Chapter 20

Lagrangian Formulation of
Quantum Mechanics

20.1 Dirac’s Transformation
Theory Approach

Quantum mechanics as formulated by Heisenberg and Schrodinger, from dif-
ferent approaches and found to be equivalent, is based on the Hamiltonian
formalism of classical mechanics. In 1933 Dirac gave a Lagrangian formu-
lation of quantum mechanics, which is based on the Hamilton’s principal
function. He noted that in classical mechanics the dynamical variables ¢
and p at a time ¢, are connected to the these variables at any other time by
a contact (canonical) transformation generated by the “action function” S
which is the time integral of the Lagrangian taken between these two times:

Usually a contact transformation consists of

¢,p — Qi(g,p), Pi(q,p),

9S 35

where P=—— 9’ (20.1)
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with
§=5(¢,Q)
If one takes ¢ = q(t),p = p(t), Q = q(t,), P = p(t,) then (20.1) has the form

oS oS
p(to) = ot p(t) = 290

with

S = / t dt'L(t"). (20.2)

which is Hamilton’s first principal function and L(t) is the Lagrangian. The
main hurdle in going over to quantum mechanics is that Lagrange equation in-
volves partial derivations of the Lagrangian with respect to co-ordinates and
velocities which can be done in terms of commutators with the Hamiltonian
and one is back to square one, i.e., the Hamiltonian theory. Dirac has over-
come this problem through what has come to be known as “transformation
theory” in which the key element is the transformation function < ¢|Q >
which connects the representation in which ¢ is diagonal with the one in
which @ is diagonal. In general, an operator «v can have matrix elements like
< ¢|a|@ > which can be related to both < g|al¢’ > and < Q|«|Q" > with

the aid of the transformation function

< qlo|Q >= / < dald > dd < d)Q >= / <q@ > dQ < Q'alQ > .

(20.3)
If we put oo = ¢ we get from the above equation
<{lgQ >=4¢ < Q" > . (20.4)
Similarly if we put @ = p we get
<{|p|Q" >= —z’hi <{Q > . (20.5)

oq'
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Following the same procedure we get with « = @ and o = P

<{IQIQ >=Q" < Q" >, (20.6)
0
<{|P|Q" > = ihan <{|Q >. (20.7)
If we take
N 4@
< ¢Q" >=exp |iU =l (20.8)
and use it in (20.5) and (20.7) we get
! ! aU ! ! ! !
<l > =D < g, (209)
/! /!
<q|P|Q > = _% <{d|Q >. (20.10)

Comparing (20.9) and (20.10) with (20.5) and (20.7)

oUu ou

p
These are quantum analog of classical contact transformation, U being ana-
logue of classical action S. We now set ¢ = ¢(¢) and @ = ¢(t,) in (20.8) for

quantum mechanics as was done in the classical case. It is clear that

-
< q(t)|q(to) > corresponds to exp [%/ dtL(t)] : (20.11)
7 to

It we take t = ¢, + dt, then we have

< q(t+dt)|q(t) > corresponds to exp [%L dt] : (20.12)

This suggests that the Lagrangian should be taken as a function of ¢(¢) and
q(t + dt) rather than ¢(t) and ¢(t).

The correspondence between the left and right hand sides of (20.11) can

be examined by breaking up the time interval (¢ — ¢,) into small sections so
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that
Bt t,) = enJw WL,
= B(t, tm)B(tm, tm—1) - - - B(t2, t1)B(t1, o) (20.13)
<q(t)lq(to) > = / < q()lg(tm) > |dq(tm) < q(tm)|q(tm-1)dq(tm-1)
- < q(t2)(q(t)dg(tr) < q(t)lg(to) > (20.14)
It will be seen that while (20.13) has no integration, (20.14) has many. How-

ever on account of (20.8) each transformation function has the form e*/"
where F is a function of all the ¢’s. Because % is small F/h varies rapidly
with ¢’s unless F' itself varies little. Thus contribution to integrals come from
a very small region where F' is stationary with respect to small variations in ¢
and there is no contradiction between (20.13) and (20.14) and the correspon-
dence (20.11) holds and we have what is known as Dirac’s “action principle”

in quantum mechanics.

