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Synopsis

According to the AdS/CFT correspondence, type IIB string theory on AdS5 x S° is
dual to the four-dimensional N' = 4, SU(N) gauge theory on the boundary. In the
weak coupling limit and large curvature, the string theory can be approximated by
the supergravity description. However, because of the dual nature of the AdS/CFT
correspondence, this corresponds to strongly coupled regime of gauge theory. The
study of gauge theory in this regime is very difficult due to lack of systematic for-
mulation. In this thesis, we systematically exploit this correspondence in order to
gain understanding about the strongly coupled regime of gauge theory by studing the
weakly coupled gravity theory. In particular, we have obtained a phenomenological
description of the thermodynamic behaviour which can be encoded in a matrix model.
Such a construction is by no means unique but our main interests are restricted to
the behaviour near the critical point where qualitative behaviours are believed to
be universal in the sense that, it does not depend on precise details of the theory.
Therefore, the effective model presented here belongs to the same universality class
that of the gauge theory. In addition, wherever possible we have pushed the corre-
spondence furthere to make semi-quantitative analysis and obtain the behaviour of

effective action under variation of different thermodynamic quantities.

We begin with a discussion of the thermodynamics of five dimensional bulk theory in
the supergravity limit and review the formalism to construct an effective Lagrangian

for the strongly coupled dual. The bulk has two configurations with same asymptotic
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geometry. One of them is the thermal AdS and the other is the black hole. Though
thermal AdS can exist for arbitrary temperature, the black hole nucleates only above
a particular temperature T,,,,. Above this temperature T,,;,, there are two black
hole solutions. Depending on their horizon sizes, we call them big and small. Bigger
one is the stable one, and has a positive specific heat. From the free energy calcu-
lation one can see even in the presence of the black holes, thermal AdS remains the
preferred phase for T' < T,.. While for T' > T, it is the big black hole phase that
takes over. This phase transition at T = T, is a first order transition and known
as Hawking-Page (HP) transition [1]. The small black hole remains unstable at all
temperature due to its negative specific heat and acts as a bounce for the decay of
big black hole at 7' > T, . Witten [2] identified this phase transition with the large
N confinement/deconfinement transition of the boundary gauge theory in the strong
coupling regime. In the boundary theory which is a gauge theory on an S® one can
show all the degrees of freedom got massive except a Wilson loop operator. One can
integrate out the rest and write down a effective Lagrangian which has the Wilson
loop operator as its degree of freedom. For low enough temperature it can be ap-
proximated by a simple matrix model known as (a, b) matrix model [3] as it has two
parameters a and b'. For certain ranges of these two parameters, the matrix model
captures complete thermodynamic behaviour of the bulk theory. These parameters
depend on the 't Hooft coupling A and the temperature 7. Both turn out to be

monotonically increasing functions of temperature for fixed .

We incorporate Gauss-Bonnet (GB) correction to the gravity action and study var-
ious phases of the bulk geometry with AdS asymptotics [4]. These phase structures
depend crucially on GB coupling . Except within a certain range of this coupling,
there is only one black hole phase, otherwise there exist three black hole phases. We

call them small, intermediate or unstable, and big black hole phases. It turns out

IThis is done by assuming that the weak coupling results are to be valid in the strong coupling
regime mainly for 't Hooft coupling A — oo



that there are two first order phase transitions. One of them is from small black hole
to the big one at a temperature much lower than that of inverse AdS curvature scale.
The other one is similar to that of the usual HP transition where a crossover occurs
from thermal AdS to the big black hole phase. We then study the dual gauge theory
at the boundary by the same two-parameter matrix model. We find the A dependence
of these parameters. By introducing higher derivative terms in the bulk, we study
corrections of order 1/\ in the gauge theory. This essentially allows us to find the A
dependence of (a, b) for large but finite A. We find that a is an increasing function of

A while b decreases with .

Furthermore, we find that the simple (a,b) model fails to capture all the phases
(small, intermidiate and large black hole phases) in the bulk. To incorporate all
the bulk phases, we constructed a toy model which requires introduction of higher
dimensional operators in the matrix model. This model has four parameters which
depend on the temperature as well as the gauge coupling. Besides reproducing all
the qualitative features of the bulk, this model also gives an extra saddle point. We
interpret this saddle point as a phase in string theory which has no analogue in the
supergravity. This stringy phase arises at the Gross-Witten transition point [5]. This
Gross-Witten transition may be identified as a crossover from supergravity black hole
solution to string state in the bulk side [6]. In the bulk side, this stringy phase may

also serve as a bounce for the decay of the small black hole to the thermal AdS.

Finally, we include the effects of electric charge with the above theory [7]. On the
gravity side these charges come from the rotation of the internal S°. We first focus
our attention on the phase structures of this bulk theory in both canonical and grand
canonical ensembles. In the grand canonical ensemble, the phase structure crucially
depends on o as well as chemical potential ®. For a certain range of the chemical

potential ® and o', there exist three black hole phase and have two HP transitions.
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Outside this range, only one black hole phase survives and unlike simple GB the-
ory, we get a HP transition. For the canonical ensemble the number of black hole
phases are similar to the GB theory but here thermal AdS is not an allowed geom-
etry. Therefore, there exist only one first order phase transition between small and
big black hole (in the certain range of o’ and fixed charge ¢). We then construct a
matrix model for the gauge theory dual. This model is similar to the one discussed
in the previous paragraph. However the four coefficients are now not only function of
A, and 7', but also depend on the chemical potential. In the grand canonical ensem-
ble, like GB theory, matrix model has an extra saddle point that has no analogue in
the gravity side and we interpret this as a bounce. In the canonical ensemble, since
chemical potential can take any value, one has to sum over all the values. To do
that it is necessary to know the exact dependence of parameters on potential. This
is very hard to determine in the strong coupling limit. For simplicity, we write down
the model where only two parameters are explicitly dependent on chemical potential
and other two are constant. This is consistent with one of the possible scenarios of
the grand canonical case. Amusingly we find that the model correctly reproduces the

corresponding bulk behaviour.
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Chapter 1

Introduction

1.1 An overview

One of the most exciting developments in theoretical physics in the past decade
is perhaps the AdS/CFT correspondence [1]. This correspondence provides us with
an equivalence between superstring theory on certain ten dimensional backgrounds
involving Anti de-Sitter space-time and four dimensional supersymmetric Yang-Mills
theories. This conjecture, if true, has indeed a far reaching consequence. First of all,
it relates a gravitational theory, such as string theory, to a theory which does not
involve gravity. Therefore, many puzzling issues in gravitational physics, including
black hole information loss paradox, may, in principle, be addressed within the frame
work of a non-gravitational theory. Alternatively, this conjecture relates highly non-
perturbative problems in Yang-Mills theory to problems in classical superstring or
supergravity theory. For example, the correspondence suggests that the type I1B
string theory on AdSs x S° is dual to a four dimensional N = 4, SU(N) gauge
theory. In the weak coupling and large radius of curvature limit, the string theory
can be approximated by a supergravity description. However, because of the dual
nature of the correspondence, the gauge theory is strongly coupled. One therefore

hopes to understand features of strongly coupled SU (V) gauge theory by studying the



Introduction 2

supergravity limit of type IIB string theory on AdSs x S°. Indeed many insights into
strongly coupled gauge theories have emerged by exploiting this avenue [1, 2, 3, 4].
At the same time, due to this very dual nature of the correspondence and an absence
of a systematic formulation of strongly coupled gauge theory, quantitative checks of
this conjecture have been difficult.

This thesis serves as an attempt to understand some features of these strongly
coupled gauge theories. By assuming AdS/CFT correspondence, in this thesis, we
try to construct a phenomenological Lagrangian of strongly coupled N' =4, SU(N)
gauge theory which qualitatively reproduces various phases of supergravity theory
on AdSs x S°. By no means we expect this Lagrangian to be unique, except per-
haps near the critical points where the qualitative behaviours are believed to be
universal. Wherever possible, we try to push the correspondence further to make
a semi-quantitative analysis and obtain the behaviour of the effective action under
the variation of different thermodynamic quantities. Before we go on to discuss this
construction, in the next section of this chapter, we start with a general description
of D-branes [5]. This chapter serves as a brief introduction to AdS/CFT conjecture

and also helps us to set our notations and conventions.

1.2 D-brane

There are five different superstring theories in ten dimensions, namely- type I, ITA;
IIB, Eg x Eg heterotic, and SO(32) heterotic [6, 7, 8, 9, 10, 11, 12, 13, 14]. The type
IT theories have two supersymmetries (N = 2), while the other three have only one
supersymmetry (N = 1). Based on the periodic and anti-periodic condition on the
left and right moving worldsheet fermions, there are four sectors namely (R — R),
(R—NS), (NS — R), and (NS — NS), where R stands for Ramond and NS for
Neveu-Schwarz. While same boundary conditions for both the left and right moving

strings give the spacetime bosons, opposite boundary conditions give us fermions.
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Consequently, (R — R) and (NS — NS) sectors represent space time bosons and
(R—NS) and (NS — R) are fermions. The (NS — N.S) sector contains graviton, two
form or antisymmetric tensor B, and dilaton ¢ as massless fields. The (R— R) sector
contains antisymmetric massless tensor fields of various ranks. In this thesis these
p + 1 form potentials will be denoted by A,;;. Depending on p being even or odd,
theory is type ITA or IIB respectively . In order to carry the charge of p+ 1 form, one
needs to introduce extended p dimensional objects. In string theory, such objects are
also the ones on which open string end-points, obeying Neumann boundary condition
along p + 1 space time direction and Dirichlet boundary conditions in (10 — p — 1)
spatial directions, can attach; they are known as Dirichlet-p branes or in short Dp
branes. In this thesis we briefly describe Dp brane, and for more details we reffer to
the existing literature [5, 15, 16, 17, 18, 19, 11, 12]. As we have mentioned before,
these branes are charged under the p + 1 form where the minimal coupling is given
by

Hp / Apt1, (1.1)

p+1

where p, is the charge of the brane and is related to the tension 7}, of the brane as

mp = T,(2m) 21 gs, (1.2)
where
1
(1.3)

= g,
Here [, and g, are the string length and the string coupling respectively. The value of
the tension 7}, is determined from the string amplitude [11, 12], through a process of
a closed string exchange between two D-branes. The dynamics of the D-branes are
encoded in the fluctuation of the open strings which end on them. In the low energy
limit, this is given by a gauge theory with gauge group U(1) that lives on the p + 1
dimensional world volume of a single D-brane [20]. D-branes preserve 1/2 of the 32
supersymmetries in the bulk. The gauge theory thus has 16 super charges which for
p =3 gives N = 4.



Introduction 4

1.3 D-brane in Type II String Theory

In closed string description, Dp-brane can be regarded as p dimensional solutions of
the effective low energy string action of type II string theory (see for example [21, 22,
23, 24, 25, 26]). The action has massless fields the metric g"”, a scalar ¢ (vacuum
expectation value (vev) of which gives string coupling), p+2 form field strengths £}, -
from the (R— R) sector, (NS — NS) 3-form fields and their supersymmetric partners.

More specifically, the action in the Einstein frame is [26]

1 10 1 1 1 -
167TG10/d x\/ﬁ(}z 59" 060, 2§pj(p+2)!e F2o+ ), (14)

with ap=—3(p—3),

Ip =

where dots represent the (NS — NS) 3-form fields and the fermionic terms. a,
is commonly called the dilaton coupling. The closed string coupling is determined
as the vev of dilaton and is given by g2 = €** in our normalisation. The open
string coupling on the other hand is given by ¢, and is identified as the Yang-Mills
(YM) gauge coupling via the relation g%, = 4mwg,(27l)P~2 (see [12]). Gyp is the ten
dimensional gravitational constant and related with the coupling g, and string length
I via G1g = 8m8g2I8.

The equations of motion for graviton, dilaton and field strength are respectively

R, = %8%8@ + mew ((p F2)FHR R Fe e — 7%155@?”) :
V0= et (VID00") = 3t P
0, (/e iz =, (15
The solution of these equations of motion are [26]
ds* = H¥5° <—fdt2 + f:(dxif) + HYS (7 dr? +1%(dQ0n)?) (1.6)
i=1

d=2 d—2
where H = 1—|—<ﬁ> , le—(@) ,
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A = (p+1)(d—2)+4a,
AQ?

h2(d—2) + T(C)Z_th_2 16(d - 2>2

and d=10—(p+1).  (L.7)

Here ry and (@) are integration constants. () turns out to be related to the charge p,

of the p-brane via the relation [26]

1y = Qa1 Q/((2m)1Lg,), (1.8)

where ;1 is the metric on the round (d — 1) sphere. The metric has a singularity
at r = 0 due to the presence of the source. In general, for generic values of ry and @,
the solutions break all the supersymmetries. However, for specific rq and @), solution
preserves a fraction of space-time supersymmetry. The metric has a horizon at r = rq
where f(r) vanishes. When we take ry — 0, horizon sits on top of the singularity and

the solution becomes extremal preserving 1/2 of the space-time supersymmetry.

In the subsequent part of this thesis, we will specialise to p = 3 or a, = 0, that is,
we will be focusing on D3-brane. In this case the dilaton is a constant. Thus from

(1.7) we have d = 6 and A = 16.

1.3.1 Near horizon limit of extremal brane

The extremal solution is obtained by considering ry = 0. It follows from (1.7) that

h* = Q/4. In this case the solution reduces to,

for) =1,
Q
H = 1+—
s
ds® = Hz (—dt2 + dx} + das + dx%) + H? (dr2 + 7‘2ng) . (1.9)

We know from equation (1.2), a single Dp-brane charge p,, is related with the tension

T, of the brane. Thus if we consider N number of coincident Dp-branes, we have to
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choose integration constant () such that

Hp

I A— 1.10
T,(2m) 2y, (1.10)

Then by using equation (1.8), one can write @ in terms of N, g, and l;. We get
Q = 167g,liN. (1.11)
Thus the final metric solution for the extremal N D3-brane is

ds* = H2 (—dt2 + dxi + dal + dx%) +H? (dr2 + TQng) ,

dmg It N 14
+7T974$:1+_ and

4
where H = 1 prt l—4:47rgsN. (1.12)

,
In the asymptotic region, this metric approaches Minkowski space, i.e, H ~ 1. How-
ever in the near horizon limit, » << [, we can neglect the factor 1 in H of (1.12) and
the metric reduces to

2 12
ds® = % (—df* + da? + da} + da3) + —dr’ + 12dS;, (1.13)

This is an Anti de Sitter (AdS) x S® geometry, where both the radii of the two
spaces are given by [. This five dimensional AdS space can also be obtained from the

universal covering space of a surface obeying [1]
XS+ X7+ X5+ X5+ X - X2 =1 (1.14)

By construction, the space has SO(2, 4) isometry, and it is homogeneous and isotropic.
To get the form of the AdS space of (1.13), we make the coordinates transformation

as

r = (X5 +X4)

' Xol Xal
o= 2% and To = — where a=1,23. (1.15)
r r

Then the metric (1.14) reduces to

2 2

l
ds* = Z—Q (—dT2 + dx} + dxj + dxg) + T—ZdTQ (1.16)
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We note here the isometry group of AdSs x S° is SO(2,4) x SO(6), the two factors
are coming from AdSs and S° respectively. Having discussed the near horizon limit
of extremal D3-brane, we now focus our attention to the non-extremal one and its

near horizon limit.

1.3.2 Near horizon limit of non-extremal brane

The non-extremal solution is obtain by considering ry finite. The solution is
ds* = H™% (—fdt? + da} + da} + daf) + H? (f7dr? +r2dQ2), (1.17)

where

e+ Q?2/4 —rd
g 1 YA

2r4 ’
To

f o= 1—(—)4. (1.18)

r

Note that the metric approaches Minkowski space in the asymptotic limit. In the
near horizon limit, we get
r? 12 /

ds* = 53 (—fdt? + dat + da} + da3) + WW +1%d02, (1.19)
which is AdSy, x S°, with same radii for the two spaces. Here {bh} means that it
is a black hole in five dimensional AdS space. In (1.19) we have defined I as [ =
(\/rg +Q?%/4 — rf‘;) /2. Notice that at ro = 0, the metric reduces to the extremal one.
We can associate thermodynamic quantities like entropy, temperature and free energy
with this non-extremal black hole. All these quantities can explicitly be computed
from the metric and the action. Here we briefly discuss all these quantities. For details
we refer the reader to the next chapter and reference [24]. The Hawking temperature

can be calculated from the metric solution by using the standard relation [27]

1 dgu
Ty = ———=
H 47 dr

(1.20)

r=ro
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From which it follows that

Ty = gro <7~g 8+ Q2/4>_ . (1.21)

Note that because of this nonzero temperature, AdSy, x S® breaks all the space-time

[N

supersymmetries.
The entropy follows from the Bekenstein area law [28] as,

Ah . 27TAh

S, — -
bh 4G10 K2

(1.22)

Here we have defined % = 877Gy and A;, is the horizon area of the black hole which

re 1
Ay = L33} <§0 + 5\/7‘8‘ + Q2/4> : (1.23)

Here L3 is the volume of the z; space. The ADM mass, which is also equal to internal

18

(S

energy of the black hole, can be written from the action as [24],

L3 3 3 4
M= Z[%+\/T8+Q2/41. (1.24)

K

Note that in the extremal limit, temperature and entropy are zero and the ADM mass
reduces to the extremal mass, which is

L373
M, —
0 2k2

Q. (1.25)

One can easily verify that these thermodynamic quantities satisfy the first law of

thermodynamics dM = TydS. We now define a quantity

SM M—-M,  [F+ i+ @/a-§ (1.26)
My My Q/2 ' '

If we consider the radius rj to be very small, then it means that we slightly perturb
the solution away from its extremality. Then the equation (1.26), written in the

lowest power of rg, turns out to be

oM ra
— =32 1.27
o0 (1.27)
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Similarly entropy may be recast as

3
L3TAQ0/4 (141
Son = ——3 — @0 . (1.28)
In terms of %, entropy can be rewritten as
3
L3m3Q5/4 (M1
Sy, = 33/ ) (1.29)

Finally the free energy with respect to AdS becomes

L3 3 4
Fop, = FE —TySpy, = F; [—%0 + /18 + Q2/4] (1.30)

and the perturbative form is

L3m3 re L373 1 (6M
Fpn=—-—Q|1-2|= 1—=(—]|. 1.31
w=smoi-3-5%e -5 (5] (131

Then using (1.25), we see that the free energy of this black hole with respect to the
extremal one is -
L°rm oM
Fy, = — — . 1.32
o 612 @ <MO> (1.32)

This relation will be useful in later discussion.
Having discussed the brane geometry and thermodynamics, in the next section we

consider gauge theory that resides on the brane world volume.

1.4 Gauge Theory on the Brane

In D-brane picture, to describe the near horizon solitonic solution of the previous
section, we consider a set of N parallel D3-branes. These are stuck together or very
close to each other in ten dimensions [29]. The end points of open strings live on the
(34+1) dimensional plane of the brane, while the closed strings live in the bulk. Due
to the presence of the brane space-time will be curved. The total action of the whole

configuration is described by S = Sprane + Spuik + Sint- In the brane action there are
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gauge fields and massive fields, and in the bulk action there are graviton, dilaton,
higher form fields and massive fields. S;,; describes the interaction between the brane
and the bulk.

