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Derivation of TOV equation:

Consider the general static, spherically symmetric metric [1]

ds2 = −e2α(r)dt2 + e2β(r)dr2 + r2dθ2 + r2sin2θdφ2 (1)

Let’s now take this metric and use Einstien’s equation to solve the function α(r) and β(r).
We are looking for nonvacuum solutions, so we turn to the full Einstien equtaion,

Gµν = Rµν −
1

2
Rgµν = 8πGTµν (2)

where Rµν and R are the Ricci tensor and Ricci scalar, respectively. gµν is the metric

gµν =

gtt gtr gtθ gtφ
grt grr grθ grφ
gθt gθr gθθ gθφ
gφt gφr gφθ gφφ

 =


−e2α(r) 0 0 0

0 e2β(r) 0 0
0 0 r2 0
0 0 0 r2sin2θ


We begin by evaluting the christoffel (or affine connection or Levi-Civita or Riemann connection)
symbols. If we use lables (t, r, θ, φ).

Γλµν =
1

2
gλσ(∂µgσν + ∂νgµσ − ∂σgµν) (3)

Γttr =
1

2
gtσ(∂tgσr + ∂rgtσ − ∂σgtr)

=
1

2
gtσ(0 + ∂rgtσ − 0))

=
1

2
gtt(∂rgtt)

=
1

2
(−e−2α(r))(∂r(−e2α(r)))

=
1

2
(−e−2α(r))(−2e2α(r)∂rα)

Γttr = ∂rα (4)
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Γrtt =
1

2
grσ(∂tgσt + ∂tgtσ − ∂σgtt)

=
1

2
grr(∂tgrt + ∂tgtr − ∂rgtt)

=
1

2
(e−2β(r))(0 + 0− ∂r(−e2α(r)))

=
1

2
(e−2β(r))(2e2α(r))∂rα

Γrtt = e2(α(r)−β(r))∂rα (5)

Γrrr =
1

2
grσ(∂rgσr + ∂rgrσ − ∂σgrr)

=
1

2
grr(∂rgrr + ∂rgrr − ∂rgrr)

=
1

2
grr(∂rgrr)

=
1

2
(e−2β(r))∂r(e

2β(r))

=
1

2
(e−2β(r))(2)e2β(r)∂rβ

Γrrr = ∂rβ (6)

Γθrθ =
1

2
gθσ(∂rgσθ + ∂θgrσ − ∂σgrθ)

=
1

2
gθθ(∂rgθθ + ∂θgrθ − ∂θgrθ)

=
1

2
(r−2)∂r(r

2) =
1

2
(r−2)(2r)

Γθrθ =
1

r
(7)

Γrθθ =
1

2
grσ(∂θgσθ + ∂θgθσ − ∂σgθθ)

=
1

2
grr(∂θgrθ + ∂θgθr − ∂rgθθ)

=
1

2
grr(0 + 0− ∂rgθθ) =

1

2
grr(−∂rgθθ)

=
1

2
(e−2β(r))(−∂rr2) = −1

2
(e−2β(r))(2r)

Γrθθ = −re−2β(r) (8)



Γφrφ =
1

2
gφσ(∂rgσφ + ∂φgrσ − ∂σgrφ)

=
1

2
gφφ(∂rgφφ + ∂φgrφ − ∂φgrφ)

=
1

2
gφφ(∂rgφφ + 0− 0) =

1

2
gφφ(∂rgφφ)

=
1

2
(r2sin2θ)−1∂r(r

2sin2θ)

=
1

2
(r2sin2θ)−1(2rsin2θ) =

1

r
(9)

Γrφφ =
1

2
grσ(∂φgσφ + ∂φgφσ − ∂σgφφ)

=
1

2
grr(∂φgrφ + ∂φgφr − ∂rgφφ)

=
1

2
grr(0 + 0− ∂rgφφ) =

1

2
grr(∂rgφφ)

=
1

2
(e−2β(r))(−∂r(r2sin2θ))