The square of the transformation function can be interpreted as proba-
bility of ¢ having value ¢(¢) at time ¢ for a state for which an observation
of ¢ at an earlier time ¢, is certain to give result ¢(¢,). This is a kind of
probability of a path is contrast to Hamiltonian quantum mechanics which
gives probability of position. In order to obtain connection of the Lagrangian
approach with the Hamiltonian approach, we note that the Schrodinger wave
equation can be written in terms of the transformation function < z'|z > in

the integral form as
P(a' t+e) = /d:r(x'\:r > (z, t). (20.15)
This can be verified as follows:

<\l >=<2'(t")|z(t) > <2'(O)|U(t + €, t)|z(t) >

P=tte

— exp (%H) <2@z@) >.  (20.16)
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Substituting (20.16) in (20.15) we get

P(a' t+e€) = /dac < 2'(t)|z(t) > exp (%) h(z, ). (20.17)
Since
< z'(t)|z(t) >=d(z — o),

and

h
equation (20.15) is verified which establishes the desired connection.

exp (ﬂ) (o t) = (ot + o),

20.2 Feynman’s Path Integral Approach

We have seen in the previous section that in the Lagrangian approach to
quantum mechanics, the dynamics is determined by the transformation func-
tion < ¢(t)|q(t,) > which is interpreted by Dirac as the probability amplitude
of the position operator ¢ having a value ¢(¢) at time ¢ for a state for which
an observation at an earlier time ¢, is certain to give result ¢(¢,). This is a
probability amplitude for a particle path rather than its position which one
encounters in Hamiltonian quantum mechanics. Feynman bases his formula-
tion of quantum mechanics on such paths the basic principles of which can

be states as:

The probability P(b, a) of a particle moving from a point a to b is given

by the square modulus of a complex number K (b, a):
P(ba) = |K (b, a)|?. (20.18)

The amplitude of this probability K (b, a) gets contribution from all possible
paths from a to b
Ko=) ke, (20.19)

path
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The paths contribute equally in magnitude, but with phase determined by

the classical action S in units of A.

S = / dtL(t) (20.20)

where L(t) is the classical Lagrangian. The magnitude k is fixed by the

formula
K(c,a) =Y K(c,b)K (b, a). (20.21)
The complex function K (b, a) is ac:;)ually Dirac’s transformation function:
K(z(t),z'(t") =< z(t)|2'(t') >, (20.22)
which as per previous section, can be written as

1

h

N
< z(t)|2'(t") > corresponds to H exp { S(xntn,xN_ltn_l)} . (20.23)
7 p=1

ie.,

< Zn(tn)|Tn-1(tn-1) > corresponds to exp [%S(xntn, ),a:N_l(tn_l)} i
/ (20.24)
Feynman put forth the point that if the time interval (¢, — t, 1) =n €— 0,
the path becomes a straight line. In this case n % but ¢t =t is finite. He
therefore put the equality
< alt) - (tae) > lim %exp [%(wn(tn, ),xn_l(tn_l))]  (20.25)

N—oo
in place Diracs relation (20.24). The constant A occuring in this equation

depends on the Lagrangian. From this, Feynman obtained

e—0
N—oo

N
<), 2t) > = lim [ du / dy - / din [ < n(ta) [2ns(tnr) >,
n=1

T diEQ d.’EN 7
— g [ [ [ e |50 1))
N—oo¥ "4

(20.26)
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where
tn
S(wn(ta), Tnr (ta1)) = / 4t L(z! (¢ dota! (7). (20.27)
tn—l

Equation (20.26) can be written in shorthand as

< z(t)|2'(t') >= v D(z(t)) exp gS(x(t), Z'(t)). (20.28)
Feynman’s formula (20.26) for Dirac’s transformation function can be con-
sidered as a sum of action over space-time paths. Dirac had considered such
splitting of the path as can be seen from the presentation in the previous

section but his final formula was a correspondence, not an equality.

In Feynman’s formalism, the transformation function is taken as the wave
function:
<z(t)|2'(t") >=¥(z,1), (20.29)

although it is the probability amplitude for a particle coming from z'(¢') to
be z(t) and as such it has more information than what one would obtain
from v (z,t). With the definition (20.28), eqn. (20.21) would become

bz, 1) = / do" < z(8)]a" (") > (", ") (20.30)

Physically it tells us that the amplitude ¥ (z(t)) for the particle to arrive at
x(t) is the sum (integral) over all possible values z”(¢") to arrive at z”(t") is

¥ (2"t") multiplied by the transformation function < z(t)|z"(¢") >

20.3 Dirac-Feynman Action Principle

Combining (20.25) and (20.30) of the foregoing section we get

?

