
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Arbitrary two qubit state

* An arbitrary two qubit state given by,
¥) = al00) + |10) 4+ 7|01) + S|11),

satisfying|a|® + [3]* + |v|* + |u|* = 1, can also be
teleported.

* Carried out initally using product of two Bell pairs.

* Later a genuinely entangled four qubit states were usec
this purpose (For eg: Yeo-Chua state and the Cluster st
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* We illustrate the usefulness of the five qubit Brown state
this purpose, which is as follows:

1
5) = 5(1001)]6-) + [010)¢-)
+[100)|@4) + [111)|14)),
where,[¢4) = Z5(]00) & |11)) and|¢+) = —5(|01) = |10))
are Bell states.
* Found by two different Numerical search procedures

* This state exhibits genuine multi-partite entanglement
according to both negative partial transpose measure, ¢
well as von Neumann entropy measure
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Entanglement properties

* There is 1 ebit of entanglement between (1834nd two ebits
between (12315)

* hese are the maximum possible entanglement values betive
respective subsets

* Itis also to be noted thafr(p? ) = 5 andTr(p ;))... = 1,
whereziq, io... refer to the subsystems respectively
It has Multiple entropy measures (MEMS) 6f = 1 and.S; = 2
respectively.

* This is more than the entanglement exhibited by the GHZ, W
the cluster states.
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Entanglement properties

Even after tracing out one/two qubits from the state,
entanglement sustains in the resulting subsystem and t
IS highly ‘robust’.

Also, the state is maximally mixed, after we trace out ar

possible number of qubits, which is an indication of
genuine multi-particle entanglement

the above state assumes the same form for all 10 splits
(3+2). Thus, Alice can have any pair of 3 qubits in the
above state to teleport to Bob.

This is not possible with the four-qubit states known bef
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Physical realization

* We start with two photons in the Bell state given by

1
O1) = E(IOD +[10)).

* We need to prepare another photon in the state
L-(]0) + [1)).
* One can combine both these states and perform a

UC NOT operation on the last two qubits and gdtia

class of states as follows :
1 UCNOT(3,2)
5(\01> +110))(10) + 1)) —

%(\100> +1010) + [001) + [111)).
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* We now take two photons in another Bell state,
|
V2

The Brown state can be obtained by applying an unitary
transformation’/, to their combined state as follows :

WY Js) =5 [abs)

* The unitary transfornt/, is given by a32 x 32 matrix,
which can can be further decomposed into known gates
Quantum information.

Y1) = —=(100) +[11)).
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Single qubit teleportation

* Let us first consider the situation in which Alice possessdstyg
1, 2, 3, 4 and particles belongs to Bob.

* Alice wants to teleportq|0) + (|1)) to Bob. So, Alice prepares
the combined state,

(a]0) + BI1)[5) = |91)ar4 (@]0) + BI1)) + |@2)a,_ (2|0) — B[1
+‘¢3>a2+ (6‘0> + O“1>) + ‘§b4>a2— (ﬁ‘0> _ O“1>

where, thg¢,),,+ are mutually orthogonal states of the
measurement basis.
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Single qubit teleportation

* The stateseo,),,+ are given as,

¢2)a,+ = (—[00011) + [00100) + [01001) 4 [01110))
+(]10010) — [10101) + [11000) + |11111)),
b2)ayte = (—[10011) + [10100) + [11001) + [11110))
+(]00010) — [00101) + |01000) + |01111)).

* Alice can now make a five-particle measurement usig,. +
and convey the outcome of her measurement to Bob via two
classical bits.

* Bob can apply suitable unitary operations given by
(1,071,109, 03) to recover the original statex|0) + 5[1)).

* This completes the teleportation protocol for the teleginoh of
a single qubit state using the staie ).
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Arpitrary two qubnit teleporia-
tion

* Alice has an arbitrary two qubit state,

¥) = a|00) + p[10) +~|01) + 5[11),

* which she has to teleport to Bob. Heres, v andy are
any set of complex numbers satisfying
o® + B]* + [7[* + |uf* = 1.

