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QUANTUM THERMODYNAMICS

SIBASHIS GHOSH
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FOCUS : - Thermal ization in Quantum Systems ( Not Thermal Machines

Ref : Popescu , Short ,
Winter Not Phys ( 2006 )

Puta system in  a Heat Bath - maximum  entropy state  ±Thermal state

9th = est( e
- BTY

QI How does the Quantum System get Thematized ?

In

In open system dynamics  'T ddif .
i [ H , a + L [ s ] * %Bath -

time

( Markovian Dynamics) Lindblad ian

Q÷ If Its �1�HE is total Hilbert Space but 7 constraints  such that  effectively the Hilbert Space

Ttp E Hs QHE . Now if I take equal a. priory probable  state  = Ep = td÷ in FIR .

concentrate on state of the system .

Tr  
[ Ep = Rs The state to which the system equilibrate s .

start  with an arbitrary pure  state 197 st .

%= Trela
Sf

Target : - if D (Ps , RDE E  - Thermal ization ( Trace Distance )
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> 7] ( I - Very improbable to go far apart from equilibrium state

( condition - effective dimension de{Fir°nm55td system )

If H is too . level - 9th .

. [ to0g] where P '

' ejPIg#p
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map - Every map gets pinned to  one target  state

01 Canyon give  me  a Hamiltonian Which takes 4- a limit ) -1

A¥end
some  ancilla to the  system .

for'{ finite  dimensional an  Cilla  p itself  changes  Not  compatible  with Classical
Thermo
dynamics

Proof  01 Probflers 11<>7]4 '

Theorem : For  a  randomly chosen state 107 E Hr & c. > 0 The  distance

#
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,>D4

'

Where 4 =

etfdszqu , n '= zetd '

proo#
Probabilistic Theoretic Result - Levy 's Lemma ' Given  a E f : SIR & a point  ¢ < sd

chosen with uniform probability , then Prob Hg) - (f) 1 { @
- 4¥' ) e

' Where 7=  
syy IF .

fl & C = #

(Ref : Millman ) [ ff ) .

- ¥59do ) ]

Here 107 € Hp  Any pure  state  representable here in terms  of Zdr - 1 dimensional Hyper sphere

§HR - I

Now define fee) = / / Tre 10×01 - Rs 11

,
( Trace 1 - norm)

Now using levy 's Lemma  requires finding out Lipschutz Constant n = 2. . ( HW)

Now we get Prob [ 111 %- All
,

- (11ps - rsll
,
) HE] < 2 exp #



⇒ Prob [ 117411 ,
] 2 ( 119 - rsll
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The average ( 118 . rsll
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:( Proved )

sanity Check
me

HR  = Its QH
[  def = pta = de  expected

NO " d¥€tE Est  = f. xklq . Xqd spectral Decomposition
Proof : - 2 line ( HW )

i.e.  avg ( 11ps - rsll , ) is  small if de H D ds

Levy 's Lemma  + This Thermal izati on }

Implications of  This Theorem
-

Reconciling with standard Stat Mech

Assume Energy of the system E is given Temp P given

Htot  = Its 01  + HQHRTHinTenough interaction
& Assume  dense energy

spectrum



SSH The ER ±a± e- PHs
be pet , ,

All Previous Results valid for This also
shown

Thermal Canonical Equilibration Principle - Start from arbitrary state  subject to these constraints .

Thermal izes

Models With spins : - N spins .
.

.
. . .

.

Show that these bounds can be sharpened

*o interaction )
In  external e

' field
Next Lecture
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In Last Lecture - start  with any state a  end up  with a  very high prob very near the thermal state

subject to deft ( enu ) Dd system .