=
1

2
(e−2β(r))(−2rsin2θ)

Γrφφ = −rsin2θe−2β(r) (10)

Γθφφ =
1

2
gθσ(∂φgσφ + ∂φgφσ − ∂σgφφ)

=
1

2
gθθ(∂φgθφ + ∂φgφθ − ∂θgφφ)

=
1

2
gθθ(0 + 0− ∂θgφφ)

=
1

2
(r2)−1(−∂θ(r2sin2θ))

Γθφφ = −sinθcosθ (11)

Γφθφ =
1

2
gφσ(∂θgσφ + ∂φgθσ − ∂σgθφ)

=
1

2
gφφ(∂θgφφ + ∂φgθφ − ∂φgθφ)

=
1

2
gφφ(∂θgφφ + 0− 0)

=
1

2
(r2sin2θ)−1∂θ(r

2sin2θ)

=
1

2
(r2sin2θ)−1(2r2sinθcosθ)

Γφθφ =
cosθ

sinθ
(12)



Summary:

Γttr = ∂rα,Γ
r
tt = e2(α−β)∂rα,Γ

r
rr = ∂rβ

Γθrθ =
1

r
,Γrθθ = −re−2β ,Γφrφ =

1

r

Γrφφ = −re−2βsin2θ,Γθφφ = −sinθcosθ,Γφrφ =
cosθ

sinθ
(13)

We know that Riemann tensor

Rρσµν = ∂µΓρνσ − ∂νΓρµσ + ΓρµλΓλνσ − ΓρνλΓλµσ (14)

Now, We calculate Ricci tensor

Rµν = Rλµλν

Rtt = Rλtλt = Rrtrt +Rθtθt +Rφtφt (15)

Rrtrt = ∂rΓ
r
tt − ∂tΓrrt + ΓrrλΓλtt − ΓrtλΓλrt

= ∂rΓ
r
tt − 0 + ΓrrrΓ

r
tt + ΓrrθΓ

θ
tt + ΓrrφΓφtt − ΓrttΓ

t
rt − ΓrtrΓ

r
rt − ΓrtθΓ

θ
rt − ΓrtφΓφrt

= ∂r(e
2(α−β)∂rα) + ∂rβe

2(α−β)∂rα+ 0 + 0− e2(α−β)∂rα∂rα− 0− 0− 0

= ∂2rαe
2(α−β) + ∂rα∂r(e

2(α−β)) + ∂rα∂rβe
2(α−β) − e2(α−β)(∂rα)2

= ∂2rαe
2(α−β) + (2e2(α−β)∂rα− 2e2(α−β)∂rβ)∂rα+ ∂rα∂rβe

2(α−β) − e2(α−β)(∂rα)2

= e2(α−β)[∂2rα+ 2(∂rα)2 − 2∂rα∂rβ + ∂rα∂rβ − (∂rα)2]

Rrtrt = e2(α−β)[∂2rα+ (∂rα)2 − ∂rα∂rβ] (16)

Rθtθt = ∂θΓ
θ
tt − ∂tΓθθt + ΓθθλΓλtt − ΓθtλΓλθt

= 0 + 0 + ΓθθtΓ
t
tt + ΓθθrΓ

r
tt + ΓθθθΓ

θ
tt + ΓθθφΓφtt − ΓθttΓ

t
θt − ΓθtrΓ

r
θt − ΓθtθΓ

θ
θt − ΓθtφΓφθt

= 0 + 0 + 0 + ΓθθrΓ
r
tt + 0 + 0− 0− 0− 0− 0

Rθtθt =
1

r
e2(α−β)∂rα (17)

Rφtφt = ∂φΓφtt − ∂tΓ
φ
φt + ΓφφλΓλtt − ΓφtλΓλφt

= 0 + 0 + ΓφφλΓλtt − ΓφtλΓλφt

= ΓφφtΓ
t
tt + ΓφφrΓ

r
tt + ΓφφθΓ

θ
tt + ΓφφφΓφtt − ΓφttΓ

t
φt − ΓφtrΓ

r
φt − ΓφtθΓ

θ
φt − ΓφtφΓφφt

= 0 + ΓφφrΓ
r
tt + 0 + 0− 0− 0− 0− 0

Rφtφt =
1

r
e2(α−β)∂rα (18)