* Qubitsl, 2, 3 and4, 5 respectively, belong to Alice and
Bob.
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Arpitrary two qublit teleporta-

tion

® Alice prepares the combined staté)|15) =

[0
— 7[00
+ /10
+ /10

+ p|11) 4+ B|10
8|10
3]00

) + s

)

)
3|00)

)

)

)

i[\w5>1(a|01
+[5)3 (|01
+|s5)5 (11
)

+|s5)7 (|11

+ pl11
+ 1|01
(|01

alll
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) —
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alll) —
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) + |¥s
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+[95)9(|00) + v[01) + p[10) + B|11)) + |¢bs5)10(c|00
+[15)11(c|00) + ~[|01) — p[10) — B|11)) + [¢5)12(|00
+[¥5)13(a[10) + v[11) + p|00) + B|01)) + [¢5)14 (|10
+[¥5)15([10) + v[11) — p|00) — B|01)) + [¢5)16(r[10)

7100y — pl11) — BI1
7100y — p|11) + BI1
7110) + u/01) — Blo
7110y — f01) + Blo
7101) + p|10) — BI1:
7101) — p|10) + BI1:
7I11) + /00) — 810

—7|11) — p|00) + B]01)
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® Here,|15);'s forming the mutual orthogonal basis of measurement arengby :

951 = 5[16-)1010) + |6.4)[111) + [-)]001) + th4) 100}
[¥5)2 = 5[16+)1010) +]6-)[111) + [14)]001) + ) 100}
[$5)s = 5[19-)1001) + [4)]100) — |61)[010) — [6-)[111)];
[Ys)a = 5[1%-)1001) + [$4]100) — |6-)[010) — |64) 111)]
[sbs = 3l 111) = [6-)[010) — [6-)[001) + [6+) 100)];
[sbs = 21— )11L) — [64)]010) + [64)]001) — |-} 100)];
957 = S[19-)I111) — [$4)]010) — |61)]001) + ) 100)];
[Ys)s = 219111 — @-)]010) + |6-)]001) — |¢4)|100)];
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[Ysdo = 5 [64)111) + [$-)1010) + [6-)1001) + |+ )]000)];
[Yshi0 = S[%-)I111) + [$4)]010) — |6-)]001) — [354)]100)];
Y511 = 3 [l )111) + [94)]010) +]¢41001) +]¢)|100)];
[Ys)1z = 3[4 )[111) + [$-)]010) 641100 — |¢)[000)};
[¥s)1s = 3114} 100) — [$-)]001) ~ [-)[010) + 64 )|111)];
51 = 5[19-)1100) — |4)1001) + |-)]010) — [ 111
[95)15 = 31— )[100) — [94)]001) 641010 + g )|111)];

1

[¥5)16 = 5 ll%+)[100) — |5—)|00L) + |¢)|010) — ¢+ )[111)].
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* Alice can make a five-particle measurement and then
convey her results to Bob.

* Bob retrieves the original state), by applying an unitary
transform to the respective states.

* This successfully completes the teleportation protoca c
two qubit state usingys).
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Information splitting

* The first scheme for the information splitting of a single
gubit state was demonstrated by Hillextyal. using the
three and the four particle GHZ states.

* [nformation splitting of an arbitrary two qubit state, was
carried out using four Bell pairs (eight particles)

* No four qubit state could be used for this purpose

* We demonstrate the usefulness of the five particle Brow
state for Information splitting of an arbitrary single amgbt
qubit states.
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Proposal |

Alice possesses qubit 1, Bob possess qubit 2, 3, 4 and Charlie

Alice has a unknown qubit(0) + 3|1)) which she wants Bob and
Chatrlie to share.

Alice combines the unknown qubit with the Brown state andgoers a
Bell measurement and convey her outcome to Charlie by twis.cbi

For instance, if Alice measures in the bagfs ), then the Bob-Charlie
system evolves into the entangled state:

a(|01)¢—) + [10)[1-)) + B(|00)|¢4) + [11)[4.)).

Now Bob can perform a three partite measurement and congey hi
outcome to Charlie by two chits.
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* Having known the outcome of both their measurements, Ghe
can obtain the state by performing appropriate unitary
transformations.

* The outcome of the measurement performed by Bob and the
obtained by Charlie are shown in the table below:

Outcome of the measurement | State obtained
2(]010) — |101) + |001) + [110)) | «|1) + 3]0)
2(]100) — [011) 4 000) + [111)) | «|0) + B[1)
£(]010) — [101) — |001) — [110)) | «|1) — B|0)
2(]100) — [000) — [111) —|011)) | «|O) — B1)
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* Here, Bob can also perform a single particle measurem
followed by a two particle measurement instead of a thr
particle measurement.

* However, this would consume an extra chit of informatic
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Arbitrary two qubit state

* We let Alice posses particles 1,2, Bob have particle 3, a
Charlie has particles 4 and 5 in the Brown state respecti

* Alice first, combines the state’) with the Brown state anc
makes a four - particle measurement.