Can We do Better ? ( Better values  of 7 and 1 ? )

YES ⇒ FOR SPECIFIC MODELS

ThML Assume 7 some bounded tve  operator XR on AR satisfying OEXREIR ( POVM

(Modification  Of
Elements] such that  With

new xake
,
Xxk

,
We haveMorning Thm)

[Statement
Only ] Tr (EI ) = TRCERXR) 31 - S

High Chance on guiprobable  states Ep to get this measurement outcome

For  a  randomly chosen  state WEIR & E >o

Prob [ 118 . rsll , ZT ]ff '

Where T= etf +458
deft

and T
'

= zexpfcdrey
r¥Tr⇐t¥¥e



Example : '

SPIN SYSTEM

.€in0?'¥m¥YsFm%i " } .

ds = 2k ; d[ =
2h

- K
⇒ What can I say about dp ?

a¥kp7tf÷nF
.

3zMH¥ [ HAD -

- 2 point Shannon Entropy ]
( forlarge n )

Now Using Thm 1 (Morning ) - -

Rob [119-911,37] En
'

Where z Et Tt, ,
re exp fed ,

a ]
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Putting this expression - (for n= very large) ⇒ 11ps . All
,

so in the large n limit .

[Valid subject to NDK ]

Moral : - For arbitrary pure  state e H R - it WILL Thermal ize
. . . ( for This specific System)

Popescu ,
Short

,
Winter  arxiv Version  

2005<0
's d€t¥nvbut  so long as deg Dds Thermal izati on is  safe . Od



THERMAL MACHINES
-

What happens If We go from Classical Quantum Engines

Popescu et al PRL ( 2028 - Smallest Possible Refrigerator

claim: .

1) It can be done

2) Even Better  a it  can §o to T +0 limit

Q : - Smallest Hilbert Space dimension in Which I can constructa  refrigerator ?

Tw !QutbitStingle Today Only the two . qubit  model
Qubit Qutrit Qutrit
Model with system

n .  n

interaction

- notes

t.IE?Im?taHiiiIiY8Yaai:iiiio#.*eaQ3TR=

 room temp (Engine)

Free Hamiltonian Ho = E ,
I Hit Ez 12×21

.
-

( Assume EKED Tif =  excited state of  i - th qubit ( i  = 1,2 )

Ground State Energy for both qubits  = 0 . . ( assume )

: Thermal State  of  First Qubit  = q =  e-
BE ' " × "

#*# ,

similarly for the second qubitq
'

' 410×01 + C tri ) 11×4 ( riley 's k= EPIX )

: Joint State - zxoez . : When Refrigeration  occurs  The system achieves

some  steady state temp Ts & the new 4 of the first qubil = r ! 10×01+(1 - H ) 11×11

clearly here r ? > ri faitpi,;D
: roe  = fjnr¥ r]x . .r;a⇒ . " NIOMYYEFKFID

:
. Here eoefft  of IOD has higher energy than ko) #

. . .
.
 I Cooling

Caveat : - Applying this unitary Swap  is not free - Idea : Use free Energy
-



Add a third qubit which is  at contact With a high temp bath ( E }= E - ED

Joint State of the  system qaezeeg

=
r
, k

:
it Check : -

: 0
. Verify that coefft  of 10107 =( 0

.

.

.

.

.

] cnn.r.gg#t0tll0D
.

.

. FKF

Now can I cool ? (

Not
forbidden now ! )

Won'tbe using SWAP
,
rather will use an interaction

Hint . g (1010×1011+1101×0101)
; Assume E ; Dg - will not  change eigen values &

eigenvectors significantly .

Phenomenological model .

.

-

What happens to free  coherence
With probability p ; the i - th qubit goes - constraints ?

per  unit time back to original state Study
-

-

Now I wan 't a dynamics for this

Master Equation : - 2¥
,

= - ; fttot Hint , At ⇐
,

Pi ( Eat
Approach : - Look at the steady state  solution &

Lindblad term

Corresponding steady state temperature

Doa¥e
 analytically ,

but boring hard calculation - done numerically .

) You can go
 T O + Effici

TEE .en
- = Carnot

EfficiencyT.at
- 2