From eq.(15) can be written as:

Rtt = Rλtλt = Rrtrt +Rθtθt +Rφtφt = e2(α−β)[∂2rα+ (∂rα)2 − ∂rα∂rβ] +
2

r
e2(α−β)∂rα

Rtt = e2(α−β)[∂2rα+ (∂rα)2 − ∂rα∂rβ +
2

r
∂rα] (19)



Rrr = Rλrλr = Rtrtr +Rθrθr +Rφrφr

Rtrtr = ∂tΓ
t
rr − ∂rΓttr + ΓttλΓλrr − ΓtrλΓλtr

= 0− ∂rΓttr + ΓtttΓ
t
rr + ΓttrΓ

r
rr + ΓttθΓ

θ
rr + ΓttφΓφrr − ΓtrtΓ

t
tr − ΓtrrΓ

r
tr − ΓtrθΓ

θ
tr − ΓtrφΓφtr

= −∂r(∂rα) + 0 + ∂rα∂rβ + 0 + 0− ∂rα∂rα− 0− 0− 0

Rtrtr = ∂rα∂rβ − ∂2rα− (∂rα)2 (20)

Rθrθr = ∂θΓ
θ
rr − ∂rΓθθr + ΓθθλΓλrr − ΓθrλΓλθr

= 0− ∂r(
1

r
) + ΓθθtΓ

t
rr + ΓθθrΓ

r
rr + ΓθθθΓ

θ
rr + ΓθθφΓφrr − ΓθrtΓ

t
θr − ΓθrrΓ

r
θr − ΓθrθΓ

θ
θr − ΓθrφΓφθr

=
1

r2
+ 0 +

1

r
∂rβ + 0− 1

r

1

r
− 0− 0− 0

Rθrθr =
1

r
∂rβ (21)

Rφrφr = ∂φΓφrr − ∂rΓ
φ
φr + ΓφφλΓλrr − ΓφrλΓλφr

= 0− ∂r(
1

r
) + ΓφφtΓ

t
rr + ΓφφrΓ

r
rr + ΓφφθΓ

θ
rr + ΓφφφΓφrr − ΓφrtΓ

t
φr − ΓφrrΓ

r
φr − ΓφrθΓ

θ
φr − ΓφrφΓφφr

=
1

r2
+ 0 +

1

r
∂rβ + 0− 0− 0− 0− 1

r

1

r

Rφrφr =
1

r
∂rβ(22)

Rrr = ∂rα∂rβ − ∂2rα− (∂rα)2 +
1

r
∂rβ +

1

r
∂rβ

Rrr = ∂rα∂rβ − ∂2rα− (∂rα)2 +
2

r
∂rβ (23)

Rθθ = Rλθλθ = Rtθtθ +Rrθrθ +Rφθφθ

Rtθtθ = ∂tΓ
t
θθ − ∂θΓttθ + ΓttλΓλθθ − ΓtθλΓλtθ

= 0− 0 + ΓtttΓ
t
θθ + ΓttrΓ

r
θθ + ΓttθΓ

θ
θθ + ΓttφΓφθθ − ΓtθtΓ

t
tθ − ΓtθrΓ

r
tθ − ΓtθθΓ

θ
tθ − ΓtθφΓφtθ

= 0 + ∂rα(−re−2β) + 0 + 0− 0− 0− 0− 0

Rtθtθ = −re−2β∂rα (24)