In the low energy limit, that is @’ — 0, k ~ gsa'> — 0 (where o' = (2), the bulk and
brane are fully decoupled and they do not contain any massive mode. Furthermore,
since we are dealing with N coincident D3-branes, the end point of open strings can
attach branes in U(N) number of different ways. Therefore, the gauge group must be
U(N) with 16 super charges. This ten dimensional theory reduces to four dimensional
N = 4 super Yang Mills theory, when we compactify all the transverse coordinates.
So we conclude from here that the effective quantum theory on N coincident D3-
branes is N' = 4 super Yang Mills with gauge group U(N). In passing, we also note
that isometry group of the theory is SO(2,4) x SO(6). The first factor represents
super conformal symmetry and the other one is due to the R-symmetry which comes
from the dimensional reduction. In this case, half of the super charges of IIB theory

is preserved and it gives unbroken U(N) gauge theory.

1.5 Statistical Mechanics of Non-extremal 3-brane

In the D-brane picture the excitations are described by a gas of massless open string
states moving along the brane in arbitrary directions. The mass of the excited 3-brane
s [15, 30]

M = My+0M = L3+Z |nz|+o q). (1.33)

Here k is the number of open strings and n is the excitation label. The term O(g)
takes care of the interaction among the strings.
Following [30], we may alternatively consider the statistical mechanics of massless

open string states in the grand canonical ensemble. Consider a system with N;
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massless bosons and fermions degrees of freedom. The partition function is

Ny
144"
Z:H<1_qn> , (1.34)

where we have defined ¢ = e=2"/T. Here T is the temperature of the system. Now

the thermodynamic quantities like free energy F' and internal energy E (with respect
to extremal brane) and entropy S of the system can easily be calculated from the

partition function and these are

7T2

Fy, = ——N,L3T*,
48
2

E = —NLT*
16
’ 33

Using this method it is easy to calculate these quantities for N number of D3-branes
stacked on top of one another. The massless open string can now be attached to any
two of the branes. Thus there are N? states for each state we had before. Therefore,
in the partition function Z of equation (1.34), we have power N; N? instead of Nj.

So, the thermodynamic quantities take the form

o= N N2 LA

0 48 1 )
7T2

E = —N/N2L3T*,
16
i 27133

The last two equations give the entropy as
2
So = gNll/4\/7rNL3/4E3/4. (1.37)

Setting F = dM in equation (1.37), one can obtain the entropy of N number of

non-extremal 3-branes in terms of % as

2
Sy = §N11/47r7/8N5/4m‘3/4L3(5M/Mo)3/4, (1.38)
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where

My = YN, (1.39)

K
is the mass of N number of extremal D3-branes [15]. If we include all eight bosonic

and fermionic modes in the statistical treatment i.e for N; = 8, we get the entropy as

27/4
So = g m SNSRI (M /M), (1.40)

Now we would like to compare this entropy formula with the entropy formula of
non-extremal black hole in equation (1.29). By comparing the mass of the extremal
black hole of equation (1.25) with the extremal brane of equation (1.39), one can

write down () in terms of N as
Q = 2w /2N, (1.41)

. SM -
Then the black hole entropy in terms of i s

Son = z/47r7/8J\ﬁ'>/4,~;—3/4L3(51\/_//1\4 )2 (1.42)
Hence the two entropies are related as
4 1/4
Sp = (g) S (1.43)

Next we consider the temperature of the two theories. In the statistical method we
know that dE = TdS and dE = dM. Also using dM = TydSy;, for black holes we

immediately get

4 1/4
Ty = <§) T. (1.44)
Now coming back to the free energy of the statistical system and it can similarly be
written as
Vo [0M
Fo=——"-NL"|— 1.45
T 3k M, (1.45)

and black hole free energy of equation (1.32) with respect to extremal black hole can
be rewritten by using equation (1.41)

N
Fop =——NL" | — | . 1.4
oh 3K MO ( 6)
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Thus the relation between these two free energies is
Fy = Fy,. (1.47)

Notice that here we have calculated the entropy and the free energy for both sides in
the weak coupling limit at different temperatures. The gauge theory is on S x S3
which is the boundary of thermal AdS where the thermal circle is denoted as S'. We
should, therefore, calculate these two quantities at the same temperature [31]. Let
us call this temperature Ty. Then we replace T of (1.36) in terms of Ty by using
equation (1.44). Now if we do the similar computation as earlier to get relations

analogous to (1.43) and (1.47), these would be changed as

4 4
SO = ngh and Fo = ngh' (148)

Thus except numerical factor there is a matching of thermodynamic quantities be-
tween the theory of AdS space and the boundary gauge theory in the weak coupling
limit. It is argued in [31], that if we compute these quantities in the strong coupling
limit of boundary gauge theory, this discrepancy may not appear. In fact, in the 't
Hooft large N limit, the entropy and free energy of the boundary theory are given
respectively [27, 31] as

S = Sof(gymN) and F = Fof(g3mN)- (1.49)

The function f is not a constant, rather it has a perturbative expansion in weak

[32, 29, 31| and strong coupling limits [27, 29] respectively as

3 34+ 2 3/2
f(g;szN) = 1- —g;ZfMN + 7\/_ (g%MN) + .. for small g%,MN
272 3
3 45  ((3) )
= -4 =S+ .. for 1 N.(1.50
4 + 32 (g2, N )3/ T or large gy, V. (1.50)

So, at the strong coupling limit, entropy and free energy of both side exactly match.
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1.6 AdS/CFT Correspondence and Implications

In the previous sections we have shown that there are precise matchings of thermody-
namic quantities between the weak coupling theory of AdS bulk space and the strong
coupling boundary gauge theory of AdS bulk. We also noticed that the isometry
group of AdSs x S® was SO(2,4) x SO(6), the two factors are coming from AdS5 and
S5 respectively. These symmetries are exactly the conformal group and R-symmetry
group of N/ = 4 Super Yang-Mills theory on the D3-brane as we mentioned in section
1.4.

Following these observations, Maldacena conjectured an equivalence between these
two different theories. This is known as AdS/CFT correspondence. According to this
conjecture [1], type IIB superstring theory on asymptotically AdSs x S° is dual to
U(N), N =4SYM (CFT) on the boundary 341 dimensional Minkowski space. More
generally a p 4+ 1 dimensional quantum theory of gravity is dual (which we explain
at the end of this section) to p dimensional quantum gauge theory. In the large N
limit, this duality is between the weakly coupled gravity theory and strongly coupled
gauge theory.

Due to the absence of a formulation of string theory on AdS space and lack of
adequate techniques to study strong coupling regimes of gauge theories, quantitative
check of this conjecture is difficult. Nevertheless, encouraging agreements of the
qualitative features between the bulk and the boundary theories have accumulated
over the last few years [1, 2, 3, 4, 29, 26]. One of the remarkable checks [4] in this
direction is the identification of the crossover from the thermal AdS phase to black
hole phase, (known as Hawking-Page transition [33]), with the large N deconfinement
transition of the gauge theory on the boundary. In the next chapter we discuss this
identification in more detail. We end this section by noticing that the supergravity

description of the bulk is only valid at ' — 0 limit. Now recall from (1.12), that we
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have
4

S
where [ is AdS length scale, [, = v’ and X is 't Hooft coupling. In the limit I, — 0,
for fixed g5, N — oo. Consequently, the gauge coupling A is very large in this limit.
In order to study the supergravity limit, it will be useful for us to analyse IIB
supergravity under S° compactification. We review this compactification in the next

section. The results of this section will be used in the next chapter.

1.7 Type IIB Supergravity Action

The ten dimensional type IIB action in (1.4) in supergravity limit (o' — 0), reduces

to
1 11
- 167Gy 25!

Since we will be focusing on D3-brane only, the dilaton will be constant. Hence action

Lo 02| (1.52)

/d10$ 1g(10)] {R(IO) _

in (1.52) does not carry any explicit dilaton dependence. To get the five dimensional
action in AdS5 x S% geometry we consider the spontaneous compactification of the

ten dimensional action on S® [34, 35]. Separating the metric as
ds® = g{)dadz” + 1°dSQ23. (1.53)

Here gfj’) is the metric of AdSs and dQ? is the metric on S®, which can be represented
by five angular coordinates 6y, 6, 03,64, 05. Since the metric is diagonal, ten dimen-
sional Ricci scalar will be totally decoupled in two components, one coming from
AdS; part and another from S® part respectively. We denote them by R®) and R().
Since we are interested to get five dimensional action in AdSs, we keep first compo-
nent as it is and evaluate the second one from S° metric. Then the value of R
is 20/12. Similarly the five form field strength F'!*) has nonvanishing components
F10 = F® and F9(1132)939495 = F1(5)69192939495, where F1(5) is a zero-form

H1 2 U3 a5 H1 2 U3 a5
field strength on the AdS;. To write down the both components of the form field in
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terms of zero-form field in the action, we use the Hodge dual transformation for the
first component which is F/E“Z’LQ pspiaps = Z%FQ(E))GM1 popspaps - HlEre F2(5) is also a zero-form
field strength on the AdSs. After rearranging the all fields and integrating over the

S5 the ten dimensional action reduces to the five dimensional form as

1 5 o loe) 20 11 /50 )2
I = 167TG5/d9m/|g()| [R +l—2—§l—5(F1 + F )} (1.54)

where G5 is the five-dimensional gravitational constant related to Gip as G5 =

Gho/m31°. The Bianchi identities for the zero-form field imply that they are con-
stant and the self-duality of the five form field demands that they are same. The
equation of motion of form field gives the value of the zero-form field. Thus the value
of the last term of the above integral can easily be calculated. This comes to (8/1?)

(see [34] for more detail). Therefore, the final form of the five dimensional action is

1 12
I = / 5 /1g® { 9 _], 1.
» = Tonc d’x\/|g®| | R + 2 (1.55)

With this brief introduction, in the next section we discuss the structure of the thesis.

This section also serves as a summary of the work done in this thesis.

1.8 Plan of the Thesis

Assuming AdS/CFT conjecture, in the subsequent chapters we study different types

of bulk theories as well as their corresponding boundary gauge theories.

In chapter 2, we consider bulk space consisting of AdS-Schwarzschild black hole.
In particular, we discuss the thermodynamic features of AdS-Schwarzschild black
hole. We then study the Hawking-Page (HP) transition and identify that with the
deconfinement transition of the boundary theory. Finally, following [36] we construct
a phenomenological effective Lagrangian for the strongly coupled boundary theory
which reproduces the qualitative features of the bulk theory. As we will discuss in

detail, this Lagrangian consists of two terms in power of eigen values of the Wilson
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loop operators. The coefficients of these terms depend on the temperature and the
't Hooft coupling A. We numerically analyse the dependence of these two coefficients

on T for fixed \.

In the next chapter, we study the behaviour of this phenomenological Lagrangian
as we perturbatively decrease A. This is done by adding higher derivative terms in
the bulk action. Adding higher derivative terms imply that we are increasing the bulk
coupling constant. Consequently, the dual nature of the correspondence suggests that
the boundary theory becomes weaker. In this chapter, we introduce Gauss-Bonnet
term in the bulk supergravity Lagrangian. As before we study thermodynamics of the
bulk theory and their corresponding boundary duals. We compute how two parame-
ters of the above model behave as a function of A\ at fixed temperature. This is done
by comparing the bulk and boundary theory near the HP point. Furthermore, we
notice that in order to reproduce the complete phase diagram of the bulk, we need to
introduce suitable higher order operators in gauge theory. This involves introduction

of more parameters which also depend on A and T'.

In chapter 4, we study the bulk phases of R-charged black hole in the presence
of higher derivative terms. These charges appear due to rotation of internal S°. In
gauge theory, it corresponds to introducing chemical potential . We study how our
previous model captures qualitative phase structures of the bulk. Here we study the

theory in both canonical and grand canonical ensembles.

In chapter 5, we end with a summary of our results.
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Chapter 2

AdS-Schwarzschild Black Holes
and Boundary Gauge Theory

2.1 Introduction

In the previous chapter, we briefly discussed the AdS/CFT correspondence. Due to
the dual nature of the correspondence, any quantitative check of this conjecture be-
comes difficult. When the bulk is in the weak coupling phase, it is well described by
supergravity. However the dual boundary gauge theory is then strongly coupled. At
this moment, lattice gauge theory is perhaps the only way to analyse these theories.
On the other hand, when the gauge theory is weak, we can reliably do perturbative
computations. Unfortunately then the gravity becomes strongly coupled. Supergrav-
ity approximation is no longer valid and one needs a string theoretic description.
However, string theory in AdS space is not yet well understood. Consequently, most
of the features supporting the conjecture are qualitative in nature. In this chapter
we first discuss supergravity/gauge theory correspondence from a somewhat differ-
ent perspective. We will assume the validity of AdS/CFT conjecture. Using this
correspondence we will try to construct a phenomenological Lagrangian which may

describe the strongly coupled gauge theory. As we will discuss, we do not expect this

22
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Lagrangian to be unique unless perhaps when we are sufficiently close to the critical
points. The Lagrangian was first proposed in [1] and in this chapter we will briefly
review this work.

In the next section, we start by focusing on the bulk supergravity. More specifi-
cally, we analyse the AdS-Schwarzschild black hole. In section 2.3, we review thermo-
dynamic quantities associated with AdS-Schwarzschild black hole [2, 3, 4, 5, 6, 7, §].
We then take a fresh look at the HP transition. In section 2.5, as in thermodynamics
of first order phase transition, we construct the Landau function by identifying black
hole horizon as an order parameter. On shell, this function reproduces the free energy
of the black hole. In section 2.6, we turn our attention to the boundary gauge theory.
Here we review the work of [9, 10, 11, 1]. In these works effective strong coupling
gauge theory action was phenomenologically constructed. This action is constructed
in terms of Wilson loop operators. The coefficient of various terms are expected to
depend explicitly on the coupling A and the temperature 7. We end the section
by discussing the variation of these coefficients as a function of temperature 7' (at

A — 00) near the HP point.

2.2 AdS-Schwarzschild Black Holes

We start by considering five dimensional gravitational action in the presence of a

negative cosmological constant A

[ = /de —gs[ﬁ —24], (2.1)

Rs

where R is Ricci scalar and k5 is related with gravitational constant G5 as k5 = 167G,
As we noted in section 1.7, this action arises when we compactify IIB supergravity

on S°. By varying the action with respect to metric g,,, the equations of motion are

B 1
ks (R — 5gWR) + Ag =0, (2.2)
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where R, is the Riemann tensor. We solve these equations by considering a metric

ansatz

ds® = —Udt* + Vdr* + r*dQ;3, (2.3)

where df23 is the metric on 3-sphere and U and V' are unknown functions of r. By
comparing components of R, from metric ansatz and substituting in the equations

of motion, one can easily show that

1 m 7
Thus the metric is
d2_ m T2 d2 m T2 _1d2 2dQ2
ST = — 1—ﬁ+l—2 t° + 1—ﬁ+l—2 re4+r 35 (25)
where [ is related to the cosmological constant as [> = —6/k5A and m is the integration

constant, related with the ADM mass of the black hole, M via the relation

M= Swsm (2.6)

Rg

where w3 is the volume of the unit 3-sphere. In the asymptotic limit, » — oo, the
metric reduces to the AdS metric
2

9 -1
2 r 2 r 2 2 192
ds* = — <1 + l_2> dt” + (1 + l_2> dr® + r=dQ2;. (2.7)

The metric has a curvature singularity at » = 0 and the horizon is located at r,
where r, is a real positive root of the equation

m 7“2

L- 5+ 5 =0 (2.8)

If we expand the Euclidean version of metric (2.5) around r, the metric behaves as

d 2
ds* ~ ﬁ + A(r — ry)dr? + r2dQ3, (2.9)
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where A = 2 +;l; + . It has a removable coordinate singularity if the Euclidean time 7

has a particular period (3. To see this, let us consider 2-dimensional space with polar

coordinates p and 6. Metric is given by
ds? = dp® + p*d6>. (2.10)

To get a regular geometry, polar angle # has to be periodic with period 27. Otherwise

at p = 0, there will be a conical singularity. Defining p as r = AfQ we see that
the metric (2.9) reduces to
A 2
ds* = dp® + (%) dr® + ... (2.11)

Therefore to remove the conical singularity at the horizon, 7 has to be periodic with

periodicity
47 . 27T7”+l2

= =—0\ 2.12
s A 213 + [2 ( )
Now we identify this period with the inverse temperature. In statistical mechanics
of a quantum system in the state |¢), the canonical partition function for inverse

temperature (G is
Z = Z (ale ™™ q), (2.13)

where H is the Hamiltonian of the system. In the path integral approach, one may
derive this quantity by considering system is in a state |¢*) at time ¢;. The probability
that the system will be found in the state ‘qf > at a final time ¢

() = (e

By identifying this probability with the partition function, one may write

"lg') . (2.14)

2= gy

") = [ Dalt) St (2.15)

The two formulas (2.13) and (2.15) are identical, provided the following changes are

made in the last formula:
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o seti(ty—t;) =0 = Qs ort;=0,and it; = = (B, since the origin of time can
be arbitrary.

e set ¢' = ¢/ = g, so that the initial and the final states are the same; the fact that
the two states differ by an Euclidean time 3, requires that the configurations

be periodic so that
qa(B) = q(0), (2.16)

in the functional integrations. Thus periodicity of the Euclidean time of the space-
time is identified with the inverse temperature of the system and equilibrium condition
demands that the temperature of black hole should be same with the inverse of f3.
We would now like to calculate the Euclidean action. This will be used to compute
various thermodynamic quantities. Following Witten’s approach [4], we note that
from the equation of motion that the Ricci scalar R can be written in terms of AdS

length scale [ as
20
~7

R= (2.17)

Then the action is
8 81 8 B R
[:——/de — :——/der3 :—/ dT/ drr® ws. 2.18
Ksl? 95 Ksl? 7 ksl? Jo - ’ (2.18)
Here 7 is the determinant of the metric on the 3-sphere. In the large volume limit
(r — 00), the action diverges. However this divergence can be removed if we calculate
this action by considering thermal AdS as' the reference background. This requires
the two geometries to be identical at asymptotic boundary. In particular periodicities
in Euclidean time directions of these two geometries must be the same. Thus from
equations (2.5) and (2.7) it follows
r2  m

2
1+ l—gﬁads =4/1+ 2 T—25, (2.19)

!'Thermal AdS is given by the Euclidean version of AdS metric 3.5 with any periodicity along
Euclidean time.
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where (3,45 is the period of the thermal AdS back ground. Now the action is

Al = Iplackhole — Iads,

B R Bads R
= Bws / dT/ r3dr —/ ‘ dT/ r3dr|
k512 |Jo T4 0 0

_wfir} < _ ﬁ) ' (2.20)

Ry [2

In getting the last expression we have used the boundary condition (2.19).

2.3 Thermodynamics

Thermodynamic properties follow from A7 in (2.20). Before we do so, let us first
define some dimensionless quantities as
_ T4 _ m
r=—and m= —. 2.21
[ 2 ( )
In terms of these quantities, the Euclidean time period (3, or the inverse temperature,

can be written as
2rrl

272 41

Figure 2.1 shows the nature of inverse temperature (3 vs. horizon radius 7. It starts

3= (2.22)

with zero at 7 = 0 and reaches maximum value (or minimum temperature T5,,;, = %)
at r = %, and finally goes to zero for large 7. Therefore, unlike Schwarzschild black
hole in flat space, in AdS space black hole exists only beyond a critical temperature
Tonin. At this critical temperature black holes start to nucleate and above this value,
for a given temperature, there are always two black hole solutions. Depending on
their sizes, we call them small and big black holes. As we will see later in this section,
the small hole has negative specific heat, while the large hole has positive specific

heat. Since in thermodynamics, system with negative specific heat is unstable, we

call the small black hole unstable.
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=

Figure 2.1: Inverse temperature (3 vs horizon radius 7.

