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® — - Hilbert space H (state space)
quantum system (finite-dimensional)

= Stat f a physical system):
ates (of a physical system) 0 >0, Trp =1

density matrices
More generally: if a quantum system is In pure states:

‘W1>"l//2>----1‘§”k>€7/, with probs. pl\’ P2y-s Py

K
5:{pi’%>}(_> pzzpi‘l/ji><l//i‘ In general <"”i‘wi>¢§ﬁ
i=1
s Spectral decomposition: d
A. >0, }“i =1

d
L = Z_;jﬁ ‘¢|\>A<¢| " probability

! : {ﬂf}d . distributi
eigenvalues eigenvectors i fj_q = ClSHIoUtion
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= Any allowed physical process that a quantum system can undergo is
described by a :

linear completely-positive, trace preserving (CPTP) map

/
p =D(p)
P >l @D :CPTP map >
input output
= Trace-preserving (TP): 1T p' =Trp =1

= Positive: 2 =D (p) =0

environment
= Completely positive (CP): Phre

O D(7,) > D(74)

((D X idE)(pAE) = an allowed state of c p(y{B ®7{E)

the composite system

(O X1de ) () 20




I UNIVERSITY OF
&Y CAMBRIDGE

Generalized measurements - POVM:
A quantum measurement is described by a POVM
E={E}; initesey Ei=0 ZEi = |
|
If the system is in a state © before the measurement,

Then, probability of getting the i outcome is:
p; = Tr(E; p)
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Any mixed state A pure state

(- 7{ e — S,
Pn S 7 ‘WAR>E%®%[|§1M;

pp=Try ‘LPAR><LPAR

purifying reference system
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ofastate V- | S(p):=-Tr (,0 log ,0) log = log

d

Spectral decomposition: £ = Zﬂf. ‘¢i><¢i ‘;

1=1 d

S(p)==Tr (plog p)=-> 4log 4

=1

—H ({/’L }) Shannon entropy

S(p):O if and only if O is a pure state: P:‘\P><\P‘

- S (,0) — a measure of the “mixedness” of the state O
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Other Entropies

For a bipartite system in a state Oag -

= Joint entropy:

S(Pag) =—Tr(pps 109 py)

= Conditional entropy:

S(A[B), =S(0)—S(ps)

Ps =TI Pus

reduced state

= Quantum mutual information:

1(A:B), =35(pa)+S(0s) —S(0as);




I UNIVERSITY OF
&Y CAMBRIDGE

Quantum Relative Entropy
= A fundamental quantity in Quantum Mechanics & Quantum
Information Theory is the Quantum Relative Entropy

of p wrt. 0, p=>0, Trp=1 c=>0:

D(pl|loc)=Trplog p—Tr p log o

log =log,
well-defined if SUpPpP p C SUpp o

= [t acts as a parent quantity for the von Neumann entropy:

S(p)=-Trplogp==D(plll) | (o=1)
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= It also acts as a parent quantity for other entropies:

e.g. for a bipartite state O,z '

= Conditional entropy

S(A[B)=5(0n) —S(05) =—D(0ps || 11 ® o)

= Mutual information Ps =TI\ Pag

1 (A:B)=5(p,) +3(05) —S(Pne) = D0 Il P ® p5)
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Some Properties of D(p || o)

: D(p| o) =0 p,0 states

“distance” _ _
_ =0iIf&onlyif p=o
symmeic
tri%quality

= Monotonicity under a quantum operation (CPTP map)

DA IA@)<D(p)|6) oo

(1)

Many properties of other entropies can be proved using (1) & (2)
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® S(p)=0; S(p)<logd; where d=dim #
@ subadditivity: S(05) < S(0)+S(0s)

@® Concavity: S (Z pipij > z piS(pi)
® Invariance under unitaries: § (U oU T) =S (,0)

@ H(X)S H(X’Y) but S(/OAB)SS(IOA) is possible!!

X,Y © classical r.v.s

Conditional entropy O (A ‘ B)p can be negative!

®  Araki-Lieb inequality: S(Png) 2 ‘S(pA) - S(pB)‘
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= Strong subadditivity: L asc tripartite state

S(Ppec) TS(0g) < S(Pps) +S(05c)

Lieb & Ruskai ‘73

Consequences of strong subadditivity:

= Conditioning reduces entropy S(A| BC)p < S(A| B)p

= Discarding quantum systems never increases mutual

information
I(A:B), <I(A:BC),

= Quantum operations never increase mutual information

I(A:B"), <1(A:B); ne=(ds®Ag 5) 00
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= Operational significance of the von Neumann
entropy

= optimal rate of data compression for a
memoryless (i1.1.d.) quantum information source
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‘—) signals

Quantum Info source

signals (pure states) ‘W1>,‘W2>----,‘l//r>€ H
with probabilities ~ Pis Posey Py <V/i‘%”j>¢5u

= Then source characterized by: {,0, 7'/}
4

PR
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

_ y Ny | density matrix
p ;p.\w.ﬂw.\

= Memoryless quantum information source

XN

State of N copies of the source: Pn = £
no correlation
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= Evaluated in the asymptotic limit N — o0
N = number of copies/uses of the source

= emits signals ‘l//(n)> ‘W(n)> ‘W(n)>€7‘/®n

(n){,,,(n)

) -+ O..