Rrθrθ = ∂rΓ
r
θθ − ∂θΓrrθ + ΓrrλΓλθθ − ΓrθλΓλrθ

= ∂r(−re−2β)− 0 + ΓrrtΓ
t
θθ + ΓrrrΓ

r
θθ + ΓrrθΓ

θ
θθ + ΓrrφΓφθθ − ΓrθtΓ

t
rθ − ΓrθrΓ

r
rθ − ΓrθθΓ

θ
rθ − ΓrθφΓφrθ

= 2re−2β∂rβ − e−2β + 0 + ∂rβ(−re−2β) + 0 + 0− 0− 0− (−re−2β)
1

r
− 0

= 2re−2β∂rβ − e−2β + ∂rβ(−re−2β) + e−2β

Rrθrθ = re−2β∂rβ.......(25)

Rφθφθ = ∂φΓφθθ − ∂θΓ
φ
φθ + ΓφφλΓλθθ − ΓφθλΓλφθ

= 0− ∂θΓφφθ + ΓφφtΓ
t
θθ + ΓφφrΓ

r
θθ + ΓφφθΓ

θ
θθ + ΓφφφΓφθθ − ΓφθtΓ

t
φθ − ΓφθrΓ

r
φθ − ΓφθθΓ

θ
φθ − ΓφθφΓφφθ

= −∂θ(cotθ) + 0 +
1

r
(−re−2β) + 0− 0− 0− 0− cot2θ

Rφθφθ = (1− e−2β)........(26)

Rθθ = −re−2β∂rα+ re−2β∂rβ + (1− e−2β)

Rθθ = e−2β [r(∂rβ − ∂rα)− 1] + 1 (27)

Rφφ = Rλφλφ = Rtφtφ +Rrφrφ +Rθφθφ

= −re−2βsin2θ∂rα+ re−2βsin2θ∂rβ + (1− e−2β)sin2θ

= {e−2β [r(∂rβ − ∂rα)− 1] + 1}sin2θ
Rφφ = sin2θRθθ (28)

Note: ∂2rα = α′′, ∂rα = α′, ∂rβ = β′

Curvature scalar or Ricci scalar is

R = gµνRµν = gttRtt + grrRrr + gθθRθθ + gφφRφφ

= −e−2αe2(α−β)[α′′ − α′2 − α′β′ + 2

r
α′] + e−2β [−α′′ − α′2 + α′β′

+
2

r
β′] +

1

r2
{e−2β [r(β′ − α′)− 1] + 1}+

1

r2sin2θ
{e−2β [r(β′ − α′)− 1] + 1}sin2θ

= e−2β [−α′′ − α′2 + α′β′ − 2

r
α′ − α′′ − α′2 + α′β′ +

2

r
β′] +

2

r2
{e−2β [r(β′ − α′)− 1] + 1}

= 2e−2β [−α′′ − α′2 + α′β′ − 1

r
(α′ − β′)] + 2e−2β [

1

r
(β′ − α′)− 1

r2
] +

2

r2

= −2e−2β [−α′′ − α′2 + α′β′ − 2

r
(α′ − β′)− 1

r2
] +

2

r2

= −2e−2β [α′′ + α′2 − α′β′ + 2

r
(α′ − β′) +

1

r2
(1− e2β)]

R = 2e−2β [α′′ + α′2 − α′β′ + 2

r
(α′ − β′) +

1

r2
(1− e2β)]......... (29)



Now, calculate full Einstien’s equation

Gµν = Rµν −
1

2
gµνR (30)

tt-component:

Gtt = Rtt −
1

2
gttR

= e2(α−β)[α′′ + α′2 − α′β′ + 2

r
α′]− 1

2
(−2e2α)(−2e−2β)[α′′ + α′ − α′β′ + 2

r
(α′ − β′) +

1

r2
(1− e2β ]

= e2(α−β)[α′′ + α′2 − α′β′ + 2

r
α′ − α′′ − α′2 + α′β′ − 2

r
(α′ − β′)− 1

r2
(1− e2β)]

= e2(α−β)[
2

r
β′ − 1

r2
(1− e2β)]

=
1

r2
e2(α−β)[2β′r − (1− e2β)]