The mass of the black hole be calculated by interpreting e 2! as a statistical

average e #¥. We know [ = %’_’2# (1—-72). So
5

INEINE

E = — = 2.23
ap or 08’ ( )
Bl gy JSeml
K5 Ks
The specific heat can be calculated via the relation
= 3(7 1 953
szaE_a_Mﬁ_fiwgl (7 + 27) (2.24)

OT — 0r 0T ry(2 — L2y

2 72
Notice that, specific heat is positive if 7 > ﬁ which is the solution of the denominator
(2 - %) = (. Otherwise it is negative.

The entropy S of the black hole can be calculated from the Euclidean action by
identifying SF as I where I is the free energy. Then the entropy is

4 3 =3
S—pE— Al 2TwslT (2.25)

Rs
and

="
5 Rs

AL 2 (1-7). (2.26)
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Note that the free energy is computed by subtracting the thermal AdS. So we expect
that, when free energy is positive, the black hole is unstable and will decay to AdS
by loosing its entropy via radiation of massless matter. This happens when 7 < 1.
However, the free energy becomes negative for the black hole size greater than 1 in
dimensionless unit and it becomes stable. From equation (2.22), we see that for 7 = 1,
T="1T = % Thus a transition occurs from the thermal AdS phase to the black
hole phase as we increase the temperature beyond T,. Notice that for the thermal
AdS 7 = 0. If we identify 7 as an order parameter, around 7" = T, there is jump
in the order parameter from ¥ = 0 to ¥ = 1. This can therefore be identified as a
first order phase transition. In literature, this is known as Hawking-Page transition

[2]. A plot of free energy vs. horizon radius for the AdS-Schwarzschild black hole

is shown in figure 2.2. In figure 2.3, we have plotted the free energy as a function

F

=3I

0.2 0.6 1 1.2

Figure 2.2: Free energy F' vs. horizon radius 7.

of temperature T'. To summarize, we therefore have the following scenario. At low
temperature there is no black hole phase. If we increase the temperature, at T},
two black hole solutions appear. Both of them have positive free energies with respect
to the thermal AdS. Hence they are both metastable phases. However above T, one

has always positive free energy for the small black hole while the other has a negative
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free energy. The later is the stable big black hole phase. There is a crossover from

thermal AdS to the large black hole phase at T..

F
0.2 A5 0.8 1. 2T
T,
-5 ¢
10

Figure 2.3: Free energy F' vs. temperature 7.

To understand the behaviour of the dual gauge theory, in the next section, we

briefly review the Wilson loop computation of [12, 13, 14, 15, 16, 17].

2.4 Wilson Loop Computation

We consider a SU(N), N = 4 SYM gauge theory on the boundary in the limit
of N — oo. Note that the boundary has the geometry of S! x S3, S being the
compactified Euclidean time. It is believed that low temperature phase is in a confined
phase of mesons and glueballs. On the other hand, at the high temperature phase,
because of asymptotic freedom, the gauge theory is in the deconfined phase [18, 19]. In
general, to study this phase transitions we need to look for a proper order parameter.
The order parameter here is the Wilson loop operator, the one which wraps the

Euclidean time circle S*. Tt is defined by [12]

W(C) = %Trpexp [i/cdx“A“(a:)] (2.27)
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where [, denotes the line integral along the closed Euclidean time circle S* and P
denotes path ordering. A, is the gauge field on S*. To evaluate the expectation value
of this Wilson loop, we consider a rectangular loop (RT') in the Euclidean space. Here
R is along one of the spatial directions 2! and T is along the Euclidean time direction.
A pair of infinitely heavy quark and anti-quark are at the end points of R. Then the

expectation value of this Wilson loop for large value of time 7" will behave as [20]
<W(CRT)> ’T*)OO ~ eiKRT. (228)

We can interpate the exponent as —E(R)T, where E(R) is the potential between a
pair of heavy quark and antiquark. The coefficient K is the force between the pair
and this is independent of the separation between them. In the confining regime, pair
of quark antiquark behaves as if they are connected by a string of tension K. In the
confined phase F/(R) — oo. This is because to bring a single quark inside the confined
phase, one has to do infinite amount of work. However, in the deconfined phase F(R)
is finite. Thus in confined phase expectation value of the Wilson loop operator is zero
and in deconfined phase this has a finite value. Therefore, there is a discreate change
in the order parameter between these two phases. This is a requirement of the first
order phase transition.

One can calculate the expectation value of this Wilson loop for the bulk side. For
that the value of the Wilson loop is calculated from the area of the worldsheet ending
on the boundary Euclidean time circle S* [13, 14, 15, 16, 17]. This area is the action
of the worldsheet in the corresponding background. Thus the expectation value of

the Willson loop is ~ e 7.

In the thermal AdS geometry, there is no contractible
circle wrapping in the thermal circle S*. So the area of this worldsheet is infinite
and expectation value is zero. On the other hand, for the black hole geometry, at
r = ry, the thermal circle contracts to zero size at the horizon and consequently there
is a finite expectation value of the Wilson loop. This leads to the identification of
the thermal AdS and black hole phases of the bulk with the confined and deconfined

phases of the boundary gauge theory respectively. HP transition in bulk is then the
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confinement/deconfinement transition in the boundary.

2.5 Landau-Ginsburg Potential

Keeping our future analysis in mind, in this section, we try to understand the HP tran-
sition from a slightly different perspective. We know, from standard thermodynamics,
that near the critical point of a phase transition, the system can be represented by
a Landau function. Construction of this function goes as follows. Let us consider a
function G which depends on order parameter n and temperature 7" in the following
way [21],

G(T,n) = aon’ + aun* + aan? + asn® + aun® + ... (2.29)

Here «;, in general, are functions of 7. We urge the function G to satisfy following

criterions:
e At n =0, GG should be zero. Consequently oy must be zero.

e At low temperature, G has only one minimum at = 0. This gives a condition

% = 0. This will not allow first power of the order parameter in the

n=0
expression of GG. Thus a; has to be zero.

e Above a certain temperature 7,,;,, one more minimum appears at n > 0. Min-
ima at 7 = 0 and n > 0 must be separated by a maximum. For a global stability
of the second minimum at high temperature, we need at least a quartic power
of order parameter. Higher powers can be neglected if we are sufficiently close

to the critical point. This leads to the following form of the Landau function

G(T,n) = aon’ + agn® + asn’ + ....... (2.30)

e Furthermore, at the extrema of this function, that is at %—g = 0, we should
get back the expression of the temperature. If we then plug in the expression

of temperature in the Landau function, it should reduce to the free energy of
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the system. From these three conditions, remaining constants (as, as, ) can
easily be calculated and the final expression for the Landau function can also

be written in terms of order parameter and temperature of the system.

If we apply this method for AdS-Schwarzschild black hole, we get the Landau function
as
w3l2

G(T,7) ==~ (37" — 4mITT® + 377) . (2.31)

Here we have identified horizon radius 7 as the order parameter. Note that %—f =0
gives back the expression of temperature of equation (2.22) and then if we substitute
back the expression of temperature in (3.17), G(T, 7) reduces to free energy of equation

(2.26). A plot of this Landau function G vs 7 has been given in figure 2.4. It shows

G

0.1

J.05

Figure 2.4: Landau free energy GG vs. order parameter 7.

that at a very low temperature, there is only one minimum at 7 = 0, representing
the thermal AdS. If we increase the temperature, at T},;,, two more extrema appear.
Black hole nucleation starts here. However, below critical temperature T,, the new
minimum has always higher energy than that of thermal AdS. At temperature T,
the two minima are degenerate suggesting a coexistence of both the black hole and
the AdS phases. Finally, above T, only the black hole phase becomes stable. We

note that the discrete change of the order parameter at T, represents a first order
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transition.
Witten, in [4], identified this transition with the confinement/deconfinement tran-
sition on the boundary. In the next section we elaborate this by constructing a phe-

nomenological matrix model. Here we follow [9, 10, 1].

2.6 Dual Matrix Model

It is a very hard problem to study various phases of gauge theory at strong coupling.
However, if we assume AdS/CFT correspondence, it is possible to construct a phe-
nomenologically motivated matrix model. Such a model is constructed in [1]. This
model qualitatively reproduces the bulk behaviour expected from AdS/CFT. Though
uniqueness of such model is always questionable (except perhaps near the critical
points), it is encouraging to find atleast one simple model of strongly coupled gauge
theory near criticality. In this section we discuss this model. We will call this as (a, b)
model for the reasons that will be obvious later.

Since the asymptotic boundary is S®, (a, b) matrix model represents gauge theory
on 5% x S1. At zero temperature, it is N/ = 4 supersymmetric SU(N) gauge theory.
Supersymmetry is broken when we consider the system at finite temperature.

In the next subsection, we first discuss the boundary theory at weak coupling.
Next, we review the proposal [1] of phenomenological (a, b) model for strongly coupled
gauge theory. This model has two parameters namely a, and b. On generic grounds,
one expect them to depend on the temperature 7' and the coupling \. We end this
section with a discussion on temperature dependence of a, and b at fixed large .
Though the results are obtained in [1], we follow an approach which is suitable for

our purpose.
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2.6.1 Weak coupling

N =4, SU(N) gauge theory at weak coupling has been analyzed by various authors
(see for example [9, 10]). For large N, when the 't Hooft coupling A = ¢%,,N is small
or zero, some of the results are explicitly known. Specifically, when A\ = 0, it was
shown that the boundary gauge theory at finite temperature on S3 x S* undergoes
a phase transition that can be identified as the“deconfinement” transition. S3 x S1
is a compact manifold and thus allows only colour singlet states by the Gauss law
constraint. Though non singlet states are never possible, there are various indications
that this transition mimics the deconfinement transition in gauge theories. One of
the indications comes from the fact that there is a jump of the free energy from order
NV to order N? [18] while the other is a discrete change in expectation value of the
Wilson loop.

We now start by considering the partition function of N' = 4 free (A — 0) super
Yang-Mills theory on St x S at a finite temperature 7.

Z(\T) = / DA, (2.32)
SIxS

Kaluza-Klein reduction of the " = 4 theory on S? x S* leaves only one massless mode,
namely, the zero mode of Ag. Here Ay is the time component of the gauge field. One
can thus write down an effective action by integrating out all the massive modes. The
resulting model with the gauge fixing conditions, 9;4; = 0 and d,«(t) = 0, is a zero

dimensional matrix model given by,

Z\T) = / [DUeSerr©),
where, U = P o= S Ay, (2.33)
wg /g3
U is a unitary matrix and [DU] is the measure. Gauge invariance requires that the
effective action has to be a polynomial of TrU™. Here n is an integer, allowed by the
Z, symmetry. The explicit form of the partition function is then given by [10],

Z7 = / [DU] exp li %z(x”) (Tr(U”)Tr(U‘”))], (2.34)

n=1
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where, 2(2") = zv(@") + zs(a™) + (=) Mzp(@") ; =P,

and zy (2"), zg(2") and zp(z™) are the partition functions of vector, scalar and fermion
respectively. This model can be rewritten in terms of the eigen values of the unitary
matrix by diagonalizing the matrix. Consider these eigen values as {e?%} where 6;
runs from (—7 to 7) and lie on a unit circle. One can write down the partition
function in terms of eigen values by replacing [10]

/ DU =[] / [d6;] ] sin? (91‘ 5 83’) LT — e (2.35)

% 1<J J

Introducing the density of eigenvalues for U in the large N limit as
1 N
i=1

and defining Wilson loop as

1 o _ T in6
S TH(U) = po = [ dho(0)e" ", (2.37)

partition function can be written as (see [10] for details)
Z = /[dp]e_NQV[Q], (2.38)

where V[g] to leading order in + has the form

Vel = —P/d9 dé p(8) p(¢) log (2 sin 0= ¢> — 5(p?). (2.39)

Here P denotes the principle part. Assuming that z(z™) contains only positive powers
of n, we have neglected all higher powers except n =1 [1]. In the following analysis,
to simplify the notation, we will write p; = p. The saddle point equation of motion

of the above equation is

P/dqﬁ o(¢) cot ¢ ; 0 oy (p*)psinb. (2.40)

To get this equation we have used UT = U. In (2.40), prime represents the derivative

with respect to p?. The solution of the saddle point equation can easily be written
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down with the help of the results in [22, 23]. In the following, we discuss that and
then come back to (2.40).
Consider the partition function [22, 23]

1
7z = / [dU)S©) with S(U) = = Tr(U + UY), (2.41)
g
The equation of motion is
— 2
P / A6 0(6) cot ¢ _ ~sind. (2.42)
The solution of this equation of motion is given by
2 o[x 0] (N
0(0) — €05 5 [2 sin 2] A<2 0] < 2sin 5 :
! [1+2 9} A>2 |0 < (2.43)
= — — cos : :
2m A - =7
Then the corresponding Wilson loop turns out to be
™ . 1
/ dho(0)e? = 3 A>2,
A
= 1-7 A< 2, (2.44)
and the free energy is
1
2 1 A
= —+-log= A <2 2.4
R = (2.45)

We see a third order phase transition from gapped phase to ungapped phase at A = 2.
This is known as Gross-Witten phase transition.

Now we go back to our original equation (2.40). Equation (2.40) and (2.42) are
same if we replace 3+ = S'(p?)p. Then one can find out the solution of saddle point

equation of (2.40) from (2.44). This is

o
IN
>

IA

S(p)p=ap = p for

DO | =

= for (2.46)

=~

—~
—_

|

D

~
N —
IA
S
IA
[a—
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In terms of the density of eigenvalues, the above transition is reflected by a jump of
p from zero to a nonzero value below and above T}, respectively, where T}, is given by
a = z(x) = 1. A plot of an effective potential of equation (2.46) is shown in figure

2.5.

Vip)
J.125

0.1
J. 075
0. 05

J.025 /
p

0. 4 0.6 0.8

). 025

Figure 2.5: Effective potential V(p) vs. p. Blue and pink lines are for a« = .8 and
a = 1.2 respectively.

These features are somewhat modified when a small value of the coupling A is
turned on. It is possible to write Ses¢ only in terms of powers of Tr(U) by using the
saddle point equations. An effective action containing only the quartic interactions

may be written as 2,
b 2
Z(\T) = /[DU exp la(A,T)Tr(U)Tr(UT) + (A T) (Tr(U)Te(UY)) ] . (247)
The equations of motion resulting from (2.47) are,

3 1
ap +2bp®> = p OSPS?
1

1< <1 (2.48)
A1—p 2-P=~ '

2This model is obtained by keeping terms upto O(\?) in the effective action. In the large N limit
such terms come from three loop computations. It also determines the sign of b. In [10] the phases
for both the signs of b have been studied. An explicit computation for pure Yang Mills theory on
a three sphere at finite temperature shows that b is positive, implying that the transition is of first
order at weak coupling [6].
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The matrix model (2.47) undergoes two different phase transitions as a function of
temperature. One is a first order transition similar to the zero coupling case, when
b > 0. The other is a third order transition for which the eigenvalue distribution goes

from the gapless phase for 0 < p < %, to a phase with a gap for % <p< Ll

2.6.2 Strong coupling and comparison to gravity

If we assume the validity of (2.47) in the strong coupling regime (where a and b
are some complicated functions of A and temperature), we surprisingly find that the
model replicates, almost completely, the phases of gravity obtained in the supergravity
approximation. To check that we first construct the effective potential that follows

from (2.47). It is given by,

l—a , b, 1
Vi(p) AT 0<p=3
a, by, 1 1 1
= 2 2 T ool2(1 — - —<p<l. 2.49
57 75 7 108[2( p)]+8 5SPS (2.49)

The constant £ is added to make the potential continuous at p = 1/2.

Before getting into the comparison betwen theories of the bulk and the boundary,
we would like to recall some thermodynamic behaviour of the bulk which has been
studied in the previous section. At low temperature thermal AdS phase is stable.
However if we increase temperature gradually, above temperature T,,;,, two more
black hole solutions appear. Smaller one is unstable and big one is stable. Finally,
at temperature T, there is a crossover from thermal AdS to the big black hole phase.
Witten identified this transition with the confinement/deconfinement transition in
the boundary gauge theory. A natural order parameter that characterizes phases of
the boundary theory is Wilson loop operator, which is the density of eigen values in
matrix model.

Now, to compare bulk and dual gauge theory, we plot equations of motion (2.48)
and effective potential (2.49) in figure 2.6. The main figure is the plot of the left
(dashed lines) and the right hand side (solid line) of the saddle point equations for
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Figure 2.6: The main figure is the plot of left (dashed lines) and the right hand side
(solid line) of the saddle point equations. T, is the point where the two roots of
(2.48) merge. T, is the curve corresponding to the Hawking-Page transition temper-
ature. The insert is the potential corresponding to these temperatures

the parameters a < 1 and b > 0. The insert figure is of the effective potentials for
the corresponding values of the parameters of the equations of motion (2.48). The
main figure shows that p = 0 is always a solution that represents the thermal AdS.
For particular values of the parameters, two more roots appear at p > 0, those can
be identified with stable and unstable black holes and the values of the parameters
may be related to the black hole nucleation temperature 7,,;,. Then, if we increase
the values of parameters in the same direction, there is a phase transition between
p = 0 phase and p > 0 phase. This can again be compared with the Hawking-Page
transition of the bulk. Thus, this simplified model indeed qualitatively reproduces
the thermodynamic behaviour of the gravity when a < 1 and b > 0 [1]. It is indeed
surprising that this simple model falls in the same universality class as that of the
gauge theory at strong coupling. A new feature that is not visible in the supergravity
approximation is the appearance of a third order transition that was mentioned in the
earlier paragraph. It was conjectured that this should correspond to black hole/string
transition [24]. It should however be noted that the matching is only qualitative and
the validity of the effective action (2.47) in the strong coupling regime is perhaps only

limited to the regions around the critical points.
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2.6.3 Temperature dependence of the parameters

The following part of this section is devoted to the study of the (a,b) model numer-
ically. In this analysis we take N — oo and the limit A — oo. The main aim is to
compute a and b as functions of T for fixed A\. This will be done by comparing the
matrix model potential with the action on the gravity side.

The comparison between matrix model potential and the action of the bulk the-
ory is valid as long as we can neglect the string loop corrections. The corresponding
temperature at which the supergravity description breaks down is identified as the

Gross-Witten transition point on the matrix model side [25]. Let T, be the tem-

- CL(T) 15 b(T)

Kiv]
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Figure 2.7: Plots of a(7,0) and b(T,0)

perature at which the black hole nucleation starts. For T" > T,,;,, it is well known
that for the gravity theory, one gets two solutions for the black hole.

Consider T > T)pin, for which we have?
1
2apf72 + prfQ +log(1l — p12) + log(2) — 3= —1i, (2.50)

where the I 5 are the actions for the large and small black-holes respectively and p; o

are the corresponding solutions in the matrix model. Since the values of p; » are those

3We set I, w3, k5 to 1 in the numerical computations.
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at the extremum of the left hand side of (2.50), we have two more equations that are
given by (2.48).

For a given temperature, 7', I; » are known from the gravity side, so the problem
now is to solve the above equations for a(T"), b(T") and p;2. We do this numeri-
cally. The solutions are plotted in figure 2.7. Note that a(7") and b(T") increases

monotonically with temperature.