* The outcome of the measurement made by Alice and tt
entangled state obtained by Bob and Charlie are showr
the table(the coeﬁicierﬁt IS removed for convenience).
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Table

Outcome of the measurement State obtained
(]0000) + [1001) + |0110) + [1111)) | «|1) + wu|Q22) + v|Q23) + B]Q4)
(]0000) — [1001) 4 0110) — |1111)) | @|Q1) — 1| Q) + ~[Q3) — B]Q4)
(]0000) + [1001) — |0110) — |1111)) | @|Q1) + 1| Q2) — ~[Q3) — B]Q4)
(|0000) — |1001) — |0110) + [1111)) | «|Q1) — w|2) — v[23) + 5|Q4)
(]0010) + [0101) 4 |1000) + |1101)) | |Qs3) + [ + p|Q1) + 8]Q2)
(]0010) — [0101) 4 |1000) — |1101)) | @|Qs3) — | + p|Q1) — 8]Q2)
(|0010) 4 |0101) — [1000) — [1101)) | «|Q23) 4+ v|Q4) — w|21) — G|Q2)
(]0010) — |0101) — [1000) + |1101)) | a|Qs) — 7|Qu) — p| Q1) + 3|Q)
(]0001) + [0100) + |1011) + |1110)) | c|Q2) + ¥|Q1) + p|Q4) + 5]Q3)
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Table(continued)

Outcome of the measurement State obtained
(]0001) — |0100) + |1011) — |1110)) | «|Q2) — v|Q1) + u|Q4) — B|Q3)
(J0001) + |0100) — |1011) — |1110)) | «|Q2) + ¥[Q1) — u|Qa) — B]|23)
(]0001) — |0100) — |1011) + |1110)) | «|Q2) — v|Q1) — u|Q4) + B|Q3)
(J0011) + |1010) + |0101) + [1100)) | «|Q4) + p|Q3) + v|Q2) + B|Q1)
(J0011) — [1010) + |0101) — |1100)) | «|Qa) — u|Q3) + v|Q2) — B]21)
(J0011) + |1010) — |0101) — |1100)) | «|Q4) + p|Q3) — v|Q2) — B|Q1)
(]0011) — |1010) — |0101) + |1100)) | «|Q4) — p|Q3) — ¥|Q22) + B|Q1)
Here,

91) = 2(1101) ~ [110)), |22) = > (1000) ~ [011)),

(]100) + [111)).

N[ = N

93) = (1001) + [010)), 524) =
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Neither Bob nor Charlie can reconstruct the original statefrom the
above states by local operations.

Now Bob performs a measurement on his particle in the basis

L (J0) £ [1)).

For instance if Bob gets the state|{(2;) + u©|Q2) + v|Q3) + B]Q4))
then Charlie’s particle evolves into any one of the follogvstates:

(Falo-) + plp-) +7|o+) £ Blby)).

If Charlie gets the above states, then he performs the ynitar

transformations+|11) (x4 | 4 [10) (¢ |) £ (]00){(p_| + [01){h_|) on
his two particles to get badk)).

The Brown state could also be used for information splitbhg three
partite GHZ type state given by\{GH Z) = |000) + 3|111).
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Superdense coding

Entanglement is quite handy in communicating informa
efficiently, in a quantum channel.

Alice and Bob share an entangled state, namelyi s.

Then Alice can convert her state into different orthogon:
states by applying suitable unitary transforms on her
particle

Bob then does appropriate Bell measurements on his g
to retrieve the encoded information.

It is known that two classical bits per qubit can be
exchanged by sending information through a Bell state.

We shall discuss the suitability ¢fs), as a resource for
superdense coding.
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Superdense coding

* Let us assume that Alice has first three qubits, and Bob
last two qubits.

* Alice can apply the set of unitary transforms on her part
and generaté4 states out of whicl32 are mutually
orthogonal as shown below:

Uaiz)) ®[®[ — ’w5>a}z

* Bob can then perform a five-partite measurement in the
basis ofji5),. and distinguish these states.
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Capacity of dense coding

* The capacity of superdense coding is defined as,
X (p"P) =logada + S(p®) — S(p™*7),

whered 4 is the dimension of Alice’s systens,(p) is
von-Neumann entropy.

* For the statéys), X(p*P) =3 +2—0=5.

* Thus, the super dense coding reaches the "Holevo bou
allowing five classical bits to be transmitted through thre
guantum bits consuming only two ebits of entanglemen
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* One can also send four classical bits by sending two gu
consuming two ebits of entanglement.

* Thus the Brown state could also be used instead of foul
partite cluster state.