Gtt =
1

r2
e2(α−β)[2rβ′ − 1 + e2β ]..............(31)

rr-component:

Grr = Rrr −
1

2
grrR

= −α′′ − α′2 + α′β′ +
2

r
β′ − 1

2
e2β(−2e−2β)[α′′ + α′2 − α′β′ + 2

r
(α′ − β′) +

1

r2
(1− e2β)]

=
2

r
α′ +

1

r2
(1− e2β)

Grr =
1

r2
[2rα′ + 1− e2β ]............. (32)

Gθθ = Rθθ −
1

2
gθθR

= e−2β [r(β′ − α′)− 1] + 1− 1

r2
(−2e−2β)[α′′ + α′2 − α′β′ + 2

r
(α′ − β′) +

1

r2
(1− e2β)]

Gθθ = r2e−2β [α′′ + α′2 − α′β′ + 1

r
(α′ − β′)]..... (33)

Gφφ = Rφφ −
1

2
gφφR

= sin2θ{e−2β [r(β′ − α′)− 1] + 1} − 1

2
r2sin2θ(−2e−2β)[α′′ + α′2 − α′β′ + 2

r
(α′ − β′) +

1

r2
(1− e2β ]

= e−2βsin2θ[r(β′ − α′)− 1 + e2β ] + r2sin2θe−2β [α′′ + α′2 − α′β′ + 2

r
(α′ − β′) +

1

r2
(1− e2β)]

= e−2βsin2θ[rβ′ − rα′ − 1 + e2β + r2α′′ + r2α′2 − r2α′β′ + 2rα′ − 2rβ′ + 1− e2β ]

= e−2βsin2θ[rα′ − rβ′ + r2α′′ + r2α′2 − r2α′β′]
Gφφ = sin2θGθθ......(34)



Summary:

Gtt =
1

r2
e2(α−β)(2rβ′ − 1 + e2β

Grr =
1

r2
(2rα′ + 1− e2β

Gθθ = r2e−2β [α′′ + α′2 − α′β′ + 1

r
(α′ − β′)]

Gφφ = sin2θGθθ (35)

The energy-momentum tensor of the star itself as a perfect fluid is given by

Tµnu = (ε+ p)uµuν + pgµν (36)

Here, the energy density (ε) and pressure density (p) is a function of r alone. Since, we pursue
static solution, we can take the four velocity to be pointing in timelike direction. Normalized
to uµuν = −1, it becomes

uµ = (eα, 0, 0, 0) (37)

So, the component of energy momentum tensor will be

T =


e2α(r)ε 0 0 0

0 e2β(r)p 0 0
0 0 r2p 0
0 0 0 r2psin2θ


Einstien tensor:

Gµν = Rµν −
1

2
gµνR = 8πGTµν (38)

Using all previous results we can fins that the components of the Einstein tensor are:
The tt-component:

1

r2
e2(α−β)(2rβ′ − 1 + e2β) = 8πGe2αε

1

r2
e−2β(2rβ′ − 1 + e2β) = 8πGε (39)

The rr-component:

1

r2
(2rα′ + 1− e2β) = 8πGe2βp

1

r2
e−2β(2rα′ + 1− e2β) = 8πGp (40)

The θθ-component:

r2e−2β [α′′ + α′2 − α′β′ + 1

r
(α′ − β′)] = 8πGr2p

e−2β [α′′ + α′2 − α′β′ + 1

r
(α′ − β′)] = 8πGp (41)



The φφ-component is proportional to the θθ-equation, so there is no need to consider seper-
ately. So, the tt-component of the Einstien equation gives:

1

r2
e−2β(2rβ′ − 1 + e2β) = 8πGε

e−2β(2rβ′ − 1) + 1 = 8πGεr2

− d

dr
{r(e−2β − 1)} = 8πGεr2

d

dr
{r(e−2β − 1)} = −kεr2

d{r(e−2β − 1)} = −kεr2dr (42)