2.7 Discussion

In this chapter we have reviewed five dimensional bulk theory in the supergravity
limit. The bulk has two configurations with same asymptotic geometry. One of them
is a black hole and the other is the thermal AdS. Black holes exist above a critical
temperature but AdS exists at any temperature. At this critical temperature, two
black holes nucleate. The big one has positive specific heat and small one is unstable
with negative specific heat. At any temperature free energy of the small black hole is
always positive. But only below Hawking temperature T, free energy of the big black
hole is greater than AdS. Thus AdS is the stable configuration up to 7,.. However,
above T, free energy of the large black hole is less than that of AdS. Therefore beyond
this temperature, the big black hole is globally stable. At T,, the two phases coexist
with same free energy and a first order phase transition takes place with an expected
discrete change in the order parameter. This phase transition is known as Hawking-
Page transition in literature. We studied this transition by constructing a Landau
function. Witten identified this phase transition with the confinement/deconfinement
transion in the strongly coupled boundary theory.

Finally, we have reviewed the phenomenological (a, b) matrix model on S! x S3 to
study strong coupling gauge theory. For certain range of parameters, this model qual-
itatively reproduces all the features of the bulk theory. This matrix model however

shows one more phase transition, where eigen value distribution goes from gapless
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phase to a gapped phase, similar to the Gross-Witten third order transition. This
has no analog in the bulk theory. Parameters of this model are expected to depend on
temperature and gauge coupling. We have analysed their dependence on the temper-
ature for fixed \. We found that they are always increasing function of temperature
for fixed gauge coupling A — oco. However, to get their behaviour for different values
of A\, one has to increase the gravitation coupling in the bulk. This can be effectively
done by adding higher derivative term (we will call this as o' corrections in the the-
sis). In the next chapter we include such terms and discuss the phenomenological

Lagrangian of dual theory.
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Chapter 3

Higher Derivative Gravity and
Dual Matrix Model

3.1 Introduction

In this chapter, we analyse the response of the Hawking-Page transition [1] and the
corresponding matrix model as we perturbatively increase the gravitational strength.
Our study is partly motivated by the recent works in [2, 3, 4, 5, 6, 7]. In these papers,
authors have argued in different ways that a version of HP transition occurs even at
weak coupling gauge theory. By AdS/CFT dictionary [8, 9, 10, 11, 12, 13], this would
show up as a transition in strongly coupled gravity theory in the bulk. Noting the fact
that string theory in AdS space is as yet poorly understood, we study a much simpler
system in this chapter. We add higher derivative terms in the supergravity action and
study their effects on HP transition. We note here that higher derivative terms would
arise in gravity action due to o’ corrections in underlying string theory. While a study
with a general class of higher derivative terms would be desirable, in this thesis, we
consider only the effects due to Gauss-Bonnet(GB) terms. One advantage of working
with GB correction to the gravity action is that the black holes can be constructed

explicitly. It is known that GB corrections arise in Heterotic or K3 compactification
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of type ITA theory (see for example [14]) but not in type II theories with maximally
supersymmetric compactification. The lowest correction in type IIB theory on AdS5
is of order ’®. The thermodynamic phases of the perturbative supergravity solutions
as well as their boundary duals have been studied by various authors [15, 16, 17, 18].
However the qualitative phase structures in this case is quite similar to that of gravity
with GB () correction. In the case with Gauss Bonnet terms we do not expect the
boundary theory on S® x S to be N' = 4 Yang Mills theory. However in the limit
o — 0 the boundary theory should reduce to the strongly coupled SYM theory.
With the R? corrections turned on, the gravity theory should correspond to some
deformation of N'=4 SYM.

In section 3.3, we analyse the black holes in GB theory with a particular focus on
their phase structures in five space-time dimensions. The phase structure depends
crucially on the GB coupling. For certain range of coupling, there exists three black
hole phases. We call them small, intermediate or unstable and big black hole phase.
It turns out that there are two first order phase transitions. One of them is from small
black hole to the big one at a temperature scale much lower than that of inverse AdS
curvature. The other one is similar to that of usual HP transition where a crossover
occurs from thermal AdS to the big black hole phase. We compute the change in HP
temperature in powers of the GB coupling at the crossover.

In Section 3.4, we study this effective theory by using phenomenological matrix
model which has been discussed in the earlier chapter. Just to recall, this model is
characterised by two parameters which we call, following [19, 20], a and b. Generally,
(a, b) depend on the gauge theory temperature and the 't Hooft coupling A. Following
AdS/CFT, the effect of adding higher derivative terms in the bulk translates to A
corrections to the boundary gauge theory. Assuming a universal nature of the (a,b)
model around the critical points, we analyse the A dependence of parameters (a,b)
around the HP points. We do this numerically.

Finally, in section 3.5, we construct a toy model which captures the whole phase
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diagram of the bulk. However, this requires introduction of four parameters in the
matrix model potential. These four parameters again depend on the temperature as
well as the gauge coupling. We then study the qualitative behaviour of this model.

This chapter ends with a discussion of our results.

3.2 Gauss-Bonnet black holes

We start by considering (n + 1) dimensional gravitational action in the presence of a

negative cosmological constant A along with a GB term.

R
I= /dnﬂxv —9n+1[

— 2\ + (R? = 4Ry R™ + Rapea R**)). (3.1)

Rn+1
This action possesses black hole solutions which we call GB black holes [14, 21, 22,
23, 24, 25, 26] . In the above action, « is the GB coupling. As the higher derivative
corrections are expected to appear from the o' corrections in underlying string theory,
we will often refer to such corrections as o’ corrections in this thesis. The metric of

these holes can be expressed as

dr?
d82 = —V(T’>dt2 + m + 7"2in_1, (32)
where V(r) is given by
V(T)—1+T2_r2[_ﬁ—|—4&m}% (3.3)
24 24 ? oo ‘

We first define various parameters that appear in the above equation. dQ? , is the
metric of an n — 1 dimensional sphere. [? is related to the cosmological constant as
I?=—n(n—1)/(2K,11A).

Furthermore, we have defined & = (n — 2)(n — 3)ak, 11, where K, 41 is the n + 1
dimensional gravitational constant. The parameter m in (3.3) is related to the energy
of the configuration as

(n—Dw,—1m

M= , (3.4)

Rn+1
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where w,,_1 is the volume of the n — 1 dimensional unit sphere. Asymptotically, the

metric (3.3) goes to AdS space, since in this limit

V(r)=1+ {2107 - 2102 (1 - i—f)%}r? (3.5)

We see from here that the metric is real if and only if
a <I1?/4. (3.6)

In our discussion, we will always consider & satisfying the above bound. The metric
(3.2) has a central singularity at = 0. The zeros of V(r) correspond to the locations
of the horizons.

In five dimension, for which n = 4, there is a single horizon at

I? 4(m — &)
2 2

We note here that for a black hole to exist m > a.

3.3 Phases of GB Black holes

Thermodynamics of these black holes can be obtained via standard Euclidean ac-
tion calculation which is already discussed in the previous chapter. Following these

computations, the free energy and temperature can be written down as

4 2 A4
Wy 1T r 6(n—1)ar
F= + gyt Ly AT A
Fne1(n — 3)(r2 + 24) [(n=3)r ) 2
+(n —7)arl +2(n — 1)072},
(n—2) s n—4. nori
T = — 1. 3.8
drry (rl + 24) [TJF n—2""n_2 ZQ} (38)
The black hole entropy is given by
ATw,_1r ! n—12«
S = / 71 d S L S el 3.9
8r+ = Knt1 { + n—STi} (39)
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and the specific heat is

oM

C=o7

~Ar(n = Dwy ™3 (r2 4 26)2[612 (n — 4) + r2 (P (n — 2) + nr?)]
= /gn+1[5ér2(6nr2 — ZQ(n _ 8)) + 7’4(n7‘2 _ (n — 2)12) — 2(n — 4)&%2]. (3.10)

Many interesting features of the GB black holes, related to local and global stabilities,
can be inferred from a detailed study of the thermodynamic quantities. In the rest of
the section, we proceed to do so by considering the holes in five dimensions (n = 4).

Let us first introduce two dimensionless quantities
Qa r
@:l—Z,and F=—r (3.11)

We would like to express various thermodynamic quantities in terms of these dimen-
sionless constants. The free energy given in (3.8) can be written as

w3l2

F=—— """
Kk5(T2 + 2a0)

7 + (18a — 1)7* + 347 — 6%, (3.12)

It then follows from (3.12), that within the range of allowed value of the coupling &
(see (3.6)), F starts being positive at 7 = 0 and changes sign only once as we increase
7. The number of extrema of the free energy, however, crucially depends on @. In
particular, when & is in the region

O<a< i,

% (3.13)

I has three extrema. At these points, F' takes non-zero positive values. However, for

r
= Sac<

- , (3.14)

N

F has no extremum for any non-zero 7. It starts with a nonzero value at ¥ = 0, then
decreases monotonically and becomes negative at large 7. Typical behaviour of the
free energy as a function of 7 is shown figure 3.1. We will refer back to this plot when

we analyse the stability of these holes.
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Figure 3.1: Free energy as a function of 7 for different values of &. The pink line is for
a = 1/40 and the other one a = 1/32.

For now, we turn our attention to the temperature of the black holes. It follows
from (3.8) that the temperature is given by !
T+ 270
= m. (3.16)
At 7 = 0, temperature starts out from zero and, regardless of the value of &, it
increases for small 7. However, at larger 7, the number of extrema depends on @. In
the region given in (3.13), there are two of these extrema. Both of these disappear as
we increase & to region (3.14). A plot of the temperature as a function of 7 is shown
in figure 3.2.

To examine the phase structure of these black holes, it is instructive to consider the

behaviour of the free energy as a function of temperature (for different values of &).

n the limit [ — oo (A = 0) this solution reduces to the asymptotically flat Gauss Bonnet black
hole. The temperature is then given by

T+

-~ 2m(r? +24) (3.15)
For finite value of &, temperature begins with zero value at r; = 0 and gradually increases for small
r,. Finally it reaches a maximum value at r, = v/2a and then again goes towards zero at large
r4. Since the temperature has a maximum, above this critical value there is no black hole solution.
At any temperature below there are two black hole solutions, small and large. The small black hole
has positive specific heat and is locally stable. The larger one is unstable due to its negative specific
heat. This is to be contrasted with the Schwarzschild black hole solution without R? correction,
where we have only one unstable solution existing at all temperatures.
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Figure 3.2: Temperature as a function of 7 for different values of &. The red line is for
a = 1/50 and the other one a = 1/30.

From (3.12) and (3.16), it is possible to construct the temperature dependence of the
free energy. However, the analytical expression is not very illuminating. Therefore,
we plot the nature of the free energy as a function of temperature in figure 3.3. This
plot is for two different values of @ belonging to the two different regions given in
(3.13) and (3.14). Note that, as we increase & from region (3.13) to region (3.14),
nature of F' changes at a critical value & = &, = 1/36. We therefore study these two

regions separately.

3.3.1 Phase structure for a < a,:

When a < ag, the free energy is shown by the red line in figure 3.3. At low temper-
ature, it has only one branch (shown as branch I in the figure). However, when the
temperature is increased beyond a certain value (which we call T ), two new branches
appear (IT and IIT). One of these two branches (II) meets branch I at a temperature
beyond, say T3, and they both disappear. On the other hand, branch III continues
to decrease rapidly, cuts branch I at temperature, say 75, and becomes negative at
a temperature which we will call T, in the future. While computing specific heat

using (3.10), we find that it is positive for branch I, and III. Therefore, these phases
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Figure 3.3: Free energy as a function of temperature. The red one is for @ = 1/50 while
the other one is for a = 1/30.

correspond to stable black holes. They, however, differ in their sizes; branch I rep-
resents smaller sized black holes than that of branch III. Going back now to branch
IT, we find that the specific heat is negative. We, therefore, conclude that branch II
represents an unstable phase of the black hole.

The above picture is similar to that of the van der Waals gas. In particular, the
Gibbs free energy of van der Waals gas, for an isotherm, behaves in a similar manner
as we vary pressure. A thermodynamic equilibrium state is reached by minimising
the Gibbs free energy. Likewise, in our case, equilibrium state would correspond to
branch I of the free energy all the way up to temperature 75 and then branch III from
temperature T, and above. The free energy curve then remains concave as expected
for a thermodynamical system. We, however, note that since there is a discontinuity
of dF/dT at T = Ty, one has a first order phase transition at 7. Two black hole
phases would differ from each other at this point by a discontinuous change in their
entropies. We will call these as the first Hawking-Page (HP1) transition for reasons
that will be obvious later.

This phase structure can be nicely described by constructing a Landau function
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around the critical point. By identifying the dimensionless quantity 7 as an order

parameter, we can construct a function ®(7,7) as

l2
B(T,7) = 25 (37 — 4nlTF + 37% — 247alTT + 3a). (3.17)
K5

At the saddle point of this function, that is when %;? = 0, we get back the expression
of the temperature given in (3.16). If we then substitute back the expression of
temperature in to (3.17), ®(r) reduces to the free energy given in (3.12). As can be
seen from figure 3.4, for temperature 7' < Ty, ®(7,7) has only one global minimum.
This corresponds to the small black hole phase. However, at T" = T5, appearance
of two degenerate minima suggests a coexistence of small and big black hole phases.
Finally for temperature beyond T3, only the big black holes phase remains (as this
phase minimizes the Landau function). Clearly, there is a discrete change in the order
parameter 7 at T' = T5. This is what we expect for a first order phase transition.

o
0.1

0. 06

0. 02

-
3. 01 0.2 0.5 08 1

Figure 3.4: Landau function ® as a function of order parameter 7 for different temperatures.
We have taken @ = 1/50. The blue curve is for temperature Ts, pink curve for temperature
T > T, and the green one for temperature T < T5.

3.3.2 Phase structure for a > a.:

For & > a., the free energy curve is shown by the green line in figure 3.3. Unlike the

previous case, free energy and its derivatives do not show any discontinuity. Therefore,
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there is no HP1 transition. Only a single black hole phase is found to exist at any

temperature.

3.3.3 Global phase structure of GB black holes:

As discussed earlier, for black holes with & = 0, there is a crossover from AdS to AdS
black holes at a critical temperature % What happens to this transition as we turn
on a? In this situation, we note that we still have two geometries to consider. First
one is again a thermal AdS with metric being the Euclidean continuation of (3.2).
The function V(r) is given in (3.5). We identify this thermal AdS space, having &
dependent effective cosmological constant, with zero free energy. Now, from figure
3.3. we see that above a critical temperature, the free energy of the GB black hole
becomes negative, making it more stable compared to the effective AdS geometry.
We identify this as a HP2 point. This crossover temperature can be computed as a

power series in & and is given by

3 33a ,

We notice here that the GB correction reduces the transition temperature. Similar
phenomenon was noticed earlier in many AdS-gravity theories with higher curvature
terms [15, 16, 17, 18]. The global phase structure is shown in figure 3.5.

To this end, we would like to point out that the above picture of GB black holes
is quite similar to that of the five dimensional charged AdS black holes [27, 28]. The
stability properties of the charged black holes depend on whether we are considering
fixed potential ensemble or fixed charge ensemble. For the case of fixed charge en-
semble, various phases of black holes resemble that of the red line in figure 3.3. As in
our case, small black holes and large black holes are separated by a first order phase
transition point. However, a major difference is that for the charged black holes, in
fixed charge ensemble, thermal AdS is not a solution. Consequently, these holes are

globally stable. This is unlike GB black holes, where there is a HP2 transition. Below
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Figure 3.5: Global phase structure of GB black holes. For temperature T' < T, AdS lowers
the free energy, on the other hand for T' > T, the black hole phase is preferred. This plot
is for & = 1/30.

HP2 temperature, they are unstable.

3.4 Matrix Model :

In the previous sections we have analysed the phase structure of the gravitational
theory in the presence of a higher derivative correction. We would now like to con-
struct an effective Lagrangian for the gauge theory on the boundary. Like previous
chapter, the effective theory on the boundary can be described by a unitary matrix
model. Coefficients of this model depend on the "t Hooft coupling A (that is related
to a’ by, a'v/2\ = [? from the AdS/CFT correspondence) and temperature 7.

The phase structure in the bulk theory that we have discussed in Section 3.3
contains various distinct qualitative features depending on the value of the correction
parameter . For nonzero o, the phase diagram is modified in the regime where
7, is small compared to va’ (see figure 3.6). However as long as . (the solutions
corresponding to the black holes at a particular temperature) are greater than o, the
phase diagram is qualitatively the same as that of the bulk theory without higher

derivative corrections. There are two possibilities.

e We can ignore this small black hole solution in the supergravity approximation,
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Figure 3.6: A schematic diagram of 3 vs r,. Blue line is for &' = 0 and red line is for

o #0

so that we only concentrate on solutions r; > va'. In this domain, it makes
sense to compare the bulk physics with that of the boundary (a, b) matrix model

discussed in the earlier chapter.

e [f we include the small black hole solution in the supergravity approximation,
then in order to reproduce the bulk phases, the boundary matrix model needs
to be modified. In the next section we will propose a modified matrix model

potential that captures the bulk physics including the solution r, which is less

than v/

Following the first possibility, this part of the section is devoted to a numerical study
of the (a,b) model incorporating the corrections due to the finite "t Hooft coupling
A. In this analysis we consider N — oco. We first work in the limit A — oo and
then by taking A large but finite. The main aim is to compute a and b as of A (to
the first order in 1/ \/X) at fixed temperature T'. This will be done by comparing the

matrix model potential with the action on the gravity side with o’ corrections as in
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Figure 3.7: Plots of (A) da(T)/3(1/v/A) and (B) 9b(T)/0(1/v/'X)

subsection 2.6.3.
Having known the variations of (7, 0) and b(T', 0) with respect to the temperature
we now incorporate the o/ corrections to I; 5 of equation (2.50) to get the first order

dependence on 1/ V. We have

1 0a(T)
T,1/V\) = a(T,0)+ ——=————~ o FO(1/N3?), 3.19
T IVA) = aT0)+ el i TOONT), (319
1 ovT
b(T,1/VA) = b(T,0)+ \Tﬁ [ jvazo TOL/X2).
The first order variations of equation (2.50) with respect to 1/v/A gives,

da(T) ob(T)
2@(1/\/X)p172+2 BN iy ==V (). (3.20)

In the above equations, 61, 5(T") are given by,

6[172(T) = O/ﬂ((SFLg)
= —\/%(Sr;{ﬁmriﬁg). (3.21)
a(T) ob(T)

Where F is given by eqn(3.12). From these we get the values of 1 U \/—) and 3L/

shown in figure (3.7).
At this point some comments about the sign of b are in order. In the limit when

the 't Hooft coupling A goes to infinity numerical computations show that b indeed is
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positive. However as we move from A — oo to finite A (that is obtained by including o’
corrections in the bulk) we see that at any particular temperature 0b(7")/0(1/ \ﬂ)\))
is negative. Though this numerical calculation shows that b decreases from a positive
value as we move down towards weak coupling, it is not clear whether the sign of
b will turn out to be negative or positive at weak coupling. In case it turns out to
be positive, we presume that the results for the gravitational side should correspond
qualitatively to those of the weakly coupled gauge theory.

The above analysis shows that the behaviour of the coefficients as functions of
temperature and A are indeed the ones that we expect from the phases of the bulk
theory as long as we concentrate on the black hole solutions with r, > Va'. The
expansions are carried out about A — oo as it was argued in [19] that the effective
theory that is computed in the weak coupling falls in the same universality class as the
one in the strong coupling limit. The addition of higher derivative term in the bulk
does give information about 1/v/X corrections, however this (a, b) model is unable to
capture the phases including the small black hole solution. In the following section
we will analyse this issue, in detail, by proposing another model which qualitatively

reproduces various bulk phases of section 3.3.