= With probs. 1(n), Oén),..., p(”) <'7”' 7 > J
ul (n) () ) in general

s State : Pn :Z Oi 4 ><W|

i=1
Compression-Decompression Scheme

= Encoding: E_ . ‘wl(n)><wl(n) —> O'(n) < ﬂ(ﬁ )

compressed C_)mpressed
signal state Hilbert space

o Decoding:Q)n ( ) —> Cf) E g(ﬂ@)n)

recovered signal
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‘V/(n)>< (n) o " o™
N copies of‘_l—@_“' _____ _')
a ?uantu_m el compressed TEEOVEEL
Information pn e @(ﬂ®n) ) n state
source state in .

®n
with prob. pi(n) dim 7" BUL)

Require: ensemble average fidelity Fn —>1 as n—ooo...l......
(n) (n)
D, o, (vi” ) {v

Z p(" < (n) )‘W.(n)>

Optimal rate of data compression: Data compression limit

n— ... (a)

. _log(dim %
= Minimum value of R_:=1im o ) such that (a) holds
nN—o0 N
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m
state of I1 copies , _ (n) _(n)>< m| _  _en.
of the source P Z:ll i ¥ Vi — )
‘wi(n)> :signal emitted with prob. pi(”); <Wi(n) W}n)> * é‘il—

pe DA ) dimA =d - p =p e D(H"")

Spectral decompositions:

d qn
p=2.0;|9,)(#;] PﬁZ;ﬂK(M

J: k:

vy

s ) la)sla)e.a)

Identification of the label K asa sequence of classical indices

K = (K, Ky, oo K )
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state of N copies (n) (n) >< | _  @n,
of the source Pn = Z P - ’
‘()yi(n)> :signal emitted with prob. pi ; <Wi(n) an)> # 0;

peDH ) dm#A =d . p =p*" e A"

Spectral decompositions:
(n) >< (n)

p=30,0,)0,| XA

¥")=|0.) 80, )|,

®n

Identification of the label K asa sequence of classical indices

k= k=(K,Ky,oo K )



;;E; UNIVERSITY OF
' - sum over all possible sequences

K =(K,, Ky, k) 2
ki {1,2,..d}; d=dim#

von Neumann entropy S(,On) S(,O®n) =NnS (,0) = nH ({qk})
probability: P(K) = /Ig(n) =0 Oy, O

Ve >0, asequence K = (kl, kz, ..... , kn) is & —typical if:

2—n(H({qk})+8) < p(k) < 2—n(H({qk})—6)

Hilgie) = p(K) < 2—n(8(p)—8), Tg(”) '— & — typical set

. n
eigenvalues ﬂé) — - Sequences K

eigenvectors ‘\P(K”)>

7;(”) '— & — typical subspace
-
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£ — typical subspace 7;(”) — K"

= Subspace spanned by those eigenvectors
‘\I’(Kn)> = ‘gpkl>®‘(ﬂk2 > ®...‘§0kn > for which K € Tg(n)
= Let Pg(n) . orthogonal projection on to the typical subspace

Typical Sequence Theorem === Typical Subspace Theorem
Fix £ >0, then VO >0, and N large enough:

P(TO)>1-6 Tr(P"p,)>1-6
(1_5)2n(H({qk})—e) < Tg(n)

(1-5)2"¢9 < dim 7™

S 2n(H({qk})+‘9) S 2n(S(,0)+3)
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ldea behind the compression scheme

(n) (n) l/lfn)> " 5”

‘l)yi(n)> signal emitted with prob. P, <‘//i

‘Wi(n)>: Pg(”) Wi(n)>+(| _ Pg(”))‘%(”)>

= 7;(”) z 7~(W  map this onto
keep this part a fixed pure state

unchanged (n) (n)
; 45" ) < 7.
Compression

scheme L (‘Wi(n)><wi(n)

) ,5.(”)

~/

Yo,

Vi

~(n)>OC p ("

™ — g ‘ ~(n)><

") af

Decompressi
scheme

~ (n)
Vi

on

‘¢(n)>< (n)

o) 8

D, ("

2 - ‘

)=p"®0

c D(7;™)

(-
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5= ¢ ‘ ~(n)><'ﬁ.(n) e D (7.")

‘¢(n)>< (n)

Ensemble average— (n) /;, (0) (n)
=Py

fidelity

(n)> > 22 p(n)Ot 1
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Schumacher proved (1995): for a memoryless source

o H |

von Neumann entropy

Data compression limit = S (,0) : of the source
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Schumacher’s Theorem : Quantum Data Compression

Suppose {,0, 7/} IS an memoryless, quantum information
“ source
L, =P i S(p) . von Neumann entropy

= Suppose R > S(P) . then there exists a reliable compression
scheme of rate R for the source.

= If R<S(p) then any compression scheme of rate R

will not be reliable.

Proof follows from the Typical Subspace theorem
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Schumacher’s Theorem : Quantum Data Compression

= Suppose R> S(P) . then there exists a reliable compression
scheme of rate R for the source.

s Proof:

Compressed
Hilbert space

}[n.

c?

dim ] = 2™ R>S(p)

= Choose ¢ >0,suchthat R > S (p) + &
Fix o >0, choose I large enough such that:

Tr(PVp,)>1-6; dim7 " <200 pR=(fim g7

(n) C
= 7, CH,;
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Ensemble average fidelity

Z p(n) < (n)

(n)

(n>> > 22 0?1

>1-20

(by the Typical Subspace Theorem)

— Ifn—)l as N — oo
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Schumacher’s Theorem : Quantum Data Compression

Suppose {,0, 7/} IS an memoryless, quantum information

. source
L, =P i S(p) . von Neumann entropy

= Suppose R > S(P) . then there exists a reliable compression
scheme of rate R for the source.

= If R<S(p) then any compression scheme of rate R
will not be reliable. ™

N
(See Cambridge lecture notes)