Where, k = −8πG and previous equation can be integrated

e−2β = 1− k

r

∫ R

0

ε(r)r2dr (43)

Let us define

m(r) = 4π

∫ R

0

ε(r)r2dr

e−2β = 1− 8πG

4πr
m(r)

e−2β =
(
1− 2Gm(r)

r

)
e2β =

(
1− 2Gm(r)

r

)−1
(44)

So that, the metric will be

ds2 = −e2α(r)dt2 +
(
1− 2Gm(r)

r

)−1
dr2 + r2dθ2 + r2sin2θdφ2 (45)

MG= graviational mass

MG = 4π

∫ R

0

ε(r)r2e2βdr

MG = 4π

∫ R

0

ε(r)r2

(1− 2Gm(r)
r )

dr (46)

The binding energy due to the internal gravitational attraction of the fluid elements in the star,
which is given by

EB = MG −M > 0 (47)

The binding energy is the amount of energy that would be required to disperse the matter in



the star to be infinity. The rr-component can be written as

1

r2
e−2β(2r

dα

dr
+ 1− e−2β = 8πGp

2r
dα

dr
+ 1− e2β = 8πGpr2e2β

2r
dα

dr
= 8πGpr2e2β + e2β − 1

=
(8πGpr2 + 1)

(1− 2Gm(r)
r )

− 1

=
(8πGpr3 + r)

(r − 2Gm(r))
− 1

=
8πGpr3 + r − r + 2Gm(r)

(r − 2Gm(r))

=
8πGpr3 + 2Gm(r)

(r − 2Gm(r))

dα

dr
=

(4πGpr3 +Gm(r))

(r − 2Gm(r))
(48)

Now, we have to calculate dp
dr =?. Again, solve the tt-component equation

(2rβ′ − 1 + e2β) = 8πGεr2e2β

2rβ′ = (8πGεr2e2β − 1)e2β + 1 (49)

(2rα′ + 1− e2β) = 8πGpr2e2β

2rα′ = (1 + 8πGpr2e2β)e2β − 1 (50)

Take the derivative of the previous equation then

2α′ + 2rα′′ = (8πGp′r2 + 16πGpr)e2β + 2β′(1 + 8πGpr2)e2β

2rα′ + 2r2α′′ = [2rβ′(1 + 8πGr2p) + (16πGr2p+ 8πGr3p′)]e2β

2r2α′′ = [2rβ′(1 + 8πGr2p) + (16πGr2p+ 8πGr3p′)]e2β − 2rα′ (51)

Put the values of 2rα′ and 2rβ′ from previous equations then

2r2α′′ = 1 + (16πGr2p+ 8πGr3p′)e2β − (1 + 8πr2p)(1− 8πGr2ε)e4β (52)

Square eq.(50) to obtain the result

2r2α′2 =
1

2
(1 + 8πGr2p)2e4β − (1 + 8πGr2p)e2β − 1

2
(53)

Now, we have the expressions for α′, α′′, α′2, and β′ in terms of p, p′, ε, and e2β . Hence, equation
(52) can be written as:

(ε+ p)
dα

dr
= −dp

dr
dp

dr
= − (ε+ p)(Gm(r) + 4πGr3p)

r(r − 2Gm(r))
(54)
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FIG. 1: The mass-radius profile for the force parameters.

Summary: For G=c=1, the TOV equations are written as [2]

dp

dr
= − (ε+ p)(m(r) + 4πr3p)

r(r − 2m(r))
(55)

dm

dr
= 4πr2ε(r) (56)

For a given EOS [3], the Tolmann-Oppenheimer-Volkov (TOV) equations must be integrated
from the boundary conditions P (0) = Pc, and M(0) = 0, where Pc and M(0) are the pressure
and mass of the star at r = 0 and the value of r(= R), where the pressure vanish defines the
surface of the star. Thus, at each central density we can uniquely determine a mass M and a
radius R of the static neutron and hyperon stars using the four chosen EOSs. The calculated
results shown in Fig.1.
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