3.5 A modified Matrix model

In this section we propose a modified (toy) matrix model which incorporates some
of the additional qualitative features on the gravity side arising due to the GB term.
We find, the minimal action that would reproduce these features needs to be quartic
in p? and can be given by

1— 24,

S(p?) = 2N?[Asp® — A3p° + Asp* + ( 5

)’ (3.22)

where A;’s are the parameters, which depend on the temperature as well as on the
coupling constant. In the limit where the A4 and Az vanish we get the (a,b) model

19].
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The equations of motion ensuing from the action in (3.22) are given as follows.
We write

dS(p?)
0p?

F(p) = = N?[8A4p° — 6A3p" + 4A5p" + (1 — 24;))]. (3.23)

Then the equations in two different regions are

pF(p) =p . 0<p<y,
<p<l. (3.24)

4(1-p) 7

N[

The potentials that follows from the above action is given by

1
Vip) = —Aup® + A" — Aop" + Ay 0<p<g
1 1 1 1
= —Aup®+ Agp® — Agp’ + (A - 5),02 1 log[2(1 — p)] + g » g=r=l
(3.25)

Let us analyze the solutions of equations of motion given by (4.29). The fact
that there are four parameters instead of two has made the analysis technically more
involved than (a,b) model[19]. For various ranges of parameters the model shows
different qualitative behaviour. As we will see we need to impose necessary restrictions
on the parameters so that the model reproduces the features that we found on the
gravity side. Before analyzing the solutions one comment is in order. In the following
we will find the analog of small stable black hole appearing as a minimum of the
potential but it always comes with an additional maximum of the potential. We do
not have on the bulk side a solution corresponding to this maximum. We interpret
this solution as a possible decay mode of the small stable black hole which may be
due to some stringy mechanism.

The behaviours of the solutions are encoded in the polynomial F'(p) given in (4.30).
We begin with the coefficient of the lowest order term A;. From (3.22) we see in order
to make p = 0 tachyon-free we need 0 < F'(0) < 1 d.e. 0 < A; < 1/2. Once that is

imposed we consider the next coefficient A;. As we see on the bulk side our action
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should admit ( in one phase) 3 solutions that correspond to a small black hole, an
intermediate black hole and a big black hole. A necessary condition for the existence
of three solutions is As > 0. Though we get this constraint from a different argument
it agrees with [19]. Thus our model at a vanishing limit of higher coeflicients reduces
to (a,b) model.

Restrictions on the higher coefficients are slightly more cumbersome and depends
on the positions of the turning points of the polynomial F'. In that context it is useful
to consider the quadratic polynomial in p?: f(p?) = (1/ p)a%F (p). This is given by
f(x) = 48A42% — 24A32 + 8A,. The zeroes of f determine the non-trivial turning
points of F. In terms of this polynomial f the two different ranges of & correspond
to the following constraints:

e & > 1/36: For f(1) = 484, — 24A;3 + 8A5 < 0 there is one turning point at
some 0 < p_ < 1. With parameters in this range we can have either two solutions
(one maximum and one minimum of potential) or no solution. There is no way
we can obtain three solutions in this phase. Moreover, from the restriction on the
parameters it is clear that the range of parameters is not continuously connected
with the corresponding range where (a,b)-model is valid (i.e. Ay = A3 = 0). We
identify this phase with the range of & which corresponds to & > 1/36 on the gravity
side. However, that is not sufficient to ensure that there is always one minimum that
correspond to the single black hole on the bulk side. For that we need to impose a
further restriction on the coefficients such that, the turning point satisfies p_ < 1/2
and F'(p_) > 0. Then we always get a maximum for p < 1/2 ( that is in the region
with no cut) and a minimum of the potential. As the parameter varies the position
of this minimum changes from the p < 1/2 region to the p > 1/2 region. So this
phase corresponds to the restrictions: f(1) =48A, —24A3+ 84, < 0, p_ < 1/2 and
F(p-)>0.

e @ < 1/36: Again we look for turning points in the range 0 < p < 1. For
f(1) = 4844 — 24A35 4+ 8A, > 0 either we get two turning points which we call p_
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and py (p— < py) or none of them. That gives rise to 3 possibilities: the number of
solutions could be 4 (consists of two maxima and two minima), or 2 (consists of one
maximum and one minimum) or 0. This phase is continuously connected with that
of the (a,b) model and we identify this phase with the range of & given by a < 1/36
on the gravity side. The more detailed structure of the solutions depends on the
positions of the turning points p_ and p, and the values of the polynomial F(p) at
the turning points. Let us first consider F'(p_) > 0 with 0 < p_ < 1/2. There are
two possibilities: (i) If F(1/2) < 0 we have two solutions, one maximum and other
minimum in p < 1/2 range. The minimum corresponds to the stable small black hole.
We may or may not have two more solutions in the range p > 1/2. If we have two
solutions they would correspond to intermediate and big black hole. (ii) If F'(1/2) > 0
we have one solution (maximum) in p < 1/2 and the other (minimum) in p > 1/2.
This minimum corresponds to the big black hole. The remaining possibilities are (iii)
p— < 1/2, F(p_) < 0 and (iv) p— > 1/2, F(1/2) < 0. In both of these cases there
is no solution in the range 0 < p < 1/2. Finally if there is no turning point and
F(1/2) < 0 there will be no solution in the range 0 < p < 1/2. Since the analysis on
the bulk side then requires that there is a solution for 1/2 < p < 1 we need to impose
the following constraint, namely, there should exist some value of p, p_ < py < 1
such that 4p0(1 — po)F(po) > 1. That will give one maximum and one minimum in
the range 1/2 < p < 1 that corresponds to the small and the big black hole.

Thus we see for both the phases we need additional restrictions which shows there
are regions of parameters that does not agree with the features of gravity phase. This
suggests the fact that in the strongly coupled gauge theory there are restrictions on
various parameters. It may be interesting to calculate these parameters from field
theory set up (for weakly coupled gauge theory) and compare the values with the
restrictions obtained above.

In order to discuss the variation of potential with parameters it is useful to give
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a graphical description. We have four parameters, so for the sake of graphical de-
scription we restrict number of parameters to 2. We consider only the phases that
corresponds to the @ < 1/36. We take fixed values of A; and A, and study the
features with the variation of two other parameters. We have chosen the values to be
A; = .025 and A, = 2.083. We have given plot of the potential against p in figure
3.8 and 3.9. In order to make the extrema explicit we choose different scales for the
potential for two different ranges of p, namely, 0 < p < 1/2 and 1/2 < p < 1. The
values of A; and Aj are decreasing from the curve in bottom to that in top in figure
3.8 and from the curve on top to that in bottom in figure 3.9. There is always one
minimum at p = 0 where the potential vanishes. As we will see in figure 3.10 we need
to choose values of Ay and As restricted within a particular region outside which the
features that we get from the bulk will be absent. In the following, we give V' (p) vs.
p plots for different values of Ay and Ajs:

o (Ay, A3) = (.45,2): Here we get two solutions: one maximum and one local
minimum in the range p < 1/2 (i.e where there is no cut) and no solution at
p > 1/2. We identify the minimum with the small stable black hole. This
corresponds to low temperature behaviour of GB black hole where we get only

one small black hole solution.

o (Ay, A3z) = (.4,2): Here we get four solutions: In addition to the above maxi-
mum and minimum in the range p < 1/2 we get one more local maximum and
one more local minimum appearing in the range 1/2 < p < 1. These latter
maximum and minimum can be identified with the intermediate black hole and
the big black hole. We identify this with the nucleation of the big black hole

and intermediate unstable black hole in the gravity picture.

o (A, A3) = (.385,1.9375): For further decrease of the parameters, the heights of
the local minimum in the range 0 > p > 1/2 (fig. 3.8) increases and the height
of the local minimum in the range 1/2 > p > 1 decreases (fig. 3.9) . At this
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value of the parameters the heights of the two minima become equal. We can
identify this point with a transition from small black hole to big black hole on

the gravity side which is termed as HP1 transition.

o (Ay, A3) = (.38485,1.93688): (Due to close proximity this plot appears on the
top of the earlier plot and not distinguishable in the present scale.) The height
of the minimum in the range p > 1/2 becomes zero and thus equal to the
potential at p = 0. On the gravity side this corresponds to energy of big black
hole reaching zero and becoming equal to that of thermal AdS triggering HP2

transition.

o (Ay, A;) = (.25,1.5): Here we get two solutions because in the region p < 1/2
the local minimum and local maximum is on the verge of disappearing. However,
the two solutions in the range p > 1/2 will remain with the height of the
minimum in p > 1/2 keeps on decreasing. This corresponds to the point beyond

which the small black hole on the gravity side disappears.

o (Ay, A3) = (.248,1.25): As we decrease Ay and Aj further, the solutions in the
range p < 1/2 cease to exist (fig.3.8). The minimum in the range p > 1/2 (fig.
3.9) becomes more and more deeper. This is in keeping with the fact that, at

high temperature on the gravity side the only stable configuration remains is

the big black hole.

As we see from the above analysis the coefficients decrease with temperature,
unlike the behaviour of the coefficients in the (a,b)-model. This can be interpreted
as the temperature gradient of the coefficients at the first order of inverse 't Hooft
coupling has a negative sign relative to that at the zeroth order. At this range,
where appreciable 1/ correction is taken into account, the contribution at first order
dominates over that at zeroth order.

Here we give a graphical presentation of the behaviour of the solutions using a

parametric plot of different critical points in the As-As plane in figure 3.10 keeping
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Figure 3.8: Potential as function of p for the range 0 < p < 1/2 for increasing values of
As and As. The different values of (Ay, A3) are given above. The plots associated with
(.38485, 1.93688)and (.385, 1.9375) are not distinct in this scale.

Aj and Ay fixed as above. As we vary the parameters we encounter a curve IV in the
As-Az plane, above which the saddle point associated with the small black hole has
energy negative. From the analysis of black holes on the gravity side, it follows that
the small black hole energy is always greater than thermal AdS ensuring the stability
of the latter. So, in what follows, we restrict ourselves to the region below curve IV.

In the region bounded by IV, IIT and I, there are three saddle points. Oneis p =0
which corresponds to the thermal AdS. There are two more saddle points: a local
maximum at p = p; and a local minimum at p = ps. The latter corresponds to the
small black hole that we obtain on the gravity side. There is no solution analogous
to p; in the gravity side. In the region bounded by II, ITI, IV and I, there appears
two more saddle points. One of them p = p3 is a local maximum and the other one
p = pyg 1s a local minimum. They correspond to the intermediate, and the stable
big black hole respectively. In the region on the left hand side of curve I, the saddle
points p = py, p2 cease to exist. In the region above the curve IV, as we have already
mentioned, the potential of the saddle point p = p; becomes negative showing the
energy of the associated small black hole on the gravity side becomes less than that

of thermal AdS.
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Figure 3.9: Potential as function of p for the range 1/2 < p < 1 for increasing values of
Ag and As. The values of (Az, A3) used in the plots are given above. The plots associated
with (.38485 , 1.93688) and (.385 , 1.9375) are not distinct in this scale.

Similarly, the thermal history (for this choice of parameter) can be obtained from
figure 3.10 as follows. As we mentioned earlier, Ay and Az will decrease with tem-
perature along the curve C. As we follow the curve C from right to left, we find the
p = 0, p1, po are the solutions on the right of curve III. As we cross curve III, we
encounter two additional saddle points p = ps, ps. Crossing the curve II corresponds
to the Hawking-Page transition. As we cross curve I, the saddle point corresponds to
the small black hole disappears.

Like the general case, here also as we see in the region bounded by the curve
I, along with a local minimum ( at p = p;) we always obtain a local maximum ( at
p = p2 ). We interpret this maximum, as we said earlier, as a bounce solution through
which the small stable black hole decays. It will be interesting to understand this
instability on the gravity side.

3.6 Discussion

In this chapter, we have discussed phase transition of asymptotically AdS black hole

solutions in presence of Gauss-Bonnet term. As long as @, strength of the coupling to
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Figure 3.10: Parametric plots of different critical points in the As-As plane. We choose
A; = 0.25 and A4 = 2.083. In the region which is below or on the left side of curve I the
saddle points p1 cease to exist. In the region above curve IV the potential of p, vanishes.
Curve II corresponds to HP transition and on curve III the saddle points p; , p2 merge.

GB term remains above certain critical value &., one gets a single black hole phase at
any temperature. However, as the coupling comes down below the critical value two
additional black holes appear. We called them small and intermediate black holes.
The intermediate black hole is found to have negative specific heat. It turns out that
this small stable black hole is a local minimum below a critical temperature. Beyond
this temperature small black hole disappears. We have studied the associated phase
diagram and find that the phase structure resembles that of van der Wall’s gas. In
addition to the the standard Hawking-Page transition, we have identified one more
phase transition where the two branches of the phase diagram meet. We find the
specific heat diverges at this new critical point.

Five dimensional theory of gravity usually corresponds to some gauge theory on
the boundary and the analysis on the gravity side has natural implications about the
gauge theory. In absence of Gauss-Bonnet term, the gravity theory on Euclidean AdS

( along with S®) is known to be dual to be pure N/ =4 SYM on a three sphere at
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finite temperature and the phase diagram associated with the gravity theory captures
thermal history of N'=4 SYM on S2. In a similar spirit, we expect, dual of this five
dimensional gravity theory in presence of Gauss-Bonnet term is some deformation
of the above gauge theory and the phase diagram captures its thermal history. In
[19], qualitative features of A' =4 SYM on S?® was studied from the perspective of a
matrix model. This model is phenomenological in nature and is charecterised by two
parameters (a,b). On generic ground, one expects these parameters to be A and T
dependent. Appealing to the universal nature of this model near the critical points,
we find out A dependence of (a,b). This is done by mapping the bulk o correction
to the boundary. This method can easily be used to find similar 1/\ dependence
of matrix model coefficients in the case of other higher derivative corrections of the
gravity action, such as, R* term in IIB theory.

We have also proposed a modified matrix model that captures the qualitative
features of the phase diagram of the bulk theory. Unlike (a,b) matrix model this
model is non-universal and the phase diagram is reproduced only in a selected region
of the parameter space. In addition the temperature dependence of the coefficients
turn out to be different from usual linearly increasing function. We also find that
there is an extra maximum, that always comes with the minimum corresponding to
small black hole and which has no analog in the bulk side. This could be related to
some state in string theory. At this point it may be mentioned that appearance of
string state in boundary theory occurred in [19, 20]. This corresponds to the Gross-
Witten transition [29, 30] and can be identified as a crossover from supergravity black
hole solution to string state [31]. Thus we keep this extra maximum in the region
0 < p < 1/2. In the bulk side, this stringy phase may act as a bounce via which the
small black hole can decay to AdS solution.



Bibliography

1]

2]

S. W. Hawking and D. N. Page, Thermodynamics of black holes in anti-de Sitter
space, Commun. Math. Phys. 87, 577 (1983).

S. Kalyana Rama and B. Sathiapalan, The Hagedorn transition, deconfine-
ment and the AdS/CFT correspondence, Mod. Phys. Lett. A 13, 3137 (1998)
[arXiv:hep-th/9810069].

B. Sundborg, The Hagedorn transition, deconfinement and N = 4 SYM theory,
Nucl. Phys. B 573, 349 (2000) [arXiv:hep-th/9908001].

O. Aharony, J. Marsano, S. Minwalla, K. Papadodimas and M. Van Raamsdonk,
The Hagedorn/Deconfinement Phase Transition in Weakly Coupled Large N
Gauge Theories, Adv. Theor. Math. Phys. 8 (2004) 603 [arXiv:hep-th/0310285].

H. Liu, Fine structure of Hagedorn transition, arXiv:hep-th/0408001.

O. Aharony, J. Marsano, S. Minwalla, K. Papadodimas and M. Van Raamsdonk,
A first order deconfinement transition in large N Yang-Mills theory on a small

$3, Phys. Rev. D 71, 125018 (2005) [arXiv:hep-th/0502149].

M. Brigante, G. Festuccia and H. Liu, Hagedorn divergences and tachyon poten-

tial, arXiv:hep-th/0701205.

70



Higher Deriwative Gravity.... 71

8]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

J. M. Maldacena, The large N limit of superconformal field theories and super-
gravity, Adv. Theor. Math. Phys. 2, 231 (1998) [Int. J. Theor. Phys. 38, 1113
(1999)] [arXiv:hep-th/9711200].

S. S. Gubser, I. R. Klebanov and A. M. Polyakov, Gauge theory correlators from
non-critical string theory, Phys. Lett. B 428, 105 (1998) [arXiv:hep-th/9802109].

E. Witten, Anti-de Sitter space and holography, Adv. Theor. Math. Phys. 2, 253
(1998) [arXiv:hep-th/9802150].

E. Witten, Anti-de Sitter space, thermal phase transition, and confinement in

gauge theories, Adv. Theor. Math. Phys. 2, 505 (1998) [arXiv:hep-th/9803131].

J. L. Petersen, Introduction to the Maldacena conjecture on AdS/CFT, Int. J.
Mod. Phys. A 14, 3597 (1999) [arXiv:hep-th/9902131].

O. Aharony, S. S. Gubser, J. M. Maldacena, H. Ooguri and Y. Oz, Large N
field theories, string theory and gravity, Phys. Rept. 323, 183 (2000) [arXiv:hep-
th/9905111].

D. G. Boulware and S. Deser, String Generated Gravity Models, Phys. Rev. Lett.
55, 2656 (1985).

S. S. Gubser, I. R. Klebanov and A. A. Tseytlin, Coupling constant dependence
in the thermodynamics of N = 4 supersymmetric Yang-Mills theory, Nucl. Phys.
B 534, 202 (1998) [arXiv:hep-th/9805156].

Y. h. Gao and M. Li, Large N strong/weak coupling phase transition and the
correspondence principle, Nucl. Phys. B 551, 229 (1999) [arXiv:hep-th/9810053].

K. Landsteiner, String corrections to the Hawking-page phase transition, Mod.

Phys. Lett. A 14, 379 (1999) [arXiv:hep-th/9901143].



Higher Deriwative Gravity.... 72

[18]

[19]

[20]

[21]

[22]

23]

[24]

M. M. Caldarelli and D. Klemm, M-theory and stringy corrections to anti-de
Sitter black holes and conformal field theories, Nucl. Phys. B 555, 157 (1999)
[arXiv:hep-th/9903078].

L. Alvarez-Gaume, C. Gomez, H. Liu and S. Wadia, Finite temperature effective
action, AdSs black holes, and 1/N expansion, Phys. Rev. D 71, 124023 (2005)
[arXiv:hep-th/0502227].

L. Alvarez-Gaume, P. Basu, M. Marino and S. R. Wadia, Blackhole / string
transition for the small Schwarzschild blackhole of AdSs x S® and critical unitary

matriz models, Eur. Phys. J. C 48, 647 (2006) [arXiv:hep-th/0605041].
R. C. Myers, Superstring gravity and black holes, Nucl. Phys. B 289 (1987) 701.

S. Nojiri and S. D. Odintsov, Anti-de Sitter black hole thermodynamics in higher
deriwative gravity and new confining-deconfining phases in dual CFT, Phys. Lett.
B 521, 87 (2001) [Erratum-ibid. B 542, 301 (2002)] [arXiv:hep-th/0109122].

R. G. Cai, Gauss-Bonnet black holes in AdS spaces, Phys. Rev. D 65, 084014
(2002) [arXiv:hep-th/0109133).

M. Cvetic, S. Nojiri and S. D. Odintsov, Black hole thermodynamics and negative
entropy in deSitter and anti-deSitter Finstein- Gauss-Bonnet gravity, Nucl. Phys.
B 628, 295 (2002) [arXiv:hep-th/0112045].