V(Tpi1,t+€) = / % exp [hS(an,xn)] (zp,t), (20.31)
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which is known as “Feynman equation” for the wave function. It tells that if
the amplitude of the wave v is known on a given surface consisting of all z,,
at a given time ¢, its value at a nearby point at a time (¢+¢) is sum of contri-
butions from all points on the surface at time ¢. Each contribution is delayed
by an amount proportional to the action it would require to get from the
surface to the point along the path of least action of classical mechanics. In
this sense it is an action principle which can be named as, Dirac-Feynman ac-
tion principle. It can also be called the Huygen’s principles for matter waves
as Feynman puts it. He also notes that Kirchofs’ corrections to Huygen’s

principle are not needed since one has first order derivative in time.

20.4 Equivalence of Feynman and Schrodinger
Equations

The first step in establishing the equivalence is to determine the normaliza-
tion constant A occurring in the Feynman equation (20.31). This is most
easily done for a particle moving moving in one dimension under the action

of a force for which

2
me (T, — Iy
S(~T’n+17$n) = 7 (%) — 6V($n+1), (2032)

which on substitution in (20.31) gives
dzx,, € | m [ Tpi1 — Tn 2
Y(Tnt1,t+€) = P [ﬁ {5 (%) - V(a:n_H)}] , (20.33)
In terms of
T = Tp+1 5 = Tp+1 — Tn,
equation (20.33) has the form

Y(z,t+e€) = %exp {g <— - eV(x)ﬂ Wz — €, 1). (20.34)
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In the limit € — 0 the term e"™¢*/2 ggcillates rapidly giving zero contribution
to the integral except for small &. We can therefore expand ¢(z — &£, 1) in a

Taylor series in ¢ and obtain

Y(z,t+€) = eV /%exp (im§2>

2he
oy &%)
X [w(x,t)—fg-i‘gw-i‘"' . (2035)
Performing integration, we get
3¢($t) _ 1 —ieV(z)overh 2mih 2
V(x,t4+€) +¢ 5~ A° —
ieh 0?2
X {w(azt) + om 8—;5 +-- } . (20.36)
Terms of order € on both sides of this equation agree if
N\ 1/2
A= (27”65> (20.37)
m
Further, taking
P e %V(m) (20.38)
and substituting (20.39) and (20.40) in (20.38) gives
L O B 0%y

which establishes the equivalence between Feynman and Schrodinger equa-

tion.

The equivalence can be established by showing that for a free particle
moving in one dimension the probability amplitude K (ab) defined in section

20.2 satisfies Schrodinger equation.
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For this case
L=-mi (20.40)
Writing
t €
where dt = ¢, we have from (20.26)

d d dz,_ m —
K(a,b) = 11—{% :r1/ T2 / x Lo [g Z(In _xn_l)zi '
n=1

2
— 1
2 = (%) dt = = (T — Tpyr)? (20.41)

n—oo
(20.42)
Substituting A from (20.37) in (20.42) and making use of the identity
/ " dppe ) —alar—ss)? _ (5)1/26 7 (21-73)° (20.43)
o a
and carrying out all integrations, the final result comes out to be
1/2 . 2
m im(Xp, — X,)
K(a,b) = | ——— —_, 20.44
(a,0) [27rzh(tb - ta)] b [ 2(th — 1) (20.44)

which is the Green’s function for one-dimensional Schrodinger equation and
satisfies the equation
n? 92
" 2m o2

K(a,b) = ih2

5 K@) (20.45)

20.5 Concluding Remarks

It is instructive to put the four formulations of quantum mechanics for com-

parison in the same form as has been done by Feynman.

1. (a) Schrédinger Wave Mechanics :

Wzt +€) = _ﬂw 0 (20.46)
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2. (b) Heisenberg Quantum Mechanics:

H H
z(t+€) = exp {%} x(t) exp [—%] (20.47)
3. (c) Dirac’s Lagrangian Quantum Mechanics:
Wzt + €) = / dz < 2|z >, ¥(zt) (20.48)
4. (d) Feynman Formulation:
dl‘k 1
Y(Tps1,t+€) = s ?_LS(ka,xk) U(xg, t) (20.49)

In this connection, the following remarks are in order

(a) The wave function 1 (2',t + €), represents a state in a representation
in which z’ is diagonal while v (z,t) represents, a state in which x is

diagonal. Dirac’s transformation function < z'|z >, relates these two.
(b) Dirac’s < z'|z >, and Feynman’s % exp[£S(a’, z)] are analogous.

(c) Feynman states in his paper in Reviews of Modern Physics that “Dirac’s

remarks were starting point of the present development”.
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