
QFT: Problem Set 5

Instructor: Sudipta Mukherji

1. Starting from

Z[F ] ∼
∫
dq e

i
h̄

∫
dtL, with L =

(dq
dt

)2
− 1

2
ω2q2 − F (t)q, (1)

show that
Z[F ] ∼ Z[F = 0]e

i
2h̄

∫
dtdt′F (t)D(t−t′)F (t′). (2)

Work out explicit form of D(t− t′).

2. Consider a real symmetric 2× 2 matrix Aij and x as a vector xi, (i, j = 1, 2).

Show that ∫ ∞

−∞
dx1

∫ ∞

−∞
dx2 e

− 1
2
x.A.x+J.x =

√
(2π)2

det A
eJ.A

−1.J . (3)

Now argue that for real symmetric N ×N matrix Aij the above result generalises to

∫ ∞

−∞
...

∫ ∞

−∞
dx1...dxN e−

1
2
x.A.x+J.x =

√
(2π)N

det A
eJ.A

−1.J . (4)

3. Consider Euclidean path integral in one-dimension

Z =
∫
Dφ e−S with S =

∫
dx [

1
2
∂xφ∂xφ+

m2

2
φ2 +

λ

4
φ4] (5)

Now consider discretising x direction into a lattice with unit lattice spacing. Introduce two new
constants α and γ such that

γ =
λα2

4
, α =

2− 4γ
m+ 2

. (6)



Show that the path integral can be written, upto an overall normalisation constant, as

Z =
∫ ∏

x

Dφxeα
∑

x
ψx+1ψx+

∑
x
(−ψ2

x−γ(ψ2
x−1)2), (7)

where ψx = α−
1
2φx. Now, plot

e(−ψ
2
x−γ(ψ2

x−1)2) (8)

as a function of ψx for different γ and argue that in the large γ limit, the path integral is dominated
by ψx = ±1 (Ising model in one dimension with neraest neighbour coupling ∼ α! )
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