[25] Y. M. Cho and I. P. Neupane, Anti-de Sitter black holes, thermal phase transition

[26]

and holography in higher curvature gravity, Phys. Rev. D 66, 024044 (2002)
[arXiv:hep-th/0202140].

T. Torii and H. Maeda, Spacetime structure of static solutions in Gauss-Bonnet

gravity: Neutral case, Phys. Rev. D 71, 124002 (2005) [arXiv:hep-th/0504127].



Higher Deriwative Gravity.... 73

[27] A. Chamblin, R. Emparan, C. V. Johnson and R. C. Myers, Charged AdS black
holes and catastrophic holography, Phys. Rev. D 60, 064018 (1999) [arXiv:hep-
th/9902170].

[28] A. Chamblin, R. Emparan, C. V. Johnson and R. C. Myers, Holography, thermo-
dynamics and fluctuations of charged AdS black holes, Phys. Rev. D 60, 104026
(1999) [arXiv:hep-th/9904197].

29] D. J. Gross and E. Witten, Possible Third Order Phase Transition In The Large
N Lattice Gauge Theory, Phys. Rev. D 21, 446 (1980).

[30] S. R. Wadia, N = Infinity Phase Transition In A Class Of Ezactly Soluble Model
Lattice Gauge Theories, Phys. Lett. B 93, 403 (1980).

[31] G. T. Horowitz and J. Polchinski, A correspondence principle for black holes and
strings, Phys. Rev. D 55, 6189 (1997) [arXiv:hep-th/9612146].



Chapter 4

Higher Derivative Gravity and
Dual Matrix Model: R-charged
Black Holes

4.1 Introduction

In continuation with our previous chapter, we study the effects of Gauss-Bonnet
(GB) corrections to charged black hole in the AdS/CFT set up. Our aim is to
identify some of the universal features of the boundary matrix models at strong
coupling. The charged sector of the GB action contains a Maxwell term besides
the GB corrections. Maxwell term typically comes in type IIB theory on AdS; X
S5 from angular momentum along S° direction, or in other words, from the SO(6)
gauge symmetry arising from the group of isometries of S®. We focus our attention
to those black hole configurations which have equal U(1) charges for all the three
commuting U(1) subgroups of SO(6). These black holes and their phase structures
were considered in [1, 2] (see also [3]). We study the changes of phase structures due to
GB corrections in canonical and grand canonical ensembles. On the gauge theory side,

in order to describe the charged sector, we use the same model as in previous chapter
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except we allow the coefficients of the model to depend on appropriate parameters of
the ensemble as well along with the temperature (T") and the t’'Hooft coupling ().
In this direction we first focus our attention on the phase structures of this black hole

in canonical and grand canonical ensembles.

Grand canonical Ensemble (Fixed Potential):

In the grand canonical ensemble, the black hole is allowed to emit and absorb charged
particles keeping the potential fixed till the thermal equilibrium is reached, which,
in this case, is governed by a fixed chemical potential. Here the phase diagram is
characterized by the chemical potential & and the GB coupling which we call & in
this chapter.

(® #0,a =0) : On the gravity side, the phase diagrams have been analyzed in
[1, 2]. If the potential ® is below a critical value, various phases are similar to that
of AdS-Schwarzschild black hole while for ® large enough, the black hole free energy
becomes negative compared to that of the thermal AdS at any fixed temperature. On
the gauge theory side, at zero and small A, the phase structure was analysed in [4, 5],
while for large A, a phenomenologically motivated matrix model can be constructed
and we will have occasion to elaborate on it at a later stage of this chapter.

(® #0,a #0) : This case is studied in section 4.2.1 where we find the critical
value of ® depends on «. For small ®, there are three different black hole phases;
one of them being unstable. Identifying the rest two as a small and a big black hole,
we find that there is a first order phase transition from the small to the big black
hole. However, once thermal AdS is included in the phase diagram, we find both the
small and big black hole phases are metastable at low temperature and big black hole
becomes stable only at high temperature. In order to clearly illustrate the various
phases in this range of ® we construct a Landau function with black hole horizon
radius as the order parameter. When ® is above the critical value, phase diagram
shows a single black hole phase which is stable beyond certain temperature while a

crossover from black hole phase to thermal AdS occurs for temperature lower than
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that. If we increase ® even further, the black hole phase is always found to be stable.
All these phases can be summarized in a ($? — @) diagram; see figure 4.1. We also
note that, in all the above cases, wherever there is Hawking-Page transition from AdS
to the black hole phase, the transition temperature is found to decrease with a.

We study the grand canonical ensemble of the dual theory in section 4.3.1 and
4.3.2. Here the parameters of the matrix model depend on the chemical potential
(1). We find for the chemical potential less than the critical value the analysis is
similar to that of previous chapter. As earlier, the matrix model has an extra saddle
point that has no analogue in supergravity. We interpret this saddle point with some
phase in string theory. Beyond the critical potential we encounter different possible
situations depending on the position (expectation value of the Polyakov loop) of the

extra saddle point.

Canonical ensemble (Fixed Charge):

In the canonical ensemble, the black hole is allowed to emit and absorb radiation,
keeping the charge fixed till the thermal equilibrium is reached and the phase diagrams
are characterized by the charge of the black hole, ¢ and the GB coupling a.

(q # 0,& = 0) : The phase structure is discussed in [1, 2] in great detail. There
exists a critical charge q. above which, at all temperature, only one black hole phase
exists. Below ¢, there can be at most three black hole phases. We call them small,
intermediate and large. While the intermediate one is unstable, the small and big
black holes are stable. It was also noted that thermal AdS is not an admissible phase.
When we increase the temperature, there is a crossover from a small black hole to a
large black hole phase via a first order phase transition.

(q # 0,a& # 0) : This part of the analysis is given in section 4.2.2, where, we find
the phase structure depends on two parameters ¢ and a. In particular, in (¢* — @)
plane, we identify two distinct regions (see fig. 4.5) where region I consists of three
black hole phases, while in region II, only one black hole phase exists. Thermal AdS

continues to be non-admissible phase. As before, there is a transition from small to
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big black hole at a critical temperature. This temperature decreases as we increase
Q.

Study of the canonical ensemble of the dual theory is discussed in section 4.3.3.
Since the explicit dependence of the coefficients of the matrix model on the chemical
potential is very hard to determine at strong coupling, we assume the the zero coupling
result is valid there or at least the universality class of the theory does not change
once we tune up the gauge coupling. We find that this dependence is consistent with
one of the possible scenarios. For this scenario, we write down the matrix model for
the fixed charge and find that this model correctly reproduces the phases of the black
holes with fixed charge.

The chapter is structured as follows. We begin with the thermodynamics of
charged sector in presence of GB coupling in section 4.2. Subsections 4.2.1 and
4.2.2 are devoted to discussion of canonical and grand canonical ensembles. The dual
theory is discussed in section 4.3. The grand canonical ensemble of the dual theory

is considered in subsection 4.3.1 and 4.3.2 while the canonical ensemble is discussed

in subsection 4.3.3.

4.2 Gauss-Bonnet black hole with electric charge

We start with n + 1-dimensional (n > 4) action

R F2
1= [ @™oy =gui[—— = 20+ a(R — ARy R + RapeaB™") = —|.

4.1
Kn+41 Rn41 ( )

This action possesses black hole solutions which we call charged GB black holes [3].

These solutions have the form

dr?
ds* = =V (r)dt* + ) +r2dQ2 (4.2)
where V(r) is given by
r ol 46 4am  4aq® 14
V() =14 = = o[l - 5 + = — oot (4.3)
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The parameter g gives the charge

0 — 2\/2(77, —1)(n —2)wn_1¢

, 4.4
Kn+t1 ( )
of the electric gauge potential
n—1 gq
A= —| 0————+ 4.5
! 2(n —2)rn—2 9 (4.5)

where ® is a constant which we will fix below. Denoting r, as the largest real positive
root of V(r), we find that the metric (4.3) describes a black hole with non-singular

horizon if

( i 2)r_2|_”_2 + l2r_2|_”_4 > 12 (4.6)
n J—

Finally, we shall choose the gauge potential A; to vanish at the horizon. This fixes ®

_ n—1 q
b = 1/2(71_ %) ryn (4.7)

This quantity is the electrostatic potential between the horizon and infinity. Asymp-

to be

totically, the metric (4.3) goes to AdS space, as in this limit,

V) =1+ [o= — o= (1= 22)]2 (45)

26 24\ 2

Hence we notice that the metric is real if,
l2
a < —. 4.9
<t (1.9

We shall restrict ourselves to & which satisfy the above bound. In this chapter, we
will primarily consider black holes in five dimensions (n = 4). However, it is easy to
extend the results of this section to higher dimensions.

The thermodynamic properties of the black hole will depend on whether we con-
sider the canonical ensemble (fixed charge @)) or grand canonical ensemble (fixed
potential ®). The equilibrium temperature T can identified from the period [ of the
Euclidean time of the metric (4.3), which in five dimensions is given by
2mry (1] + 24)

BV

G

(4.10)
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As it will be useful for us to write thermodynamic quantities, as before, in terms of

dimensionless quantities, we define

q _ m

Qi

F= 4=

Y

| 2

=~
o~

In terms of these quantities, (4.10) can be expressed as

2rlF (72 + 2a)
= . 4.12
& 72+ 21 — @2 /72 (4.12)

4.2.1 Grand canonical ensemble

In the grand canonical ensemble, with fixed potential ®, the free energy can be
computed from the Euclidean continuation of the action (4.1). We obtain the action

(subtracting the AdS background) as

4@0::—;Eégi;zgﬁ[ﬂi+(18a——1—%4®2ﬂﬂr44—3a(1——8®2ﬁﬂr2——6aﬂ, (4.13)
where (3 is inverse of T expressed in terms of potential
27l(7? + 2a)
(1 —492/3 +272)

It will be important for us to find out the number of turning points of 3(7) as we

B=- (4.14)

vary @ and ®. First of all, the nature of 3(7) depends crucially on the value of ®2.
For ®* > 3/4, 3(7) blows up at #* = (4®*/3 — 1)/2. Consequently, the temperature
is zero. Following [1, 2], we would like to identify this with an extremal hole. For 7
less than this value, 3(F) becomes negative. It can easily be checked that as long as
®? > 3/4, regardless of the value of @, there is no turning point of 3(7). If, on the
other hand, ®? = 3/4, 3 diverges at 7 = 0 and goes to zero for large 7. Now, to have

turning points, 9F/0r = 0. This gives

1
iﬁ2=55(3—3&1—4¢2iNA—3+¢2@+4¢%(—3+10&1+4¢%). (4.15)
From here, it follows that in order to have real roots, & should not lie within the
window , ,
1 4P 1 4P
%(1_T)§a§1(1—7). (416)
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Figure 4.1: The curves in the (a-®?) plane separating various regions with different
behaviours of black holes.

1_4@2

However, it is easy to check that for a > i( 3

), T;, are negative while @ <
(1 —42%) 72, are positive. Hence, we have the following picture. For & < /3/2,

has two turning points only if
(1-——). (4.17)

The above features of 3(7) can be nicely summarized is a (®? — @) diagram. This
is shown in figure 4.1. The region satisfying (4.17) is the region I in the figure. So,
here 3(7) has two turning points. However, note that for ®* < 4/3 and a = 0, (7)
has only one turning point at non-zero 7. In the rest of the regions namely II, III and
IV, there are no turning points of 5(7). However, as in I, in region II, 3(7) diverges at
7 = 0 while in regions IIT and IV, 3(7) blows up at finite non-zero values of 7. There
are other differences in these four regions (particularly when the free energies of the
black holes are considered). This is what we discuss in the next paragraph. Various

representative plots of the 3 versus 7 for all these regions are shown in figure 4.2.

Free Energy: The free energy can be obtained from (4.13) as W = I,/B. For

different values of the parameters, W has been plotted as a function of temperature
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Figure 4.2: Plots of 3 vs 7 for various values of (9%, a).

in figure 4.3. In this figure, (a) corresponds to the parameter values where we have
only one stable black hole solution. This is also the situation in the case of (d).
However, there is a distinct difference in their phase structures as is evident from the
plots. While the black hole phase has lower free energy than thermal AdS in (a) for
all temperatures, there is a Hawking-Page transition at T, in (d). This difference can
easily be located in (®*—@) diagram in figure 4.1. In the region IV of this figure, black
hole at T' = 0 has less energy than the thermal AdS and hence is stable. However, in
regions II and III, a hole at 7' = 0 is in a metastable phase while AdS is the stable
one. Hence this hole would decay to AdS by radiating away its energy. The line
separating III and IV represents hole with zero free energy at 7' = 0. The equation
of this line as a function of & and ®? is obtained by setting W (7, &, ®*) = 0, where

r2 = 1/2(1 — 49?/3). Note that this also means that on this line the Hawking-Page
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Figure 4.3: Free energy W as a function of T'. (a), (b), (c), (d) correspond to values
of ®* and & of figure(4.2)

temperature vanishes.

Now returning back to figure 4.3(b), we see that at low temperatures there is
no black hole phase. Two black hole phases appear as we increase the temperature.
The small one turns out to be unstable and the large one undergoes a Hawking Page
transition at 7,. Note that figure 4.3(c) is similar to the one we found in our previous
chapter (i.e for ®* = 0,a # 0). As in earlier chapter, we have therefore the following
scenario. At low temperature, free energy has only one branch (branch I). However,
as temperature is increased, two new branches (branch IT and IIT) appear. Branch II
meets branch I at a certain temperature (73) and they both disappear. On the other
hand, branch III continues to decrease, cuts branch I at a particular temperature

(T3) and becomes negative at temperature T,.. These three branches represent small,
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Figure 4.4: Landau function W ws. 7 for different temperatures. (a), (b), (c), (d)
correspond to values of ®? and @ of figure(4.2)

intermediate and large black hole. Out of these three, the intermediate black hole
is unstable with negative specific heat, while the rest are classically stable. As in
previous chapter, we get two first order phase transitions (HP1, HP2). HP1 is a
transition between small and large black hole at temperature T5 and the other (HP2)
is the usual transition between AdS to large black hole as T..

It is easy to construct a Landau function which represents the behaviour of the
free energy around the critical points. Identifying 7 as the order parameter, this
function can be written as

W(F,T) = %Q [3# — A7ITT + (3 — 40*)7? — 24malTT + 3@] (4.18)

Notice that this expression reduces to the one in [6] when we set & to zero and to the
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one in previous chapter as we set ® to zero. It can be checked that at the saddle point
of this function, we get the temperature (given by the inverse of the expression in
(4.14)). Substituting back the temperature in W, we get the free energy W. We have
plotted the Landau function in figure 4.4. Consider (c¢) in figure 4.4 in particular.
This is for ®2 = 0.2,& = 0.01. Clearly, for T' < T3, the global minimum occurs for
small 7, representing a stable small black hole phase. At T = T5,, small and big black
hole co-exist. At even higher temperature, big black hole represents the stable phase.
However, all these phases are meta-stable below T < T, if we include thermal AdS
(representing the horizontal line with W = 0). Big holes then are only stable beyond
T.. Note, that for (a) in figure 4.4, black hole is always the stable phase while for (b),
there is a crossover from thermal AdS to black hole at 7. Finally, figure (d) is similar
to (a) except that the 7 = 0 hole has more energy than the thermal AdS. To this end,
we note that since W = E —T'S — ®(@), we get the energy, entropy and charge as

0l d 0,
E:(a;)cp_ﬁ(aqg))g:M

0l AlPwsr (7 4 6)
5= (0, 1 =
1,01,

where expressions for ), M in terms of g, m respectively were defined earlier. It can

be checked that the first law of thermodynamics dE = T'dS + ®d() is satisfied.

4.2.2 Canonical ensemble

We now consider the system in canonical ensemble where the charge ¢ is kept fixed.
We first note from the expression of the temperature (4.10) that 7" is non-negative if

~2
_ _ q
7+ 27t — 520 (4.20)
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Figure 4.5: The curve in & — ¢* plane separating regions with various number of
solutions.

When the equality is saturated, the temperature is zero and we call this an extremal
black hole. Denoting mass and the scaled horizon radius as m. and 7. respectively,

we see that the following relation is satisfied:

_ 7 32
me:Oé—i‘Ee—i‘ﬁ. (421)

Like in the previous case of fixed potential, we now identify the relevant regions
in the (a-g?) plane. The curve separating the regions for various number of positive

solutions for 7 is given by the following parametric equations in 7:

¢ = %(67*6—?4), (4.22)

_ 5 (7 —3r
oqO = —\—.
3\ 1872 + 2
The curve is shown in figure 4.5. It can easily be checked that for any point in region
I1, there is one real positive root for 7 at any temperature. Below this, that is in
region I, there is a maximum of three. Furthermore, unlike the fixed potential case,
the vertical g*-axis i.e. for @ = 0 we also have a maximum of three real positive

solutions as long as ¢* < @*(= 1/135). We also notice that thermal AdS exists only

when ¢? = 0. The corresponding 3-7 plots for these regions are shown in figure 4.6.



....R-charged Black Holes 86

<
=

Figure 4.6: Plots of 3 vs 7 for various values of (¢%, @).

Free Energy: We now compute the action (4.1) in the fixed charge ensemble. After
properly adding a boundary charge and subtracting the contribution to the extremal

background, we get

wil?Br ., 4, 53 8alg®—rr—2r% 3, 9¢
I, = - = S e 4.23
K5 [r TR 72(7% + 2a) 2° 27*3} (4.23)
where [ is ,
27l (7% + 2a)7T
5= (7" + 2a)7 (4.24)

P22 — 272

The free energy can therefore be obtained as F' = I./3. Behaviours of free energy
for different values of (¢, &) are shown in figure 4.7. We first of all note that, in
fixed charge ensemble, black holes with negative free energies are always the stable
compared to thermal AdS. Secondly, in (a) and (d), we see that given any temperature,

there is a single black hole phase, while in (b) and (c), there can at most be three
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Figure 4.7: The free energy in canonical ensemble as a function of temperature. (a),
(b), (c), (d) represent plots for values of ¢* and & of figure (5).

phases. We call them small, big and intermediate black hole phases. We find that at
a certain temperature, which we call T later, there is a first order phase transition
from small to big black hole phase. On the other hand, the intermediate black hole
is an unstable phase with negative specific heat. It can be shown by comparing (b)
and (c), that T decreases as & increases.

Finally, the Landau function can be constructed as before. It is given by

2 7 F
F(7,T) = 2 [37 — 4miTr + 372 — 24nlaTr + o — -1~ Te] (4.25)
Rs

It can be checked that, at the saddle point, it reproduces correct temperature 7" and
the free energy F. A plot of this function for different temperatures is shown in
figure 4.8. As can be seen in (a), for high ¢, there is a single black hole phase for

all temperatures. As we reduce ¢ beyond certain value, two new black hole phases
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Figure 4.8: The Landau Function F as a function of 7 for different temperatures. The
critical temperature at which there is a transition between the small black hole to
the large black hole is shown by 7" in the figures. Finally, (a), (b), (c), (d) represent

J.05

plots for values of g% and & of figure 4.6.

appear in (b) for a certain range of temperature. Above and below this range there is
only one black hole solution. When the temperature is within this range, for T < T,

the small black hole is favoured. Otherwise, big black hole is the stable one. There

are degenerate minima at 7' = T' representing phase co-existence.

Now as we turn on @, we get (¢) for low values of ¢, @ This is similar to (b) except

that the critical temperature T reduces with &. Again, for large &, we get (d) which

is qualitatively similar to that of (a).