* All the applications considered here could also be catrrie
out using a state of the type :

¥5) = A1|001)|¢—) + A2|010)|¢-)
+A3[100)|¢+) + Ag|111)[1hy),
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* whereA,; Is an integer, If the following relations are
satisfied :

4
— ) AF(1+1log A7) =1,

n=1

1
—(A3 + ADloga(A; + A7) = 5.

* This is a necessary but not sufficient condition.
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Cluster states

Unlike the Brown state, cluster states have been experatignt
realized in laboratory conditions.

These states were first introduced for linear optics one way
guantum computation.

They show a strong violation of local reality and are showhéc
robust against decoherence

They exhibit remarkably different entanglement properfrem
the GHZ states.

The four partite cluster state has been proven to be of imener
use in one way Quantum computation and also for Quantum
error correction.

Recently, one way quantum computing with four qubit cluste!
states has been experimentally realized.
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The five particle cluster state

* The five particle cluster state is given by :

1
C5) = 5(]00000> +100111) + |[11101) + |11010)).

* These states have been identified as Task-oriented
Maximally Entangled States.

* We let Alice posses particles 1,5, Bob posses patrticle 2
Charlie posses particles 3 and 4 in {hg) respectively.
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* Alice first, combines the state) with |C5) and performs &
four - particle measurement and conveys the outcome c
measurement to Charlie by four cbits of information.

* The outcome of the measurement made by Alice and tt
entangled state obtained by Bob and Charlie are showr
the table(the coefficien}t IS removed for convenience).
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Table

Outcome of the Measurement State obtained
0000) + [1011) 4 0111) + [1110) | «|000) + w|011) 4+ ~|110) + 3|101)
0000) + [1011) — |0111) — [1110) | @|000) + p|011) — ~|110) — 3]101)
0000) — [1011) + |0111) — [1110) | «|000) — 1|011) + ~|110) — B|101)
0000) — [1011) — |0111) + |1110) | «|000) — p|011) — ~|110) 4+ B|101)
0001) + |1000) + [0110) + [1111) | @|011) + x|000) + ~|101) + G|110)
0001) + |1000) — [0110) — [1111) | @|011) + x|000) — ~|101) — B]110)
0001) — [1000) 4 |0110) — [1111) | «|011) — £|000) 4+ ~|101) — 3]|110)
0001) — [1000) — |0110) + [1111) | «|011) — 1|000) — ~|101) + 3]|110)
0011) + |1010) + |0100) + [1101) | «|110) + x|101) + ~|000) + 5|011)
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Table(continued)

Outcome of the Measurement State obtained
0011) + [1010) — |0100) — [1101) | «|110) + p|101) — ~|000) — 3]011)
0011) — [1010) 4 0100) — [1101) | «|110) — p|101) 4+ ~|000) — 3|011)
0011) — [1010) — |0100) + [1101) | «|110) — p|101) — ~|000) + 3]011)
0010) + [1011) 4 ]0101) + [1100) | «|101) + p|110) 4 ~|011) + 3]000)
0010) + [1011) — |0101) — [1100) | «|101) + p|110) — ~|011) — 3]000)
0010) — [1011) 4 ]0101) — [1100) | «|101) — p|110) 4 ~|011) — 3]000)
0010) — [1011) — |0101) + [1100) | «|101) — p|110) — ~|011) + 3]000)
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* Bob can perform a measurement in the bg%i@O} + |1)),
and communicate the outcome of his measurement to
Charlie who then, performs unitary transformations to g
the statgq)).

* Forinstance, had the Bob-Charlie system been the first
state, then, after Bob’s measurement, Charlie’s state
collapses tda|00) 4 p|11) +~|10) + 3]01)), which can be
converted tgv), by performing an appropriate Unitary
operation.

* This completes the protocol for QIS of an arbitrary two
qubit state usingCs).
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The six particle cluster state

* The six particle cluster state is given by :

1
Cs) = 5(|000000) + 000111) + [111000) — [111111))

* Recently, the exact state has been realized in laborator
conditions.

* [t can be shown that one can devise four protocols for C
of a single qubit state and two protocols for the QIS of a
arbitrary two qubit state using this state.

* All the schemes discussed are fully technologically
feasible.
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Conjecture

* The above detailed analysis suggests the following
conjecture:

The maximum number of protocols that can be constructed
for the Quantum information splitting of an arbitrary n
gubit information, using a genuinely entangled channel of
N qubits, among two partiesis (N — 2n).

* By substitutingV = 4 andn = 2, in this formula, we can
deduce that four qubit states cannot be used for the QIS
an arbitrary two qubit state.
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« Thank you for your patience

» This presentation was prepared using free
software ATpX
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