Finally, since F' = FE — TS, we have

Al
:(%)Q:M—Me

oI, ArlBuwyT (72 + 6a

S:ﬁ(ﬁﬂ)Q_ICZ - wgr/i: 2
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1,01, 3,4 @
P — — — 2 (L - L), 4.2
ﬁ<8Q)ﬂ 4(f2 fg) (4.26)
It can be checked that they satisfy the first law of thermodynamics dE = T'dS + (¢ —

.)dQ.
In the next section, we study the matrix model representing the bulk at finite

temperature.

4.3 Dual Matrix Model

The dual matrix model, as we will see, has the same structure as before, except that
the parameters depend on the chemical potential y besides A and 7. In the next
two subsections we discuss this model in grand canonical and canonical ensemble

respectively.

4.3.1 Matrix model with fixed chemical potential

Once we turn on a non-zero chemical potential the coefficients of the matrix models
will depend on the chemical potential. At zero coupling, i.e at A = 0, this dependence
is easy to determine. As we mentioned in the introduction of this chapter, since three
equal U(1) charges come from the the rotational symmetry of SO(6), the vector part of
the partition function of equation (2.34) will not have any contribution from chemical
potential. However the scalar and fermionic parts will contribute. To include this
contribution, we consider scalars and fermions have +1 and j:% charges respectively

with respect to U(1) C SO(6). The partition functions in these two parts modify as

as(@” ) = [eap(+p) + exp(—p)|zs(2")/2 = cosh(u)zs(a"),
ap(a” ) = |exp(+1/2) + exp(—p/2)|2p(2") /2 = cosh(u/2)zp(a"). (4.27)

Then the total partition function in this case is given by (2.34) with

2(2", 1) = 2y (2") + zs(2™) cosh(p) + (=1)" " 2 (2™) cosh(u/2). (4.28)
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This matrix model was studied in [4] and it happens to be similar to the case with
i = 0, where there is first order deconfinement transition at temperature Ty. Here
Ty is given by z(x) = 1. There is a discontinuous change in p from zero to a nonzero
value. Above Ty, the deconfined phase is preferred and has free energy O(N?). Below
Ty, the preferred confined phase has free energy O(1).

When a small A is turned on, to the quadratic order in A one gets a term of
the form (Tr(U)Tr(U~'))?. One may thus be inclined to propose a matrix model
corresponding to the black holes with chemical potential as was done earlier with the
(a, b) model for the black holes zero chemical potential. However, the dependence of
the coefficients, (a,b) on the chemical potential, though obvious in the A = 0 case, is
not easy to determine when A # 0. As was mentioned, the lowest correction is O(\?)
that involves a three loop computation'. On the other hand, an alternative approach
is to write down a model in the strong coupling regime by comparing with gravity.
Though we do not hope to determine the exact dependence of the parameters on the
chemical potential, the restrictions on them so that the matrix model reproduces the
qualitative features of gravity can be inferred.

Let us begin with the case without o' corrections first and then include the effect
of o corrections in the next subsection 4.3.2. We will consider the equation (2.48),
where now apart from A and T', a and b are also functions of the chemical potential
L.

When comparing with gravity, a(\, T, ) and b(\, T, u) will be assumed to be
positive for all values of . We have seen in section (4.2.1) that there exists a critical
value of the potential (u.) above which there is only one solution. Below this there
are a maximum of two solutions. The phase structure below the critical potential is
same as that of the uncharged case. This is reproduced by the (a,b) model [9] when
a < 1 and b > 0 as described in second chapter of this thesis.

From equation (4.14), we see that the radius of the small black hole at and above

!To our knowledge this computation is not available in the literature.
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Figure 4.9: Plots of the matrix model potential vs. p above p. showing the two
possible situations at finite temperature. At T = 0 the extremal black hole decays
into AdS, shown as a saddle point at p = 0.

the critical potential, becomes zero and negative respectively. The black hole with
positive radius approaches an extremal limit at 7' = 0. We know that thermal AdS
exists for all temperatures and at 7" = 0 the gauge theory is in the confined phase. We
thus have two solutions in gravity corresponding to the confined phase. However the
extremal black hole being nonsupersymmetric will ultimately decay into AdS at zero
temperature [1, 2]. We do not expect to capture the dynamics of this decay with the
static potential given by the (a,b) model. In fact the zero temperature configuration
with only the AdS is not continuously connected to the finite temperature (a, b) model
as we will see below.

At finite temperature, we always need to introduce an unstable saddle point (a
maximum). This follows from the observation that the smooth potential given by the
(a,b) model which gives two minima (corresponding to thermal AdS and the large
black hole in gravity) always includes a maximum in between. For p > p. this maxi-
mum corresponding to the unstable black hole ceases to show up in gravity above. In
the matrix model, we interpret this phenomenon as follows. As p increases beyond
(e this unstable saddle point in the matrix model enters the p < 1/2 region from

p > 1/2 region. Thus the region beyond u. corresponds to the values of a and b when
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the unstable small black hole of the (a,b) model has already undergone the third
order Gross-Witten transition [7, 8]. This imposes a constraint on the values of a
and b. Another constraint comes from the fact that the energy of the large black hole
in this region is lower than thermal AdS for all temperatures. At any finite temper-
ature, the theory is thus always in the deconfined phase. Both of these constraints
are satisfied if we set b > 2(1 — a). However, in light of these remarks, it is not
possible to tell whether the unstable saddle point has energy less or more than that
of AdS or whether it is at p = 0 or away from it. Thus it gives rise to two possible
scenarios depending on whether the unstable saddle point is at p = 0 or in the region
0 < p < 1/2 as shown in figure 4.9. In the following we discuss these two scenarios

separately .

(A) Unstable maximum is at p = 0 (a(p > p.,T) > 1): In this case we define
the critical potential . by a(u.,T) = 1. Here the unstable saddle point at p = 0
does not correspond to thermal AdS but to the unstable configuration not visible in
gravity as mentioned above. Thermal AdS does not feature in the plot. It has energy
higher than the black hole. The condition b > 2(1 — a) is automatically satisfied as b

is assumed to be positive.

(B) Unstable maximum is at 0 < p < 1/2 (a(p > g, T) < 1): In this case the
saddle point at p = 0 is thermal AdS. The unstable saddle point has energy higher
than AdS. Since the black hole has energy less than AdS, a and b correspond to values
above the Hawking-Page transition. Also the saddle point for the maximum is at
p < 1/2. The critical potential in this case is given by, b(\, T, p.) = 2[1 — a(A, T, )]
or by the curve in the parameter space of a and b that gives the Hawking-Page
transition, depending on whichever satisfies both the above conditions.

Finally we draw a diagram in the (a — b) parameter space to show the various

regions which depend on the number of saddle points. This is shown in figure 4.10. For
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1 > p. we have the following situation: At 7" = 0 the only solution which is thermal
AdS, is given by the region below line I. At any finite temperature the parameters

jump to values in regions (A) or (B).

IV

I1I T>0

I (B) (A)

a=1

Figure 4.10: The a — b parameter space for p > p.. The zero temperature region is
below I and the finite temperature region is beyond III or II. Below I there is only
one saddle point at p = 0 corresponding to thermal AdS. On II the Hawking Page
transition occurs. III is the Gross-Witten transition line. IV is the line, a = 1

4.3.2 Including o corrections : Fixed potential

As mentioned before, now we include o' corrections along with nonzero chemical
potential, the coefficients in the action (3.22) depend also on o’. The equations of

motion are of the same form as given in the y = 0 case:

1

1
- Z<p<i 4.29
My @ a3=P=h (4.29)
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where we have defined

F(p) = ag;g )

= N?[8A4p% — 6A3p" + 4450 + (1 — 2A)]. (4.30)
The potentials that follows from the above action are given by

Vip) = —Aup®+A30° = Ap* + A1p* , 0<p< (4.31)

N | —

<p<L

N =

1 1
= —A4P8 + A3P6 - A2P4 + (A — 1/2)02 1 log[2(1 — p)] + ]

As seen from (4.29) p = 0 is always a solution. The action (3.22) evaluated at p = 0
vanishes. For zero chemical potential and & this solution corresponds to the thermal
AdS on the bulk side [9].

In the analysis of phase structure we saw as the chemical potential & and tem-
perature T vary we arrive different regions having different thermodynamic features.
Similarly in the matrix model as chemical potential and temperature vary the coeffi-
cients of the matrix model action vary as well. Thus if we consider a four dimensional
space corresponding to the four coefficients of (3.22) it is sectioned into various re-
gions which are analogous to the regions in the phase diagram. This is essentially
same as what we did graphically in figure 4.10 for two coefficients. Analogously, here
we will identify different regions in four dimensional space of the coefficients with
various ranges of temperature and chemical potential.

Let us begin with the various regions in the (®2-a) plane depending on the number
and nature of the solutions, as discussed in subsection 4.2.1 (see fig. 4.1). In particu-
lar, there is a line in the (®*-a)-plane that separates region with three solutions and
that with one solution. Let us consider constraints imposed on the coefficients A; that
corresponds to these regions or in other words, regions above and below the critical
potential u. at fixed A\. For that purpose it is useful to consider the quadratic poly-
nomial in p%: f(p?) = (1/p)8%F(p). This is given by f(z) = 484422 — 24A3x + 8As,.
The zeroes of f determine the non-trivial turning points of F'. We will see below that

the parameters at 7' = 0 are continuously connected to the finite temperature ones
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for u < p. but they are not so for p > p. as we saw in absence of o correction.
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Figure 4.11: For pu < p., Potential as function of p for the ranges 0 < p < 1/2 and
1/2 < p < 1. The values of (Aa, A3, Ay ) used in the plots are given above. A; = 0.02.

Sub-critical Potential (1 < pu.): This corresponds to the region I in figure 4.1.
In this range the behaviour is very similar to the case of zero chemical potential.
As is evident from the plot in figure 4.2(c) obtained on the gravity side we have
two characteristic temperatures, among others. One is T' = T where the stable big
black hole and unstable intermediate black hole nucleates. Another is T = Ty > Tva
where the intermediate unstable black hole combines with stable small black hole and
beyond that temperature they cease to exist as solutions. This leads to three qualita-

tively different ranges of temperature and in the following we discuss them separately.

Tno <T < Tyi: Here on the gravity side we have three black holes and so we expect
at least three solutions of the saddle point equation (4.29) obtained from the Matrix
model. The small black hole has a size of the order of /. In addition, as we have
already seen in the analysis of u = 0 case, we have an (unstable) solution which is
a maximum of the potential. Since this solution does not appear in the gravity that
is beyond an analysis of order o/. So we expect these two solutions occur generically

in the range 0 < p < % The other two solutions, which are analogues to unstable
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intermediate black hole and stable big black hole, and having bulk analogue, are

1

5 < p < 1. Therefore we get four

expected them to appear generically in the range
solutions for this region. So this region corresponds to the range of the coeflicients
A; for which (4.29) has four solutions within the domain of p. From (4.29) we see
this requires f(p*) = 0 has two positive solutions 0 < p*> < p3 < 1 where p_ is a

maximum and p, is a minimum of F(p). That f(p?) = 0 has two solutions requires
A =3A5 — 84,4, >0, Ay Ay >0, (4.32)

where the second condition is to ensure that both the solutions p% are positive. That
p+ are minimum and maximum of F' respectively implies F"(p_) <0, F"(py) >0

from which we obtain

2 3 3 2
4A4 \/(4A4) 61447 2 ( 3 )

Other conditions that we need to impose so that (4.29) admits four solutions are

F(p-) > 1and F(p+) <1, which when written in terms of A;’s become
Ag : Ag A3

2A 16A,(—)2 — ——=|)? 4.34
3144 - ! + 0 4|:(4A4) 6A4}p7 ’ ( 3 )
A2 . A3 Ag 2 A2 2
2A 16A4|(—)" — —— . 4.
3144 < ! + 6 4|:(4A4) 6144:|pJr ( 35)

The above conditions (4.32,4.33,4.34, 4.35) ensure that there exist a minimum (p,)
corresponding to the small black hole and a maximum (p,,q,) that does not have a
gravity analogue. These solutions are in general different from p. and since F' is a
cubic polynomial in p? the expressions are complicated. In addition, on the gravity
side we saw that stable small black hole have positive energy. So we expect the
solution of the saddle point equation that correspond to this stable small black hole

should have positive energy. So we need at the minimum

whose explicit form is not very illuminating.
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In addition as we said from gravity analysis we expect two solutions should appear,
generically, in the first half of the domain of p while two other in the second half.
We consider two halves of the domain of p separately. Let us begin with the range
0 < p < 3. That we have two solutions of the saddle point equation (4.29) in this

range imposes two further conditions:
1 1

( In this form it is easier to obtain the restriction on the parameters. Otherwise

we could write 0 < pPpmin, Pz < % which are more direct but the expressions are

cumbersome.) These conditions, when written in terms of the parameters, reduce to

the following two equations:

A [ A, A1
_ _ - 4.
1A, \/(4A4> 64, ~ 1 ' (4.38)
A A

These conditions (4.32,4.33,4.34,4.35,4.36) are real inequalities in four parameters.
Each of them will give rise to one (or more) codimension 1 wall(s) in the four di-
mensional parameter space described by Ai, Ay, A3, A4. Since this involves four pa-
rameters it is difficult to have a graphical representation of it. As we see each of
the inequalities corresponds to wall(s) which we cross when we go beyond this range
of temperature and chemical potential. However, crossing the wall corresponding to
(4.36) will take us to some unphysical region as that implies the stable small black
hole has energy less than that of AdS which implies on the gauge theory side absence
of confinement in low temperature. The equations (4.38,4.39) also give rise to codi-
mension one walls but a more elaborate analysis is required to understand the correct
significance of them.

We expect the other two solutions to appear in the other half namely % <p< L
On this part the situation is pretty much similar to that of (a, b)-model. This requires
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we have one solution % < p1 < 1 such that it satisfies

1 1 1 1
Flp)= ——— Flip) > (——+—
(pl) 4p1(1 _ P1) ) (pl) 4( p% + (1 _ 01)2

where this p; will appear as the analogue of the unstable intermediate black hole

), (4.40)

solution that we got on the gravity side. Actually, this condition is sufficient to
ensure that there is the analogue of stable big black hole too. This condition (4.40)
along with (4.32,4.33,4.34,4.35) completes the list of necessary and sufficient condition
to have four solutions of the saddle point equations. As temperature increases, p;
will decrease. At the Gross-Witten temperature [7, 8] 7' = T, this reaches the lower
boundary of this region p = % At T' = T, the restriction on the parameters can be
written as

A A
24, + % = Ay + 34 . 3A,+8A, > 645, (4.41)

This corresponds to a third order phase transition.

T < Tyo: In this range of temperature the conditions that we obtain on the first
half of the domain of p remains the same. On the second half of the domain the two
solutions will merge at T' = Tlyo. This implies in the four parameter space we are on
the wall that corresponds to (4.40). The following equations corresponds to Tys:
1 1, 1 1
Flp) = ———— | Fl(p) = (-5 + ——
4p(1 - p) 45 pi (I=p)?

As temperature decreases the value of F'(p) will monotonically decrease and there

). (4.42)

will be no solution in the second half.

T > Tny: Here we have no solution in the first half of domain of p at T' > Ty;. But
that can happen in two possible ways and we discuss them in the following. One
possibility is the two extrema of V;(p) merge at T = Ty which implies we cross the

wall corresponds to (4.34). In terms of the parameters this means at 7' = Ty

A2A3 o A3 2 2
i = 24t 16A4[(4A4) [0 (4.43)




....R-charged Black Holes 99

This is a consistent possibility that can occur in the matrix model. Another signif-
icance of this equation is this corresponds to the bound beyond which we get the
features of (a,b)-model and so this region sits in the same universality class of that
of (a,b)-model.

The second possibility is crossing the wall corresponding to (4.35), where the
minimum of V; meets the maximum of V5. However, In terms of the coefficients,
then, at T, we have

Ax Ay
3A,4

A A
— 24, + 16144[(4—14"4)2 - 6—1411};)1. (4.44)

This possibility seems more plausible as it matches with what we saw on the gravity
side. There at T' = T the unstable intermediate black hole merges with the stable
small black hole. At this point we should comment on the relative values of T
and T},. If Ty < T, this merging occurs before the system reaches it Gross-Witten
point and therefore there will be no Gross-Witten transition. On the other hand for
Tn1 > T, the intermediate solution has already undergone the GW transition and
becomes a black hole of the order of ’. The other possibility is if T = T, where the
small black hole merges with the intermediate black hole exactly at the Gross-Witten
point or the two walls corresponding to (4.35) and (4.38) merge.

Super-critical Potential (1 > p.): This region corresponds to the parameter space
above region I in figure 4.1 and therefore should have a single minimum of the po-
tential. In the matrix model like the p < . region here also we have an additional
unstable maximum of the potential that does not have any bulk analogue and so it is
beyond the gravity analysis of the o’ order. Once again we restrict this in the region,
p < 1/2 so that this corresponds to some stringy phase as suggested in [9]. Therefore,
similar to the analysis for o’ = 0 ( and unlike the p < p. case ) we consider two
possible scenarios depending on whether the unstable maximum lies at p = 0 or it

lies away from p = 0. In the following we discuss the two scenarios separately.
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Figure 4.12: For pu > p., A1 < 0, A < 0: Potential as function of p for the range 0 < p < 1/2
and 1/2 < p <1 .The values of (A3, A3, A4 ) used in the plots are given above. A; = —0.02.

(A) Unstable maximum is at p =0 (4; < 0): If we have (A4; < 0) the unstable
maximum will always be at p = 0. In addition, in the matrix model we expect to
have one and only one stable minimum for p > 0 (The energy of this black hole could
be greater or less than that of thermal AdS depending on the values of p and A (see
figure 4.3). The condition A; < 0 alone does not ensure this and we need to impose
additional constraints on A,, A3 and A4. We note that there are two ways in which
one can ensure that there is only one stable black hole solution. We discuss them
separately in the following:

One possibility is, at u = u. the three solutions merge into one at some value of
p = p+ > 0. A similar merging occurs on the gravity side when the chemical potential
reaches its critical value. Since the corresponding solution is manifested in the gravity
limit we expect that p, > 1/2. Then, at u = p., apart from the condition A; = 0,
Ag, Az and Ay satisty,

! " " 1
Vips) =05 Vipe) =0 5 Vilpy) =0 for 5 <pp <1 (4.45)

Thus we obtain the parametric solutions of As(py), As(py) and Ay(ps) from (4.45)
which corresponds to the line separating the number of solutions in gravity in figure
4.1. We do not write these parametric equations here as they are not compact enough.

For, p. = 0.8 we have, A; = 0, Ay = 0.583, A3 = 1.481, A, = 1.293.
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Examining the equation of motion (4.29), one can find an indirect way to obtain
a (slightly more general) constraint in compact form. This ensures there is exactly
one solution at some point p > 0 in addition to the one at p = 0. However, that the
three solutions merge at this point is not guaranteed. If we relax the first inequality
of (4.32) by making the discriminant A negative so that there is no turning point of
F' then we are left with only a single solution. This can be thought of as identifying
the wall corresponds to the first condition of (4.32) with g = p.. The merging of the
three solutions at this point appears as a special case of it and so that condition is
more ramified. We have plotted the associated potentials in figure 4.12.

The other possibility that one can consider to obtain a single minimum is setting
Ay(pp = pe) = 0 and Ay(p > pe) < 0. This amounts to relaxing the second inequality
of (4.32) so that one of the turning point becomes imaginary. This corresponds to
identifying p = p. with the second condition of (4.32). For this choice, as p increases
beyond its critical value, one of the turning point comes down to p = 0 and then
disappears. This possibility is not continuously connected with the above mentioned
constraint, which gives rise to merging of three solutions. However, this possibility
can give a simple form for the fixed charge case. We have plotted the related poten-

tials in figure 4.13.

01 02 03 04 05
oo (A2, A3, Ad) 02
-002 (A2, A3, A%) (5,1,-.025)

(5,1, -.025 (.6, 1.05, —.022)
00 (.6, 1.05, - 022 — (7,11, -.018) 0.1

—— (8,115,-.015

004} | —— (7,11,-.018) ( )
005l | —— (8115-015 o8 o5 - 2 -
~006

-0.1

Figure 4.13: For pu > p., A1 < 0, A4 < 0: Potential as function of p for the range 0 < p <
1/2. The values of (Ag, A3, Ay ) used in the plots are given above. A; = —0.1.
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(B) Unstable maximum lies at 0 < p < 1/2 (A; > 0): In this scenario for u > p.
the unstable maximum is in the range 0 < p < 1/2. The usual saddle point p = 0 is
also there but this time it corresponds to the thermal AdS. In addition, there exists
only one minimum. (The energy of this minimum is either greater or less than that
of AdS at low temperatures. If the energy is greater than that of AdS energy, at high
temperature, the black hole undergoes Hawking Page transition.) In order to make
sure that this is the one and the only one minimum, once again we identify pu. to be
the limit where three saddle points merge. However unlike the previous case where

the small maximum was at p = 0, here it lies in 0 < p < 1/2. This configuration

satisfies,
! " m ].
Vips) =05 Vi(ps)=0; V (py) =0 for g Sspeslh
/ 1
and V (p_)=0 for 0 <p_< 5 (4.46)
/ 0.04
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Figure 4.14: For p > pu. and A; > 0: Potential as function of p for the range 0 < p < 1/2
and 1/2 < p < 1. The values of (A3, A3, A4 ) used in the plots are given above. A; = 0.298.

Apart from being functions of p, the A;’s are now also functions of p_. With
p— = 0.5 and p, = 0.8 we get, A; = 0.418, Ay = 1.561, A3 = 2.501 and A, = 1.691.
In this case the energy of the merging point (p, ) is positive. This gives rise to a stable
minimum with positive energy as we move beyond p.. We now vary the parameters

with increasing temperature and see that the minimum crosses zero corresponding to
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the Hawking-Page transition in the bulk. The plots for u > u. are shown in figure
4.14.

One can similarly derive the parameters for which the energy of the merging
point (p) is less than zero. This is given by, p_ = 0.4 and p; = 0.72 which gives
A; = 0.006, A; = 0.06, A3 = 0.291 and A, = 0.535. Note that for p_ = 0 we get
(A; = 0), which is the possibility (A). As we move away from the critical potential,
this gives rise to a minimum with energy less than AdS. With further variation of the
parameters this saddle point goes deeper as shown in figure 4.15. This can be mapped

to the variation of the minimum with temperature as it happens for the black hole

in gravity.
0.002
0.0001 (A2, A3.Ad) | 0.0015 |
—— (.531,.287,.056) | 0.001 |
0.00005 -~ (532,.288,.057) ‘
0.0005 |
0.1 02 0.3 04 05 05 06 07 o8 09
—0.00005 ~0.0005 |
~0.001 |
—0.0001 (A2,A3,Ad)
~0.0015 |
— (.531,.287,.056) —
~0.00015 p—
-~ (.532,.288,.057) -0.002
~0.0002 \

Figure 4.15: For ¢ > ¢., A1 > 0: Potential as function of p for the range 0 < p < 1/2 and
1/2 < p < 1. The values of (Ay, A3, Ay ) used in the plots are given above. A; = 0.002.

In the above discussion we consider, on the matrix model side, the various possibil-
ities, which can reproduce the bulk behaviour that we obtained in the analysis on the
gravity side. The different possibilities gives rise to different ranges of the parameters,
of which some are mutually exclusive. With this amount of input it is not possible
to decide which one is the correct behaviour. We need the explicit dependence of
A;’s on p in the strong coupling regime. Perhaps a weak coupling calculation of the

associated terms in the model can serve as a clue.
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4.3.3 Including o' corrections : Fixed charge

We have seen in the last section that, when restricted to various values of the param-
eters A;, the matrix model (3.22) reproduces the features of gravity below and above
the critical potential, u.. In general thus A; will depend on the chemical potential. In
the fixed charged case, since chemical potential can take any value, the matrix model
for the canonical ensemble is obtained by integrating over the chemical potential. For
this, the explicit knowledge of the dependence of A; are necessary in this strong cou-
pling regime, which we do not have. Out of the cases studied in the earlier section,
there is one that allows us to construct a toy model for the fixed charge consistently.
This is given by the second possibility of (A), when both A; and A, become negative
above the critical potential. This implies that we can consistently assume A; and Ay
are dependent on chemical potential and others are independent of u.

In the following, we will assume the result from the zero coupling regime to be

valid in the strong coupling. In the free theory, the partion function is given by [4, 10]
Z(l‘, Q) — /due(*w@) /[dU]e(Z @T}:‘(U”)TY(U—n)' (447)

The second integration looks like the partition function of the grand canonical system
with chemical potential ip. Equation(4.28) shows the exact dependence of A; on
in the free theory. In this case, including only the charged scalars, A; is given by,
1 —2A,(\, T, n)] = [c(\,T) + d(A\, T) cos(p)], where ¢ and d are zy(z™) and zg(z")
respectively. Since we are only interested in the qualitative features of this model, for
simplicity we will take, Ay = ay4(\,T') cos(u) with Ay and Az functions only of A and
T'. The action with this dependence on the potential is,

S(p*) = 2N? [a4 cos(u)p® — Azp® + Agp* + <%€OS(M)> ,021 . (4.48)
In terms of unitary matrix U, we recast the action in the form as
a 4 A 3 A 2
S(U) = z[ﬁ‘z cos(p) (Tr(U)Te(U)F) " = ﬁi (Tr(@)Te(U))" + FZQ (Tr(U)Te(U)1)

+ (%W) Te(U)Tx(U)]. (4.49)
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Hence following [10], the partition function is
Z2(Q,T,\) = / dpue Q) / [dU)eS®), (4.50)

The partition function for the canonical ensemble is obtained by integrating over the

chemical potential. This in terms of p is

2(Q,T.N) = [ dpexp{-N*V(p)}, (4.51)

where, the potential is,

1 oo 1, 1
- - <p< =

1 1 1 1
= —gadess(P) — gl —p)l+ 2, S<p<1 (452)

with,
Serp(p?) = N? [cp2 + 245p* — 2A3p6} + log {IQ (N2(2a4p8 + dp2))} . (4.53)

Here Ig(x) is a Bessel Function. We are interested in the the large N limit. This is
obtained by keeping in mind that Q% ~ O(N?) so that Q* = N?q where ¢ ~ O(1).

The resulting effective action in the large N limit is thus,

Sers(p?) = N?[ep® +245p" — 2450°] + (4.54)
1 2 d+2a4 6)
4 d 2 612\ 2 P p
LN (Hp( +2a4p) ) ©log I
q 14 {1 L2ty 5
1
+ 0(3)

Defining, F(p) = 05(p?)/0p?, the equation of motion is given by (4.29).

The phase structure is qualitatively the same as when there are no o’ corrections.
Unlike the fixed potential thermal AdS is not a solution. It is easily seen from (4.54)
that p = 0 is not a solution of the equation of motion. We have seen in section 4.2.2,

that there exists a critical charge for a fixed @ beyond which there is only one solution.
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Figure 4.16: Coloured curves: Potential for various temperatures corresponding to
the variations of A, Ay, Az, a, ¢ and a4 for ¢ < ¢. Black curve: Potential for ¢ > ..

Below this critical charge there are a maximum of three solutions. See equation (4.22)
and figure 4.5. In the matrix model, this critical charge (g.) is given by the merging
of the three saddle points of (4.52).

Figure 4.16 shows the thermal history for the canonical ensemble. The coloured
curves are for ¢ < ¢. for some fixed X\. This corresponds to region [ in figure 4.5.
At low temperatures, there is a single minimum in the range 0 < p < 1/2 (curves in
pink). This corresponds to the small black hole. Two new saddle points appear at
T = T, with the new minimum in the range 1/2 < p < 1 (shown in blue) . These
correspond to the intermediate (unstable) and large black holes. The small black
hole has lower energy upto T' (the green curve), beyond which the large black hole
phase is favoured (yellow). Thus there is a phase transition at 7' corresponding to the
one in the bulk. The small and the intermediate black holes disappear at T3 and at
high temperature, the large black hole (the phase with the saddle point in the range
1/2 < p < 1) remains (shown in purple).

The black curve in figure 4.16 shows the single saddle point when ¢ > ¢.. This
corresponds to the single large black hole that exists above the critical charge for

fixed @, in the region I of figure 4.5.
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4.4 Discussion

In this chapter we studied GB gravity with R-charge and also the corresponding
boundary theory. We first studied the gravity theory for both grand canonical and
canonical ensembles. We focused on the gauge theory on the boundary.

In the grand canonical ensemble, without GB correction, the phase diagram is
characterized by the chemical potential ®. For large ®, there is only one black hole
solution which is always stable with respect to thermal AdS. However for small @,
there exist two solutions. The smaller one is unstable due to negative specific heat
and the large one is stable with positive specific heat. It goes through Hawking-Page
transition from AdS to the black hole phase at Hawking temperature T,.. Once we
incorporate GB correction in the theory, the phase diagram is characterized by the
chemical potential ® and the GB coupling a'. Depending on the thermodynamic
behaviour of the black holes, (® — «) plane is divided into four regions. In the first
region, where ® is below the critical value ®. (which depends on '), there are three
different black hole solutions; we call them small, intermediate and big black hole.
Small one is unstable and the other two are stable. At low temperature only small
black hole exists and at temperature 15 there is a first order phase transition between
small and big black hole. However, with the inclusion of thermal AdS in the phase
diagram, it is found that both the small and the big black hole phases are metastable
at low temperature and the big black hole becomes stable only at high temperature.
In the second region, where @ is less than a critical value, there is only one black hole
solution and the extremal black hole with positive free energy appears at r = 0. Black
hole goes for HP transition at temperature T,. In other two (III & IV) regions where
® is greater than the critical value, there is also one black hole solution, but extremal
black hole has a finite radius. For region III, extremal black hole has positive free
energy, while in region IV, it has negative free energy. In order to clearly illustrate
various phases, we construct a Landau function with black hole horizon radius as the

order parameter. It is worth noting that in every case where there is Hawking-Page
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transition, the transition temperature is found to decrease with o’. From here we
conclude that as we perturbatively increase the gravitational strength, the critical
temperature reduces its value.

Now, coming back to the canonical ensemble, from thermodynamic point of view,
there is no qualitative difference between theories with and without GB coupling.
The phase diagrams are characterized by the charge of the black hole and the GB
coupling. Depending on the values of charge ¢ and GB coupling o, there are two
distinct regions. In region I, where ¢ is less than the critical value ¢, (which depends
on coupling a'), consists of three black hole phases, while in region II, where ¢ is
greater than g., only one black hole phase exists. Thermal AdS continues to be a
non-admissible phase. As before, there is a transition from small to big black hole
at a critical temperature. This temperature decreases as we increase . Here also
we construct a Landau function which represents various phases around the critical
points.

Assuming AdS/CFT correspondence, we studied corresponding phase transitions
on the dual gauge theory at the boundary. This is done by constructing a phenomeno-
logically motivated two (a,b) or four (Aj, Ay, As, A;) parameter matrix model for
both (canonical and grand canonical) ensembles. For the grand canonical case, we
first studied without ' correction. In this case, we need only a two-parameter model
to capture all the features of the gravity theory. The parameters here are functions of
A, T and chemical potential p, but the explicit dependence of the parameters on them
is very hard to determine. For p < p., it is possible to get the whole phase diagram
of the gravity side by considering them to be positive. However, for p > u., there is
an extra maximum that always comes with the minimum. This has no analogue in
the bulk theory. We interpret this extra maximum with some stringy phase. Thus
we always keep this point in the region 0 < p < 1/2 by imposing restrictions on the

parameters. In particular, to get maximum at p = 0, a has to be negative. Otherwise
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a and b are always positive for all values of . Thus, we expect b is positive for all val-
ues of 4 and a is related to p in such a way that it becomes negative when the above
condition is satisfied. At zero coupling, this dependence can easily be calculated.
Once we incorporate ' correction in this theory, we need a four-parameter model
to capture all the features of the gravity theory. In this case we also have an extra
maximum, independent of whether u is greater or less than p.. This does not show
up in the gravity side and, once again, we restrict this to the region, 0 < p < 1/2.
Here also to get maximum at p = 0 for g > p., either A; or both A; and A, have to
be negative. Otherwise A, Ay, A3 and A, are always positive for all values of u. We
again expect Ag, A3 are always positive for any p and Ajand A4 are related to u as
before.

Finally, in the canonical ensemble, we have studied the same four-parameter model
with ' correction. Since in this case, y can take any value, we have to sum over all
the values. For that, we need to know the explicit dependence of the parameters on
the chemical potential. At zero coupling, it is easy to determine the dependence of A;
on pu. However, as we already mentioned, the explicit dependence of the parameters
on g is very hard to determine at strong coupling. As a toy exercise, by assuming
that the zero coupling result continues to hold in the strong coupling limit, we take
only A; and A, to be explicitly dependent on i and others are independent. This is
consistent with one of the cases in the grand canonical ensemble. In this scenario,
we write down the matrix model for the fixed charge. Amusingly, we find that this

model correctly reproduces all phases of the black holes with fixed charge.
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Chapter 5

Summary

According to the AdS/CFT correspondence, type IIB string theory on AdS5 x S° is
dual to the four-dimensional N' = 4, SU(N) gauge theory on the boundary. In the
weak coupling and large curvature limit, the string theory can be approximated by
the supergravity description. However, because of the dual nature of the AdS/CFT
correspondence, this corresponds to strongly coupled regime of gauge theory. The
study of gauge theory in this regime is very difficult due to lack of systematic formu-
lation. In this thesis, we systematically exploit this correspondence in order to gain
understanding about the strongly coupled regime of gauge theory by studying the
weakly coupled gravity theory. In particular, we have obtained a phenomenological
description of the thermodynamic behaviour which can be encoded in a matrix model.
Such a construction is by no means unique but our main interests are restricted to
the behaviour near the critical point where qualitative behaviours are believed to
be universal in the sense that, it does not depend on precise details of the theory.
Therefore, the effective model presented here belongs to the same universality class
as that of the gauge theory. In addition, wherever possible we have pushed the cor-
respondence further to make semi-quantitative analysis and obtain the behaviour of

effective action under variation of different thermodynamic quantities.
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In chapter 2, we discussed the thermodynamics of five dimensional bulk theory
in the supergravity limit and reviewed the formalism to construct an effective La-
grangian for the strongly coupled dual. The bulk has two configurations with same
asymptotic geometry. One of them is the thermal AdS and the other is the black
hole. Though thermal AdS can exist for arbitrary temperature, the black hole nucle-
ates only above a particular temperature T,,;,. Above this temperature 7,,,, there
are two black hole solutions. Depending on their horizon sizes, we call them big and
small. Bigger one is the stable one, and has a positive specific heat. From the free
energy calculation one can see even in the presence of the black holes, thermal AdS
remains the preferred phase for T' < T,. While for T > T, it is the big black hole
phase that takes over. This phase transition at T = T, is a first order transition and
is known as Hawking-Page (HP) transition. The small black hole remains unstable
at all temperature due to its negative specific heat and acts as a bounce for the de-
cay of big black hole at T" > T, . Witten identified this phase transition with the
large N confinement/deconfinement transition of the boundary gauge theory in the
strong coupling regime. In the boundary theory, which is a gauge theory on an S3,
one can show all the degrees of freedom got massive except a Wilson loop operator.
One can integrate out the rest and write down an effective Lagrangian which has the
Wilson loop operator as its degree of freedom. For low enough temperature it can be
approximated by a simple matrix model known as (a,b) matrix model as it has two
parameters a and b'. For certain ranges of these two parameters, the matrix model
captures complete thermodynamic behaviour of the bulk theory. These parameters
depend on the 't Hooft coupling A and the temperature 7. Both turn out to be

monotonically increasing functions of temperature for fixed .

In chapter 3, we incorporate Gauss-Bonnet (GB) correction to the gravity action

and study various phases of the bulk geometry with AdS asymptotics. These phase

IThis is done by assuming that the weak coupling results are valid in the strong coupling regime
mainly for 't Hooft coupling A\ — oo



Summary 114

structures depend crucially on GB coupling . Except within a certain range of this
coupling, there is only one black hole phase, otherwise there exist three black hole
phases. We call them small, intermediate or unstable, and big black hole phases.
It turns out that there are two first order phase transitions. One of them is from
small black hole to the big one at a temperature much lower than that of inverse AdS
curvature scale. The other one is similar to that of the usual HP transition where a
crossover occurs from thermal AdS to the big black hole phase. We then study the
dual gauge theory at the boundary by the same two-parameter matrix model. We
find the A dependence of these parameters. By introducing higher derivative terms
in the bulk, we study corrections of order 1/\ in the gauge theory. This essentially
allows us to find the A dependence of (a,b) for large but finite A. We find that a is
an increasing function of A\ while b decreases with .

Furthermore, we find that the simple (a,b) model fails to capture all the phases
(small, intermediate and large black hole phases) in the bulk. To incorporate all
the bulk phases, we constructed a toy model which requires introduction of higher
dimensional operators in the matrix model. This model has four parameters which
depend on the temperature as well as the gauge coupling. Besides reproducing all
the qualitative features of the bulk, this model also gives an extra saddle point. We
interpret this saddle point as a phase in string theory which has no analogue in the
supergravity. This stringy phase arises at the Gross-Witten transition point. This
Gross-Witten transition may be identified as a crossover from supergravity black hole
solution to string state in the bulk side. In the bulk side, this stringy phase may also
serve as a bounce for the decay of the small black hole to the thermal AdS.

Finally in chapter 4, we include the effects of electric charge with the above theory.
On the gravity side these charges come from the rotation of the internal S°. We first
focus our attention on the phase structures of this bulk theory in both canonical and

grand canonical ensembles. In the grand canonical ensemble, the phase structure
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crucially depends on o as well as chemical potential ®. For a certain range of the
chemical potential ® and o, there exist three black hole phase and have two HP
transitions. Outside this range, only one black hole phase survives and unlike simple
GB theory, we get a HP transition. For the canonical ensemble the number of black
hole phases are similar to the GB theory but here thermal AdS is not an allowed
geometry. Therefore, there exist only one first order phase transition between small
and big black hole (in the certain range of o and fixed charge ¢). We then construct a
matrix model for the gauge theory dual. This model is similar to the one discussed in
the previous paragraph. However the four coefficients are now not only function of A,
and T', but also depend on the chemical potential. In the grand canonical ensemble,
like GB theory, matrix model has an extra saddle point that has no analogue in
the gravity side and we interpret this as a bounce. In the canonical ensemble, since
chemical potential can take any value, one has to sum over all the values. To do
that it is necessary to know the exact dependence of parameters on potential. This
is very hard to determine in the strong coupling limit. For simplicity, we write down
the model where only two parameters are explicitly dependent on chemical potential
and other two are constant. This is consistent with one of the possible scenarios of
the grand canonical case. Amusingly we find that the model correctly reproduces the

corresponding bulk behaviour.



